N

N

A characterization of Approval Voting without the
approval balloting assumption

Federica Ceron, Stéphane Gonzalez

» To cite this version:

Federica Ceron, Stéphane Gonzalez. A characterization of Approval Voting without the approval
balloting assumption. 2019. halshs-02440615

HAL 1d: halshs-02440615
https://shs.hal.science/halshs-02440615

Preprint submitted on 15 Jan 2020

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://shs.hal.science/halshs-02440615
https://hal.archives-ouvertes.fr

G‘ \I E LYON SAINT-ETIENNE

UMR 5824

93, chemin des Mouilles
69130 Ecully - France

Maison de ['Universite, Batiment B
10, rue Tréfilerie
42023 Saint-Etienne cedex 02 - France

http://www.gate.cnrs.fr
gate@gate.cnrs.fr

WP 1938 — December 2019

A characterization of Approval Voting without the
approval balloting assumption

Federica Ceron, Stéphane Gonzalez

Abstract:

We provide an axiomatic characterization of Approval Voting without the approval balloting assumption.
The dichotomous structure of the informational basis of Approval voting as well as its aggregative rationale
are jointly derived from a set of normative conditions on the voting procedure. The first one is the well-
known social-theoretic principle of consistency; the second one, ballot richness, requires voters to be able
to express a sufficiently rich set of opinions; the last one, dubbed no single-voter overrides, demands that
the addition of a voter to an electorate cannot radically change the outcome of the election. Such result is
promising insofar it suggests that the informational basis of voting may have a normative relevance that
deserves formal treatment.

Keywords:
Informational basis, balloting procedure, Approval voting, Evaluative voting

JEL codes:
Cc71

Pg//y@rkﬁm



A characterization of Approval Voting without
the approval balloting assumption®

Federica Ceron |

Paris School of Economics, Université Paris 1 Panthéon-Sorbonne, Université Paris-Est Créteil

Stéphane Gonzalez *8
Univ Lyon, UJM Saint-Etienne, GATE UMR 5824, F-42023 Saint-Etienne

December 19, 2019

Abstract

We provide an axiomatic characterization of Approval Voting without the
approval balloting assumption. The dichotomous structure of the informa-
tional basis of Approval voting as well as its aggregative rationale are jointly
derived from a set of normative conditions on the voting procedure. The
first one is the well-known social-theoretic principle of consistency; the sec-
ond one, ballot richness, requires voters to be able to express a sufficiently
rich set of opinions; the last one, dubbed no single-voter overrides, demands
that the addition of a voter to an electorate cannot radically change the out-
come of the election. Such result is promising insofar it suggests that the
informational basis of voting may have a normative relevance that deserves
formal treatment.

Keywords: Informational basis, balloting procedure, Approval voting, Eval-
uative voting

JEL Classification: D71

*We are indebted to Jean-Marc Bonnisseau, Alain Chateauneuf, Eric Danan, Zvi Safra,
Philippe Solal and Jean-Marc Tallon for very useful comments that greatly improved this paper.
All remaining errors are our own.

tfederica.ceron@univ-paris1.fr

stephane.gonzalezQuniv-st-etienne.fr

$Financial support of IDEXLYON from Université de Lyon (project INDEPTH) within the
Programme Investissements d’Avenir (ANR-16-IDEX-0005) is gratefully acknowledged.



1 Introduction

Approval Voting is a voting procedure in which each individual voter submits a
ballot that specifies whether she supports or not each of the available candidates
for election, and the candidates who are supported by the largest number of voters
are then elected. Since the seminal publications by Brams and Fishburn (Fishburn
(1978), Brams and Fishburn (1978)), a burgeoning literature has been devoted to
the analysis of the axiomatic properties of Approval Voting!. In the tradition of
social choice theory, these theoretical studies share a common methodology: first,
it is assumed that information concerning the voters’ opinions comes in a specific,
dichotomous format, namely approval ballots or, equivalently, dichotomous pref-
erences?; then, it is asked how should such information be aggregated in order
to make a decision on its basis. The consequent identification of a set of desir-
able normative principles that singles out Approval Voting among aggregators of
ballots with a dichotomous structure can then be viewed either as a theoretical
argument in support of Approval Voting, or as a defining exercise that can be
useful in assessing the relative merits of such an aggregation procedure.

