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Preface

Microsoft Excel is a general-purpose application that is taught to engineering students
in the introductory courses on computer applications. The powerful tools of Excel for
data analysis and visualisation, together with its wide availability and simplicity,
encouraged its use as an educational tool in various engineering subjects. With respect
thermofluid analyses, a number of articles and research papers have been presented in
this regard at various conferences and specialised publications over the past two
decades. The lack of built-in functions in Excel for fluid properties also motivated a
number of academic institutions and individual researchers to develop relevant Excel
add-ins. However, a textbook that presents a general pedagogical approach for using
Excel as a platform for computer-aided thermofluid analyses and provides the lecturers
and students with sufficiently detailed examples and exercises has, so far, been missing.
The aim of this book is to complement the previous efforts by gathering the information
needed for using Excel as an effective modelling platform for various types of
computer-aided thermofluid analyses.

The Excel-based modelling platform described in the book has four elements; (i) Excel
with its user-interface and built-in functions, (ii) the integrated programming language
Visual Basic for Applications (VBA), (iii) the Solver add-in that comes with Excel, and
(iv) an Excel add-in for fluid properties called Thermax. While Excel and Solver are
adequate for most fluid mecanics and heat-transfer analyses, the Thermax add-in helps
the students to perform thermodynamic analyses with Excel in an effective and accurate
manner. VBA is needed for the development of custom functions when the analytical
model cannot be executed by only using Excel’s built-in functions and Thermax
functions. Proper use of the Excel-based modelling platform minimises the effort of
developing the analytical model so that more attention can be paid to the application of
the physical and economic principles in thermofluid analyses.

The first three chapters of the book review the basic principles of thermofluid analyses
and describe the four components of the Excel-based modelling platform. Chapter 4 is
also a general chapter that shows how Excel and its iterative tools can be used for
performing iterative solutions in the three thermofluid areas. The following six chapters
apply the platform for particular types of thermofluid analyses. Chapters 5 and 6 are
dedicated to the hydraulic analyses of pump-pipe systems and pipe-networks, while
Chapters 7 and 8 deal with heat-transfer analyses by focussing on the numerical
solution of the heat-conduction equation by using the finite-difference method. The
application of the Excel-based platform for thermodynamic analyses is demonstrated in
Chapters 9 and 10 that use the property functions provided by the Thermax add-in for
ideal gases and refrigerant fluids for dealing with the analyses of power-generation and
refrigeration cycles.

The book adopts a learning-by-example approach and most of its examples are based on
relevant cases or examples given in popular thermofluid textbooks so that the students
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can verify their Excel solutions and look for additional applications. Exercises are given
at the end of each chapter that help students to sharpen their skills related to the
particular topic.

The material covered in the book is adequate for a stand-alone course on computer-
aided thermofluid analyses, but the book can also be used to supplement the existing
relevant courses by selecting certain chapters or sections from it. Although the book is
primarily meant for educational purposes, it is hoped that the material covered in the
book can also be useful for practicing engineers in the area of thermofluid systems.
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Nomenclature
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C Friction coefficient in Hazen-Williams equation, Equation (1.28)
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D Diameter
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@D
@
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Greek Characters

Specific weight of a fluid

Thickness (e.g. of insulation)

Difference (e.g. temperature)

Roughness of surface material
Heat-exchanger effectiveness
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Dynamic viscosity, kg/m.s

Kinematic viscosity, m*/s
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Mesh Fourier number in the finite-difference method, defined by Equation (8.6)

T T I I I

Dimensionless Numbers and Groups

Bi Biot number
Cs Friction coefficient, defined by Equation (B.3)
Fi Fourier number

Nu Nusselt number
Pr Prandtl number

Re Reynolds number

Subscripts

f Saturated liquid condition

fg Difference in property between saturated liquid and saturated vapour
g Saturated vapour condition