The purpose of this article is to provide an axiomatic characterization of Approval
Voting without fixing the approval balloting procedure (or, crucially, any balloting
procedure) from the start. Our motivation is twofold. First, we hope to enhance
the comparability of Approval Voting with voting procedures that do not necessar-
ily process the same ballot information. Interestingly, while there is a by now rich
body of literature contrasting Approval Voting with other social choice methods
that aggregate dichotomous ballot information, most notably the Plurality Rule?,
it is fair to say that most voting theorists would avoid taking a stand on whether
Approval Voting is superior to the Borda Count or to Alternative Vote*. We do
not believe that such state of affairs is purely fortuitous: Approval Voting is nat-
urally comparable with rules that aggregate information of parsimonious nature,

LA comprehensive survey of axiomatic characterizations of approval voting (up to 2010) is to
be found in Xu (2010); more recent contributions include Nufiez and Valletta (2015), Maniquet
and Mongin (2015) and Sato (2018).

2Approval ballots are subsets of the set of available candidates, interpreted to be the can-
didates of which a voter approves. Dichotomous preferences are weak orders over the set of
candidates that admit at most two indifference classes, with the top indifference class being
interpreted as containing the approved candidates.

3Examples include Ju (2010), Goodin and List (2006) and, more recently, Brandl and Peters
(2019).

4On a more anecdotal note, during a symposium organized in 2010 in the north of France, a
number of voting theorists voted on the question “What is the best voting rule for your town
to use to elect the mayor?”. All participants ranked Approval Voting above Plurality, while
disagreement remained on the relative merits of the other 16 rules compared. Details can be
found in Laslier (2012).



but how to formally compare it with preferential or evaluative voting is less clear®.
Of course, one difficulty is that, mathematically, aggregation methods are funda-
mentally linked to the input they process. Yet another difficulty is that often,
once applied to different informational environments, analogous normative princi-
ples can characterize competing voting methods, something that makes it hard “to
argue in favor of one or the other. At least at a certain, intuitive level, arguments
in favor of one can easily be turned into arguments in favor of the other” (Alés-
Ferrer (2006), p. 622). For instance, Brams and Fishburn (1978) and Vorsatz
(2008) show that Approval Voting coincides with the Condorcet rule and with (a
natural adaptation of) the Borda count on the domain of dichotomous preferences
(respectively). This brings us to our second, related, motivation. The axiomatic
work that is conducted conditionally on a given informational environment is of
considerable significance, insofar the type of information that is available, practical
or even reasonable to collect is likely to depend on the particular voting context.
However, if voting procedures are only analyzed on a given informational environ-
ment, questions concerning whether the choice of balloting procedures carries some
normative relevance cannot be asked, so that, if indeed such normative relevance
were to exist, it would go unwarranted.

Our result axiomatically singles out Approval Voting among the family of abstract
voting procedures, i.e. mappings that take as input profiles of individual “signals”
and return a set of winning candidates. These signals, that we call ballots, are
abstract objects in a given set, interpreted as the admissible opinions that a voter
is allowed to cast in a particular voting context. Specific typologies of ballots
include approval ballots (cf. footnote 2), preferential ballots, i.e. weak or linear
orders over the set of available candidates, evaluative ballots, i.e. list of numerical
scores (“valuations”) assigned to each candidate, or interesting combinations of
the two (e.g. the preference-approval ballots introduced in Brams and Sanver
(2009)). We adopt a variable-population framework that is comparable to the one
proposed by Myerson (1995), though we do not require his anonymity condition on
the voting procedure, that demands the result of an election to be fully described by
a distribution that specifies how many of each kind of ballots have been submitted,
nor the non-emptiness of the aggregation rule. Approval Voting is shown to be
characterized by the classical consistency axiom®, that roughly requires that when
a candidate is selected by two different constituencies, she must also be selected
by their union, together with two novel conditions. The first one is a requirement
of expressive richness on the set of available ballots, that essentially states that

5By preferential and evaluative voting we generally mean voting procedures that aggregate
preference rankings or cardinal evaluations, respectively.

6This terminology is due to Young (1974), Young (1975) and Saari (1990). Smith (1973)
calls this condition “separability”, while Myerson (1995), Pivato (2013) and Pivato (2014) call
it “reinforcement”.



any voting population can elect any number of candidates. The second condition,
arguably the most restrictive, captures the idea that a voter cannot single-handedly
control the electoral outcome in the sense that the sets of winners chosen by a
voting population with or without the presence of an additional voter cannot be
disjoint.

We view two features of our characterization as particularly important. First, the
dichotomous nature of the informational basis of Approval Voting is a consequence
of our conditions, rather than exogenously assumed. Secondly, as a corollary of our
main result, if ballots are taken to be approval ballots, it is possible to characterize
Approval Voting by replacing the condition of ballot richness with the well-known
axiom of faithfulness (details will be provided in section 5), a result that, because
of the novelty of the axiomatic conditions we impose, essentially departs from the
existing axiomatizations of Approval Voting.

This article is organized as follows: next section introduces the framework and
relevant notation. In section 3 we present and discuss the axiomatic conditions
that turn out to characterize the Approval Voting procedure. The characterization
theorem and its proof are provided in section 4. Concluding remarks are gathered
in section 5, while the logical independence between the axioms is shown in the
Appendix.

2 Framework

Throughout, we fix a finite set of candidates (or social alternatives) C' and
denote by P.(C) the set of all non-empty subsets of C. Let V be an infinite set,
interpreted to represent the universe of voters. An electorate is a finite subset of
VY and we denote by &£ the set of all electorates, with typical element V. Generic
voters are denoted by ¢, j while a,b,c represent candidates. Let X’ be an infinite
set representing the universe of ballots that voters may express in some voting
situation. A set of admissible ballots is a subset X of X containing the actual
ballots that a voter can possibly submit to the election chair in a given voting
context. For every set of admissible ballots X C X and for every electorate
V € &, a voting profile
BY = (B")ev € XV

is a collection of individual ballots. Let Bx be the set of all voting profiles that can
be constructed from V and X. Given two disjoint electorates V. W € £ and two
ballot profiles BY, BV € By, we denote by BYYW = (B%);cyuw the ballot profile
obtained by merging BY and B"Y: similarly, given two electorates V,W & & such
that W C V, and a ballot profile BV € By, we denote by BV\W = (B")iev\w the
ballot profile obtained by removing the ballots cast by voters in W from BY. A
rule f on By associates to any voting profile BV € Bx a (possibly empty) subset
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of the available candidates f(B"Y) C C (the “winners” of the election). We assume
that a rule always satisfies f(B?) = C”. Denote by Ry the set of rules on By. A
voting procedure is a couple (X, f) where X is a set of admissible ballots and
f is a rule belonging to R x.

We say that (X, f) is an Approval Voting Procedure if for all i € V, there
exists a surjection ¢; : X — P,(C) such that for all V € £ and for all BY € By,

f(BY) = argrréax|{i €V :a€ p(B)} (1)
aec

Remark that, mathematically, the above definition is an extension of the standard
definition of Approval Voting, which is obtained by identifying X with P.(C)
and letting ¢; = Id, for every i € V. Such extension includes more generally
all voting procedures that map the information contained in the signals cast by
voters into approval ballots, and then aggregate such profiles of approval ballots
so as to select the most approved candidate(s). This reflects the more general
intuition that, in the abstract framework that we adopt, voting procedures embody
two defining features: their informational basis and their aggregative rationale.
The informational basis of Approval Voting (as defined in 1) is captured by the
mappings {¢;}icy. They outline the fact that the information available in any
signal B € X that voter i € V may cast is translated (or “interpreted”) into
an approval ballot ¢;(B*) C C, and that only such approval ballot information
matters for determining the winner of an election, in the sense that for every

V,W € &€ and BY, BY € By,

{i(B")}Yiev = {9i(B)) }jew = f(BY) = f(B™). (2)

Finally, remark that, given an Approval Voting procedure (X, f) and a collection
of bijections {p; : P«(C)—P(C)}icy, the voting procedure (X, g) defined by:

g(B") = argmax|{i € V : a € pi(i(B"))} (3)

acC

is also an Approval Voting procedure. Hence, while several voting procedures can
be Approval Voting, each of them is “expressively” equivalent, in the sense that,
for every voter ¢ € V, what ultimately matters is the procedural interpretation of
a signal - that is, how candidates are sorted into “approved” and “non-approved”
via the translation mapping ¢; - rather than the signal itself.