Im Log-mean

S Saturation temperature or pressure

S Evaluated at the surface

o0 Evaluation at free-stream ambient conditions
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Cars, refrigerators, and air-conditioners have become indispensible items for families in
both developed and developing countries. The energy required to operate these systems
mainly comes from burning fossil fuels in power-generation plants. Apart from being
non-renewable energy sources, large-scale combustion of fossil fuels is the main cause
for global warming and its increasingly devastating effects at different parts of the
world. Therefore, proper design and operation of these and other energy-demanding
devices are required for minimising these effects. The design methods of these systems
are mainly based on the principles of thermodynamics, fluid mechanics, and heat
transfer. This chapter reviews the main principles of these three thermofluid subjects
with the objective of showing how they can be used to reduce the losses and minimise
energy consumption. For a number of reasons the equations involved in thermofluid
analyses are difficult to solve without using computer-aided methods. Therefore, these
analyses introduce many simplifications that reduce their accuracy. In this respect, the
chapter highlights the advantages of computer-aided methods for thermofluid analyses
and describes the Excel-based modelling platform used in this book for these analyses.

1.1. Areviewofthermofluid principles

The two main principles that form the framework for thermofluid analyses are the
conservation of mass (the continuity equation) and the conservation of energy (the first-
law of thermodynamics). These principles take different mathematical forms depending
on whether the system under consideration is open or closed and on whether the flow is
steady or unsteady, compressible or incompressible, laminar or turbulent, etc.
Numerous auxiliary relationships are needed in order to quantify the various parameters
involved in the resulting equations such as pressure-variations, friction losses, and rates
of heat-transfer. In what follows, the main concepts of thermodynamics, fluid
dynamics, and heat-transfer are reviewed by considering typical applications.

1.1.1. Thermodynamics

The principles of engineering thermodynamics allow us to determine the amount of
energy transfer in the form of work or heat between any system and its surroundings.
They also allow us to determine the efficiency and effectiveness of the system if energy
conversion is involved. There are four basic laws for thermodynamics the most
important of which are the first and the second laws of thermodynamics. To apply these
two basic laws, thermodynamic analyses use many property relationships, tables, and
charts that determine the properties of the particular fluid involved and its phase (a
liquid, a liquid-vapour mixture, a gas, or a gaseous mixture). To illustrate the
application of thermodynamic laws and relationships in a typical analysis, consider the
air-compression system shown in Figure 1.1.a. Air enters the system that has two stages
of compression separated by an intercooler at a temperature T, and pressure P;. The
first-stage compressor, C,, compresses the air adiabatically to state 2, after which it
enters the intercooler where its temperature is reduced to Ts;. The second-stage
compressor, C,, then increases the air pressure to P, at which the temperature increases
to T,. Figure 1.1.b shows the compression process on a temperature-entropy diagram.
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4
Air
C2
Intercooler \ 3 Intercooling
_ Cooling
water s
(a) (b)
Figure 1.1. Schematic and T-s diagrams of a two-stage air compressor with inter-stage
intercooling

How the total compression work is divided between the two compressor stages depends
on their compression ratios and there is a certain value of the intermediate pressure (P;)
that minimises the total compression work. The principles of thermodynamics help us
to determine this optimum pressure as shown below.

Treating the two compressor stages as steady-flow processes and neglecting changes in
kinetic and potential energy, the first-law of thermodynamics is expressed as [1]:

q-w= (hout - hin) (1.1)

Where g and w are the amounts of heat transfer and work transfer per unit mass flow of
air, respectively, and (hoy —hiy) is the resulting enthalpy change over the stage. Equation
(1.1) adopts the usual sign convention that heat into the system is positive, while work
into the system is negative. Assuming the compression processes in both stages to be
isentropic as shown in Figure 1.1.b means that they are adiabatic (q=0) and reversible.
Therefore, using an average specific heat for air at constant pressure (c,), the
compression work per unit mass flow of air in stage 1 (w;) and in stage 2 (w,) can be
determined from Equation (1.1) as follows:

w, =—(h, —h,)=—c,(T,-T,) (1.2)
w, =—(h, —hy)=—¢, (T, -T5) (1.3)
The total compression work (Wioa) is then given by:

Wigiag =Wy +W, ==, [(T, =T, )+ (T, - T,)] (1.4)

Assuming perfect intercooling, i.e., Ts = Ty, Equation (1.4) can be rearranged as:
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T, T, T, T,
Wiotal =C pTl |:(1_ f] + (1_ ﬁj:| = CpTll:Z - (f) - [EJ:| (15)

Since the two compression processes are assumed to be isentropic and the specific heat
c, for air to be constant, the temperature ratios in Equation (1.5) can be converted into
pressure ratios by using the following approximate relationships:

(8] a5

(8] .

Where k is the ratio of specific heats (k=c,/c,; c, is the specific heat for air at constant
volume). With the assumption that there is no pressure loss in the intercooler, P; = P,=
P;. Substituting from Equations (1.6) and (1.7), Equation (1.5) becomes:

k1 S
AT k

Wiota) =C pTl 2- (%J - (%J (18)
1 i

To see how the total compression work varies with the intermediate pressure P;, a
specific case was considered in which T;= 300K, P;=100 kPa, and P, = 900 kPa. Using
Equation (1.8), the total compression work in the system was calculated for different
values of P; and Figure 1.2 shows the result. The figure shows that the value of P; at
which the total compression work is minimal is around 300 kPa. Increasing and
decreasing P; from this value both increase the compression work.

310

300 /

290 //
280 \/
270

260 : . . .
0 200 400 600 800 1000
Intermediate pressure (kPa)
Figure 1.2. Variation of the total compression work with the intermediate pressure

Total compression work (kJ)
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The principles of thermodynamics are particularly useful for performance evaluation
and optimisation of power-generation and refrigeration systems. For example, consider
the regenerative steam-turbine power plant shown in Figure 1.3. This plant consists of a
boiler house for producing superheated steam, a high-pressure steam turbine (HPT), a
low-pressure steam turbine (LPT), a condenser, an open feed-water heater (FWH) and
two feed-water pumps. A fraction of the steam (y) is extracted after the HPT for
preheating the feed-water before going back to the boiler house.

Boiler
House

7 FWH

6

Pump 2 Pump 1
Figure 1.3. Schematic diagram of a regenerative steam-turbine power plant

Although extracted steam reduces the work output from plant, it reduces the amount of
heat added in the boiler and its net effect is to increase the thermal efficiency of the
plant. There is also a certain extraction pressure for the steam at which the plant’s
thermal efficiency attains a maximum value. As shown below, the principles of
thermodynamics can be used to determine this optimum steam-extraction pressure.

The total specific work output from the two turbines (w,,;) and the total work input to
the two pumps (w;,) are given by:

Wout = Whpr + Wipr (1.9)
Win = Wpy + Wpy (1.10)

Where wypr and wypr are the specific work output from the high-pressure turbine and
the low-pressure turbine, respectively, and wp; and wp, are the specific work inputs in
pump 1 and pump 2, respectively. Assuming the two turbines and the two pumps to be
adiabatic and neglecting the changes in kinetic and potential energies, the work output
or input for each device can be determined from the enthalpy difference across the
device. Per each kg of steam generated in the boiler, these are given by:

Wher = (hl - hz) (1.11)
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Wipr = (1_ Y)(hz - hs) (1.12)
Wp, =(1-y)hs —h,) (1.13)
Wp, =(h, —hg) (1.14)

Mass and energy balance over the open feed-water heater gives:
yh, + (1 y)hs =1xh, (1.15)
The net specific work output from the plant (w,) is then given by:

W, =W . —W (1.16)

net out n

Similarly, the specific heat input to the boiler (q;,) is determined by the relevant
enthalpy change as follows:

Gip = (0, —h;) (1.17)
Finally, the thermal efficiency of the plant () can be calculated from:
7= Wye /qin (118)

Both w,¢ and # depend on the fraction of steam extracted for regeneration (y); which in
turn depends on the extraction pressure (P,). Figure 1.4 shows the variation of y and #
with P, for an ideal cycle in which P, = 15 MPa, T; = 600°C, and P, = 10 kPa. The
figure shows that the cycle’s efficiency attains a maximum value of 45.55% when P, is
in the range of 1000 kPa.