"This property is sometimes called the axiom of general abstention (see e.g. Houy (2007)).



3 Axiomatic properties

In this section, we present the axiomatic conditions that will be shown to charac-
terize the Approval Voting procedure. As mentioned in the introduction, our char-
acterization makes use of the well-known social-theoretic axiom of consistency?®,
which demands that, when merging two constituencies, all candidates - and only
them - who are selected by both constituencies, if existent, be selected.

CONSISTENCY. Let (X, f) be a voting procedure. For any BY, BV € By such
that VNV’ =0 and f(BY)N f(BY") £ 0,

FBYY) = f(BY)n f(BY).

Next axiom is a richness condition on the ballot space, requiring any voting pop-
ulation to be able to elect any subset of the candidates.

BALLOT RICHNESS. Let (X, f) be a voting procedure. For every V € & and
A € P.(C), there exists BV € By such that f(BY) = A.

Notice that a necessary condition for the existence of an aggregation rule f on
X such that (X, f) satisfies BALLOT RICHNESS is that there exists a surjection
from X to P.(C), or, equivalently, that the cardinality of X is larger than the
one of P,(C). Moreover, when restricting attention to single-voter electorates,
BALLOT RICHNESS requires every voter to be able to vote for any number of the
alternatives, reflecting the “one candidate-one vote” philosophy that is typical
of Approval Voting, but also of the class of scoring rules or of most preferential
voting rules in which voters are allowed to express indifference among candidates.
Finally, the last condition demands that in no circumstance adding a voter to the
electorate excludes all previously winning candidates.

NO SINGLE-VOTER OVERRIDES. Let (X, f) be a voting procedure. For every
V e& i€ V\Vand BY, Bl € By such that either f(BY) or f(BYV}) is
nonempty,

F(BY) N f(BY) £0.

Intuitively, NO SINGLE-VOTER OVERRIDES is a democratic principle requiring
the addition of a single voter not to overrule the decision of the majority. It is
comparable to the (logically independent, but intuitively much weaker) property
of no minority overrides that was used by Pivato (2014) to characterize the range
voting procedure. The latter essentially requires the existence of at least one voting

8 Consistency has been used in most of the existing axiomatic characterizations of Approval
Voting or, more generally, scoring rules with variable electorate (see Xu (2010) for the case of
Approval Voting and Myerson (1995) and Pivato (2013) for axiomatic derivations of scoring
rules).



profile in which an additional voter cannot single-handedly change the electoral

outcome?.

4 Result

We are now ready to state our characterization result.

Theorem 1 A voting procedure satisfies CONSISTENCY, BALLOT RICHNESS and
NO SINGLE-VOTER OVERRIDES if and only if it is an Approval Voting procedure.

Proof.

Necessity of the axioms is easy to prove, so we only establish sufficiency.

Let (X, f) be a voting procedure satisfying BALLOT RICHNESS, CONSISTENCY
and NO SINGLE-VOTER OVERRIDES. For every a € C, V € £ and BY € By, let

I,(BY):={ieV :ac f(B))},

and
A(BY) = argmax |I,(BY)|.

aeC

Moreover, for every i € V, let the mapping ¢; : X—P,(C) be defined by: for
every x € X, p;(z) = f(BW), where B' = z. By BALLOT RICHNESS, ¢; is
surjective for every ¢ € V. Hence, to establish the theorem, it suffices to show
that for every V € £ and BY € By,

F(BY) = A(BY). (P)

We do so by induction. Let P(n) be the statement “property (P) holds for every
electorate of size n”.

First notice that whenever V' € £ is such that |V| = 1, property (P) holds, i.e.
P(1) holds. Next, fix a natural number n > 1 and suppose that P(n) holds.
We show that this implies that P(n + 1) also holds. The proof is divided into
several steps.

Step 1: For every BV € Bx, f(BY) # 0.

9Formally, no minority overrides demands that there exists a ﬁnite set V.C V,avoteri € V\V
and BY € By such that for every B} € By, f(BY) = f(BVV{i}).



NO SINGLE-VOTER OVERRIDES implies that for every B € By,

F(B) #£0, (4)
(since by definition f(B?) = C) and that moreover for every B} BU} € By,
FBIY N fBE) £0. (5)

Equations 4 and 5 together imply that f(B{"/}) is nonempty. Proceeding by
induction, it is straightforward to observe that for every BV € By, f(BY) is
nonempty.