It should be mentioned that the working fluid in the above power plant, which is water,
changes its phase from a liquid to superheated steam in the boiler, to a saturated
mixture of water and steam in the low-pressure turbine, and returns to liquid water in
the condenser. Therefore, appropriate property tables or charts are needed for
determining the thermodynamic properties of water at the different states. In general,
thermodynamic analyses use many tables and charts for various working fluids. The
principles of thermodynamics are also needed for the analyses of air-conditioning
systems and processes and for the analyses of the processes that involve combustion
and other chemical reactions. For such analyses, thermodynamics provides the basic
relationships needed to quantify the effects of fluid mixing and chemical reactions on
the properties of the working fluids and to determine the transfer of energy and
effluents to or from the system.
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Figure 1.4. The effect of intermediate pressure (P,) on the fraction of extracted steam
(y) and thermal efficiency (i) of a regenerative steam-turbine power plant

1.1.2. Fluid dynamics
In addition to pipes and ducts, fluid-transporting systems require various equipment

such as pumps, compressors, control valves, and flow-measuring devices. The
principles of fluid dynamics help us to estimate the power needed for overcoming
friction in these equipment and to determine suitable types and sizes for them. To
illustrate the application of these principles, consider the pump-pipe system shown in
Figure 1.5 that conveys a liquid between two non-pressurised tanks A and B through a
pipe of known length L, diameter D, and roughness &. Suppose that we want to
determine the needed pump power for transporting the liquid at a certain flow rate Q.

L, oL

>
> B

L,

D
AQEJﬁ,* \

Figure 1.5. Schematic diagram of a simple pump-pipe system

The required pump power (W) can be determined from the following “power
equation”:

W =yxQxh,/n [W] (1.19)

Where y is the specific weight of the transported liquid (N/m®), Q is the volume flow
rate of the liquid (m°/s), h, is the pump head (m) needed to circulate the fluid through
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the pipe from A to B, and 7 is the combined efficiency of the pump and the electric
motor. For a steady flow of an incompressible fluid, h, can be determined from the
following “‘energy equation”:

Ve -V
29

Ny =Nt total +(ZB _ZA)+

p [m] (1.20)

Where h¢orar IS the total head loss through the system due to friction (m), Z, and Zg are
the elevations (m) at points A and B, respectively, and V, and V3 are the corresponding
fluid velocities (m/s). If the two tanks are not open to the atmosphere, the energy
equation should also include a term for the pressure difference between the tanks.

The total friction head loss hoa CONsists of two parts: the major friction loss (hy),
which is the part lost in the pipe itself, and the minor friction head loss (h.), which is
the part lost in other components of the system like nozzles, elbows, valves, etc. The
major friction loss can be determined from the following Darcy-Weisbach equation [2]:

h—fLV—2 121
= o2 [m] (121

Where f is the dimensionless Dracy friction factor, V the fluid velocity (m/s), L the total
length of the pipe (m), and D the internal diameter of the pipe (m). The value of the
friction factor, which depends on the roughness of the pipe surface and on whether the
flow is laminar or turbulent, can be obtained from a Moody diagram [2] or calculated
from a relevant formula. For laminar flows, f can be calculated from:

f =64/Re Re < 2300 (1.22)
Where Re is the Reynolds number defined as:
Re=VD/v (1.23)

Where v is the kinematic viscosity of the flowing fluid (m?/s). For a turbulent flow in
rough pipes, f can be obtained from the following Swamee-Jain formula [2]:

2
g 574
f =025/ log,y| ——+
{ 910(3.7D Reo_gﬂ Re > 4000 (1.24)

For more accuracy, the friction factor for a turbulent flow can be determined by using
the following Colebrook-White formula (frequently referred to as the Colebrook
equation):
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1 e/D 251
|~ ==2.0l0g, | £ = + =22 (1.25)
f 10( 3.7 Re\/TJ

The Colebrook equation is an example of the implicit equations met in thermofluid
analyses that need to be solved iteratively. For turbulent flows in smooth tubes, f can be
determined from the first Petukhov formula [2]:

f =(0.790InRe-1.64)"  10°<Re <10° (1.26)

Chemical engineers usually determine the pipe friction by using the following Chezy-
Manning equation instead of the Darcy-Weisbach equation:

LV?
hy =2f —— 1.27
D g [m] (1.27)

Where f is the Fanning friction factor. Comparison with Equation (1.21) reveals that the
value of the Fanning friction factor is 4 times the corresponding value of the Darcy
friction factor. Civil engineers determine the friction head loss in water-transporting
pipes by using the following Hazen-Williams equation:

~10.67LQ"*?

s~ (1.28)

Where C is a coefficient that depends on the roughness of the pipe. Unlike Equations
(1.21) and (1.27), Equation (1.28) is applicable for both laminar and turbulent flows.

The minor friction losses, h., can be determined from the following equation:

2

_ ZKV_g (1.29)
1

Where n is the total number of components in the fluid system and K is a coefficient the
value of which can be found for each component in relevant tables.

Given the values of the pipe length and diameter, flow rate, fluid viscosity, and pipe
material or roughness, the equations described above can be used to determine the
required pump power. The equations can also be used to determine the maximum flow
rate of the fluid to be delivered via a pipe of a certain diameter such that the friction
loss in the system or the needed pump power does not exceed a specified limit.
Moreover, by taking into consideration the initial cost of the pump-pipe system that
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increases with D, and the cost of electrical energy needed by the pump that decreases
with D, the equations can be used to determine the economic pipe diameter D, that
gives the lowest total owning cost for the system over its entire life-time. In general, the
equations are also applicable for analysing and optimising pipe-networks.

The principles of fluid dynamics also enable us to select the appropriate type and size of
the pump for a given pump-pipe system by matching the “pump curve” with the
“system curve”. This is achieved with the help of pump characteristic curves usually
provided by the manufacturers. In many situations a single pump or compressor may
not be adequate for the required flow rate or delivery pressure and more than one pump
or compressor have to be used. In this situation, the principles of fluid dynamics help us
to decide when to arrange the pumps/compressors in parallel or in series.

1.1.3. Heat transfer

The design practices of energy-conversion equipment that deal with the transfer of
thermal energy such as boilers, condensers, and heat exchangers are mainly based on
the principles of heat transfer. Three independent physical laws are used in heat-
transfer analyses to quantify the rate of heat transfer between an object and its
surroundings depending on whether the heat transfers by conduction (Fourier’s Law),
convection (Newton’s law of cooling), or radiation (Stefan-Bolkzmann law). The
physical properties that determine the rate of heat transfer by conduction, radiation, and
convection are the thermal conductivity (k), the surface emissivity (¢) and absorptivity
(e), and the heat-transfer coefficient (h), respectively.

While k, &, and o are material or surface-specific, h depends on both the fluid and the
flow. Numerous analytically-obtained relationships and empirical formulae are used for
determining h depending on whether the flow is forced or natural and whether the flow
is internal or external to the system being considered. These formulae usually give the
Nusselt number (Nu) which is related to h as follows:

h =% Nu [W/m* K] (1.30)

Where D is the pipe diameter and k is the thermal conductivity of the transported fluid.
Many analytical or empirical formulae are used for determining the Nusselt number for
forced or natural flows over single tubes, bank of tubes, plates, etc. For example, the
following Dittus-Boelter equation is used for determining Nu inside a fluid-transporting
pipe due to forced convection [3]:

Nu =0.023Re®® Pr" (1.31)

Where Re is the Reynolds number, Pr the Prandtl number, and n is a constant that takes
a value of 0.4 when the pipe is being heated and 0.3 when it is being cooled.
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The subject also describes the methods that can be used to minimise or maximise the
rate of heat-transfer between the system’s components or between the system and its
surroundings by means of thermal insulation, fins, heat-pipes, etc. To illustrate the use
of heat-transfer concepts in thermal-insulation analyses, consider the metal pipe shown
in Figure 1.6 that has an internal radius r, and external radius r,. The pipe carries a fluid
at a temperature T;, while the surrounding air is at a different temperature T...

Figure 1.6. Schematic for an insulated metal pipe

The temperature difference between the pipe and the surroundings will cause heat gain
or heat loss to/from the pipe and, in order to reduce this heat gain or heat loss, the pipe
has to be covered by an insulating material. The principles of heat transfer help us to
account for the effect of thermal insulation on the rate of heat-transfer to/from the pipe.