Step 2: For all electorate V of size n + 1, if there exists a € f(BY)
such that a € A(BY) then A(BY) C f(BY).

Let a € f(BY) be such that a ¢ A(BY) and let b be an element of A(BY). We
want to show that b belongs to f(B"). We begin by showing that Jiy € V such
that b ¢ f(BU}). To see why, suppose by contradiction that b € Nicv f(BY}),
Then by CONSISTENCY

() /(B™) = f(B). (6)

1%
On the other hand, |I,(BY)| = |V| > |I,(B")| because a does not belong to
A(BY) by assumption. It follows that

ad [V F(BY) = f(BY), (7)

a contradiction with our hypothesis. Hence, we deduce that Jig € V' such that

b f(BOY).
Next, since b € A(BY) and b ¢ f(BY}), we have that

be A(BY\io}), (8)

Moreover, since a ¢ A(BY),
|[L(BY D] < [L(BY)] < [1(BY)] = [I,(B" )], (9)

from which we deduce that
a ¢ A(BY\io}), (10)

Using the induction hypothesis, we have that
f(BY\iohy = A(BV\io}), (11)

8



Combining formulae 8 and 10 with formula 11, we obtain that
be f(BY\)) and a ¢ f(BY\toh). (12)
Next, let & € V' \ V be a voter and fix B} € Bx such that f(B*}) = {a,b}
(this exists by BALLOT RICHNESS).
Formula 12 and CONSISTENCY imply that
FBONED) = () 0 f(BH) = (b}, (13)
Meanwhile formula 13 and NO SINGLE-VOTER OVERRIDES imply that
be f(BYYH, (14)
On the other hand, a € f(BY) N f(B*}), so by CONSISTENCY again,
F(BYW) = f(BY) n f(B™). (15)
From equations 14 and 15, we deduce that b € f(B"), as desired.
Step 3: For no electorate V of size n + 1, f(BY) C A(BY).

By contradiction, suppose that there is some V' € £ such that |V| =n+ 1 and
f(BY) € A(BY). Then, A(BY) contains at least two elements because by step

1, f(BY) # 0. Let a be an element of A(BY) such that a € f(BY). Two cases
arise:

e Case 1: Vee f(BY), I.(BY) C I,(BY). Leti; € V be such that
f(B¥H) N f(BY) # (0 (such a voter exists since by assumption f(BY) C
A(BY)). We now show that f(BY) C f(B1}). To doso, let c € f(BUH)N
f(BY) and suppose by contradiction that there exists d € f(B") such that
d ¢ f(BY"}). Then, i, ¢ I;(BY), so

1a(BY)| = [L(B")N1a(BY)|+|1.(B")N(V\I.(B"))| > ’[a(BV)mId(B(V>’)’

16
where the inequality follows from the fact that i; € V \ I;(BY). Since
I;(BY) C I,(BY), we have that

[1(BY) N 14(BY)| = [Ls(B")]. (17)

Combining equations 16 and 17 we obtain |I,(BY)| > |I4(B")|. However,
by hypothesis, d € f(B") implies d € A(BY). It follows that |I,(B")| =
|I4(BY)|, a contradiction. We deduce that

f(BY) € f(Bt). (18)

9



From formula 18 we immediately deduce that
FBY™MY N f(BY) C (B 0 f(BIY). (19)
Meanwhile, NO SINGLE-VOTER OVERRIDES implies that

FBYMY A F(BY) # 0. (20)

Therefore, there exists b € f(BY\"}) N f(BY). By formula 18, b € f(B{1})
so iy € I,(BY) C I,(BY), where the last inclusion is due to our working
hypothesis. Hence,

ac f(BU. (21)

Next, by the induction hypothesis, f(BY\i1}) = A(BVMi}) 5o
be A(BVMih, (22)
This, together with the fact that b € f(B1}) implies that b € A(BY).
But by assumption, a € A(BY), so
{a,b} C F(BY)) 0 A(BY). (23)
Combining the latter inclusion with formula 22, we obtain that a € A(BY 1),
Using again the induction hypothesis, a € f(BY\M%}). Finally, CONSsIS-

TENCY and formula 21 imply that a € f(BY) = f(BVMa}) 0 f(Bl}), a
contradiction.

Case 2: 3c € f(BY), Ji. € V such that c € f(BY})and a ¢ f(Bti}).

Using the induction hypothesis, we have
f(BV\{ic}) — A(BV\{ic}). (24)
Since a € A(BY), ¢ € f(Ble}) and a ¢ f(BU<}), formula 24 implies that
a € f(BY\h) and ¢ ¢ f(BYV\Ue}), (25)

Let £ € V\'V be a voter and fix B% € By such that f(B%) = {a,c} (such
a ballot exists by BALLOT RICHNESS). Then, CONSISTENCY implies that

FBVNEDAT) = (B 0 f(BY) = {a}, (26)

10



while at the same time

FB™) = f(BY) N f(B*) = {c}. (27)
Together, equations 26 and 27 imply that
FBONEDU) 0 F(BYA) =, (28)

in contradiction with NO SINGLE-VOTER OVERRIDES.

Step 4: For every electorate V of size n + 1, A(BY) C f(BY).

Let V € € be such that |[V|=n+1and BY € Bx. If f(BY) € A(BY), then by
step 2, A(BY) C f(BY). On the other hand, if f(BY) C A(BY), then by step
3 necessarily f(BY) = A(BY), so again A(BY) C f(B"), as desired.

Step 5: For all electorate V of size n + 1, f(BY) C A(BY).

Suppose by contradiction that there is a candidate a such that a € f(BY),
a ¢ A(BY) and let b be another candidate such that b € A(BY) (this exists
because A(+) is always non-empty). By step 4 b € f(BY) because V is an
electorate of size n + 1. Since a € A(BY) and b € A(BY), there exists a voter
iy € V such that b € f(BY2}) and a € f(B2}). Let m € V\ V be a voter and
fix BI™ ¢ By such that f(BY™) = {a,b} (again, this is possible by BALLOT
RICHNESS). On the one hand, it is easy to check that

b e A(B(V\{iz})u{m})‘ (29)

Since (V' \ {iz})U{m} is an electorate of size n+ 1, formula 29 and step 4 imply
that

b e f(B(V\{iz})U{m}). (30)
Since b € f(Bl2}), by 30 we obtain
f(BVM2DUimby o p(Blizhy £ ) (31)

and by CONSISTENCY this intersection is equal to f(BYY{™}). It follows that
a g f(BYUM), (32)

because a ¢ f(B{2}). On the other hand, since a € f(BY) and a € f(B!™),
CONSISTENCY implies that a € f(BYY{™}), contradicting equation 32. We
conclude that for all electorate V of size n + 1, f(BY) C A(BY).

Step 6: conclusion. Combining steps 4 and 5, we conclude that for all
electorate V of size n + 1, f(BY) = A(BY). Since both the base case and the
inductive step have been performed, by mathematical induction the statement
P(n) holds for all n > 1, completing the proof of the theorem.

11



5 Discussion and concluding remarks

Most of the axiomatic work in social choice theory presupposes a given informa-
tional environment, and there are sound reasons to do so. In this article, we
offer a complementary perspective that explicitly addresses questions about the
normative relevance of the informational basis of voting procedures. We provide
an axiomatic characterization of Approval Voting without the approval balloting
assumption. That is, both the informational basis of Approval Voting and its
aggregative rationale are simultaneously derived from our axiomatic conditions,
which are therefore shown to effectively impose the reduction of whatever infor-
mation available in the ballots to dichotomous information. This does not in
principle rule out the possibility of collecting richer information from the voters,
nor of effectively using such richer information when available. In principle, it
is possible to collect richer information without exploiting it for the purpose of
determining the winner of the election. This feature in not unusual in real-world
elections. For instance, voters in India are allowed to cast “None Of The Above”
ballots which, although counted, do not impact the result of the election process.
Alternatively, richer information could be collected and reduced to dichotomous
information, say, by asking voters to assign a numerical grade between 0 and 10
to candidates, and then considering the candidate(s) whose grade is above 6 to be
approved. This highlights the consequentialist perspective of our analysis: once
one accepts the axioms of theorem 1, any two ballots that induce the same set of
approved candidates will have equivalent instrumental value. Yet, they may well
be substantially different w.r.t. other types of considerations that can be invoked
for the practical purpose of designing a voting procedure. For instance, experi-
mental evidence suggests that the labeling of ballots has a psychological meaning
to voters that can affect the output of a voting procedure, and that voters value
the possibility of expressing non-dichotomous opinions even though the additional
information is not exploited when determining the winner of the election (see for
instance Baujard et al. (2018)). Similarly, legal or political considerations may also
point at the direction of enhancing the expressive freedom of voters, e.g. when
explicitly introducing an “abstention” ballot allowing voters to exercise their right
not to vote, while maintaining their right to secrecy.