The rate of heat transfer (Q ) can be calculated from [3]:
Q=T -T.)/Ry W] (1.32)

Where Ry, is the combined thermal resistance to heat-transfer by conduction,
convection, and radiation, which is given by [3]:

o 1 +|”(fz/r1)+|n(r3/rz)+ 1
hA 21k, 27k,  hA,

0

[K/W] (1.33)

Where h; and A; are the heat-transfer coefficient and surface area inside the pipe,
respectively, h, and A; are the heat-transfer coefficient and surface area outside the
insulated pipe, respectively, L is the length of the pipe, and k; and k, are the thermal
conductivities of the pipe and the insulation, respectively. To simplify the analysis, h,
in Equation (1.33) takes into account the heat-transfer by both convection and radiation
to/from the insulation surface. The thickness of the metal pipe is usually small
compared to its diameter, while its thermal conductivity is much higher than that of the
insulation material. Therefore, the equation can be simplified further by neglecting the
term that represents the thermal resistance due to conduction through the pipe.
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Equations (1.32) and (1.33) can be used to determine the required thickness of
insulation (0) for reducing the rate of heat transfer to the required tolerance or for
controlling the surface temperature within a range that is dictated by safety or other
practical considerations. Although the thicker the insulation the lower will be the rate
heat transfer, the cost of insulation increases with its thickness and, therefore, adding
more insulation will not be economically profitable beyond a certain thickness. By
extending the above heat-transfer model so that the cost of insulation and the value of
the saved thermal energy can be calculated and compared, the above equations can also
be used to determine the economically optimal thickness of insulation (Jop:).

Figure 1.7 shows a metal pipe with circular fins attached to its surface so as to boost the
rate of heat-transfer between the fluid being transported with the pipe and the
surrounding medium, usually air. The principles of heat transfer can be used to develop
the required mathematical equations that determine the the rate of heat transfer from the
pipe and, therefore, to evaluate the effectiveness and efficiency of the fin.

Figure 1.9. Circular fins attached to a metal pipe

Another important application of heat-transfer principles is that related to the design
and selection heat-exchangers. A heat-exchanger is any device that allows the transfer
of thermal energy between two fluids through a separating surface usually a pipe, a
duct, a tube, or a plate. Figures 1.8 and 1.9 show two types of heat-exchangers
commonly used in industries and power-plants. Figure 1.8 shows a shell-and-tube heat-
exchanger while Figure 1.9 shows a cross-flow heat-exchanger. Heat-exchanger
analyses either aim at determining the required size (i.e., surface area) for a specified
heat-transfer duty or determining the exit temperatures of the two streams from a
specified heat-exchanger type and size. Two methods are used for these two types of
analyses which are the log-mean temperature difference (LMTD) method and the
effectiveness-number of transfer units (e-NTU) method. Complex thermal systems use
heat-exchanger networks [HENs] and finding the configuration that minimises the
annual cost of the network is based on the principles of heat transfer.
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in

Figure 1.8. A parallel-flow shell-and-tube exchanger

Cross-flow L
(unmixed) P |

Tube-flow
(unmixed)

Figure 1.9. A cross-flow exchanger with both streams unmixed

1.2. Advantages of computer-aided the rmofluid analyses

Apart from saving time and eliminating possible human errors, computer-aided
thermofluid of analyses offer a number of advantages over traditional methods that use
property tables and charts. An important advantage of computer-aided methods is their
ability to give more realistic results by avoiding unnecessary simplification of the
models and by using more accurate estimations of fluid properties. Moreover, they offer
reliable techniques for iterative solutions, optimisation analyses, and the analyses of
complex thermofluid systems. In what follows, these advantages are illustrated by
means of relevant examples.

A. Avoiding excessive simplification of the model

In many situations, traditional analytical methods adopt excessive simplifications of the
analytical models; which makes their results grossly deviate from the behaviour of real
systems. A good example of this situation is given by the models of internal-
combustion (IC) engines. Traditional air-standard models of IC engines, such as the
Otto cycle and the Diesel cycle, neglect heat-transfer and friction losses, treat the
combustion process as heat-addition from an external source, and use constant specific
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heats for the working fluids. These assumptions enable the engine processes to be
represented by simple closed-form relations for calculating the amount of heat added to
the engine and net work from the engine [4]. However, air-standard models usually
overestimate the engine’s output and thermal efficiency.