Another, related, feature of our characterization is that the translation mappings
may depend on the identity of the voter, so that the same ballot could in prin-
ciple receive different interpretations depending, say, on the age of the voter who
casts it. Therefore, the Approval Voting procedure (as defined in 1) does not nec-
essarily satisfy the usual definition of anonymity, i.e. it is possible that for two
electorates V,W € £ and ballot profiles BV, BY € Bx, {B'}icv = {B’};ew and
yet f(BY) # f(BY). Nevertheless, property 2 shows that the Approval Voting

12



procedure satisfies anonymity w.r.t. ballot interpretations rather than ballots, in
line with our consequentialist approach to ballot information. A characterization
of Approval Voting procedures in which the interpretation of ballots is independent
of the voters’ identity can be obtained by adding to the axiom set used in theorem
1 the requirement that for every i,j € V, if B® = B, then f(B%}) = f(BU}).
Finally, as a corollary of our result, if approval ballots are assumed, Approval Voting
is seen to be characterized by the widely used axiom of faithfulness, requiring the
aggregation rule to return the set of candidates approved by a voter whenever she
is the only voter, together with consistency and no single-voter overrides. This
is because, under the approval balloting restriction, faithfulness and consistency
imply ballot richness, that can therefore be dropped. A novel feature of such
result is that it does not hinge on the common requirements of anonymity and
non-emptiness, assumptions that appear in most of the existing axiomatizations
of Approval Voting.

While we only studied a specific voting procedure, it seems meaningful to extend
this type of analysis to other voting methods, at the very least because the absence
of agreement as per what type of information is to be asked to voters, or used
in social choice procedures, seems to call for a formal treatment thereof. For
instance, this could help elucidate the consequences of replacing the dichotomous
informational basis of Approval Voting with a trichotomous one - allowing voters
to express approval, disapproval and neutrality towards candidates - as required
by an alternative to Approval Voting, the dis&approval voting procedure, that
has received some attention in recent years (see Hillinger (2005), Alcantud and
Laruelle (2014) or Gonzalez et al. (2019)).

6 Appendix: independence of the axioms

We now show that the axiomatic conditions of theorem 4 are logically independent
by identifying examples of voting procedures satisfying all but one given condition.
To make clear that their independence is not due to the fact that the domain of
voting procedures (as opposed to the one of approval ballot aggregators) is rather
large, we provide examples of voting procedures that only make use of dichotomous
ballot information (essentially, they aggregate approval ballots). In what follows,
for any weak order R over C, let ¢(R) denote its top indifference class; that is,
t(R) ={a € C :aRbforallbe C}.

Example 1. Let (X, f1) (the “plurality voting procedure”) be defined by: for
every voter i € V, there exists a surjection ¢! : X—{{a}acc} such that for every
finite set of voters V C V and BY € By,

f(BY) = argmazeecl{i € V: {a} = o] (B')}. (33)
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The Plurality voting procedure satisfies all axioms of theorem 4 but BALLOT
RICHNESS.

Example 2. Let (X, f5) be defined by: for every voter i € V), there exists a
surjection cpf : X—=P.(C) such that for every finite set of voters V' C V and
BY € Bx,

A, if A=pl((BY) forallieV

. (34)
C, otherwise.

fo(BY) = {

Then (X, fy) satisfies all our axioms but CONSISTENCY.

Example 3. Let (X, f5) be defined by: for every voter i € V), there exists a
surjection gozfg : X—=P,.(C) such that for every finite set of voters V' C V and
BY & Bx,

f5s(BY) = (&l (B) (35)

iev
Then (X, f3) satisfying all our axioms but NO SINGLE-VOTER OVERRIDES.
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