By comparison, computer-aided models of IC engines closely mimic the behaviour of
actual IC engines by taking into consideration the geometrical as well as the
thermodynamic characteristics of the engines. Therefore, these models can be used to
investigate the effect of important design and operation factors such the ignition or
injection timing on the engine performance or the effect of engine speed on the specific
fuel consumption. However, the formulation of these models leads to a set of ordinary
differential equations that need to be solved simultaneously by using a numerical
method such as the Newton-Raphson method [5].

B. Accurate representation of fluid properties and processes

The ideal-gas law can be used with reasonable accuracy for determining the specific
volume of a superheated vapour, but when the temperature approaches the saturation
line, the value of the specific volume determined by the ideal-gas law departs
significantly from the actual volume. More accurate estimates can be obtained by using
the following Soave-Redlich-Kwong (SRK) equation of state [1]:

p_RT __aa (1.34)
v-b v(v+b)

Where P is the absolute pressure of the gas, V is the molar specific volume, R, is the
universal gas constant, T is the absolute temperature of the gas, and the constants a, b
and « are fluid-dependent. Figure 1.10 shows the deviations from the tabulated values
by those obtained from the ideal-gas law and the SRK equation of state for refrigerant
R134a at 0.2 MPa. The figure shows that the error of the ideal-gas law is more that 2%
even at high temperatures and increases as the temperature approaches the saturation
value, but the accuracy of the SRK equation remained higher than 99% even close to

the saturation line. However, since the SRK equation is implicit in V it cannot be used
directly to determine the specific volume. A number of standard iterative procedures
(e.g. Newton-Raphson method) can be used to solve the equation, but they are more
suitable for computer-aided analyses than hand calculations.

Another important implicit equation for thermofluid analyses is the Colebrook-White
equation, Equation (1.25), that determines the friction factor (f) for turbulent pipe-
flows. Since the equation involves f on both sides and needs to be solved iteratively, the
explicit relationships such as the Swamee-Jain formula are preferred even though the
Colebrook-White equation is more accurate. Many other nonlinear equations like the
SRK equation and the Colebrook-White equation give advantage to computer-aided
thermofluid analyses by enabling more realistic and accurate estimations.
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Figure 1.10. Errors in the specific volume of R134a by the ideal-gas law
and the SRK equation of state

C. Dealing with iterative solutions and optimisation analyses

A good example of thermofluid analyses that require iterative solutions is found in
pipe-flow analyses. Pipe flow problems that require the friction head loss to be
determined when both the diameter and flow rate are known can be solved in a
straightforward manner by using Equation (1.21). However, in design analyses of
pump-pipe systems we may need to find the flow rate in a given pipe that gives a
specified head loss or to find a suitable pipe diameter for specified head loss, flow rate,
and pipe length. In these two cases, the friction factor f cannot be determined in
advance because it depends on the Reynolds number. Therefore, these two types of
pipe-flow problems, referred to as type-2 and type-3 problems, need to be solved by
iteration. It is much easier to carry out the iterative process to the required level of
accuracy by using a computer-aided method than by doing it manually. Other types of
thermofluid analyses that also require iterative solutions include rating analyses of heat
exchanger and the determination of the adiabatic flame temperature by first-law
analysis of the combustion process.

Optimisation analyses are needed for determining the best design for a thermofiuid
system such as the optimum intermediate pressure for a two-stage air-compression
system, the optimum steam-extraction pressure for a regenerative Rankine cycle, and
the economic thickness of insulation for a pipe. While simple optimisation analyses that
involve a single design parameter can be performed by means of calculus techniques
and graphic tools, optimisation analyses of complex systems that involve multiple
design variables require the use of computer-aided techniques.

D. Analyses involving complex models
The complexity of modelling certain thermofluid systems makes their analyses only
possible with the help of computer-aided methods. The model complexity can be either
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due to the complexity of the physical structure of the system itself or the complexity of
its mathematical representation. An example of physically complex systems is the pipe
network shown in Figure 1.11 that consists of four pipe loops and four consumption
points and fed by two water tanks; tank A and tank B. Suppose that the flow rates from
the two supply tanks are specified together with the pipe diameters and lengths and it is
required to determine the discharges at the four consumption points.

Figure 1.11. A looped pipe network supplied by two tanks

Although the solution is mainly based on the two well-known principles of
conservation of mass and conservation of energy, it is difficult to solve the problem by
using manual analytical methods especially when a minimum or a maximum pressure
level is to be met at the discharge points. In this case, a computer-aided method, such as
the Hardy-Cross method presented in Appendix C, has to be used [6, 7]. The
optimisation analyses of heat-exchanger networks give another example of the models
that deal with physically complex systems [8].

Mathematically complex thermofluid models that need computer-aided numerical
methods are found in multi-dimensional fluid-flow and heat transfer analyses. This type
of analyses involves coupled and nonlinear partial differential equations that have to be
solved by using computational fluid dynamics (CFD) methods such as the finite-volume
method or the finite-difference method. Many commercial CFD applications are
available nowadays that offer great flexibility and user-friendliness.

1.3. The Excel-based modelling platform for the rmofluid analyses

Microsoft Excel is commonly used for data visulation and for dealing with simple
computer-based operations like matrix inversion and matrix multiplications [3,9].
However, Excel is equipped with other features that make it a capable modelling
platform for a wide range of engineering “What-if” analyses [10-12]. In addition to its
Goal Seek command and the Solver add-in, the “Developer” ribbon in Excel provides a
programming language called Visual Basic for Applications (VBA) that can be used for
developing customised user-defined functions (UDFs) not provided by Excel. The
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Developer ribbon also allows the use of macros to remove the tedium of parametric
studies and repetitive calculations. The main limitation of Excel with respect to
thermofluid analyses, which is the lack of built-in functions for fluid properties, could
be solved by developing suitable add-ins for this purpose [13-15].

This book uses an Excel-based modelling platform for thermofluid analyses that
includes in addition to Excel, Solver, and VBA, an educational Excel add-in called
Thermax. Thermax provides seven groups of property functions for ideal gases,
saturated water and superheated steam, synthetic and natural refrigerants, atmospheric
humid air for psychrometric analyses, two aqua solutions for vapour-absorption
refrigeration, chemically-reacting substances, and air at standard atmospheric pressure.
Thermax also provides two interpolation functions and a Newton-Raphson solver for
nonlinear equations that enhance the usefulness of the Excel-based modelling platform.
Table 1.1 summarises the roles of the four components of the Excel-based modelling
platform as used in this book.

Table 1.1. Roles of the four components of the Excel-based modelling platform

Component Role

¢ Provides the basic functions needed for thermofluid analyses
including the general mathematical functions and the matrix-
operation functions

¢ Provides the Goal Seek command needed for performing

Excel unconstrained iterative solutions involving a single parameter

e Allows circular calculations which can be a convenient method for
dealing with parameter dependency in certain analyses

e Provides graphical tools needed for data visualisation and analyses

¢ Allows macros to be recorded for repetitive calculations

e Allows constrained iterative solutions involving multiple parameters

¢ Allows optimisation analyses with single and multiple design
variables

o Offers three solution options that suit different types of analyses

Solver

o Provides the physical properties of various fluids

Thermax ¢ Provides two interpolation functions for tabulated data and a Newton-
add-in Raphson solver for non-linear equations such as the Colebrook-White
equation and the SRK equation

¢ Needed for developing custom functions for the non-linear equations
involved in iterative solutions and optimisation analyses

¢ Needed for developing numerical solvers for large systems of linear
equations

e Canbe used to develop additional fluid property functions or other
functions not provided by Excel or the Thermax add-in

VBA
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1.4.Closure
The following two chapters describe the Excel-based modelling platform in more

details. While Chapter 2 focuses on the features of Excel that are mostly needed for
thermofluid analyses such as its matrix functions and its Goal Seek command, Chapter
3 introduces the other three components of the modelling platform. Chapter 3 gives
examples of using the three solution methods offered by Solver, describes the
development of user-defined functions with VBA, and shows how the property
functions provided by Thermax can be used in Excel formulae. Chapter 4 deals with
iterative solutions of thermofluid problems and gives examples of using Excel’s Goal
Seek command and Solver for this type of analyses in the fields of fluid dynamics, heat-
transfer, and thermodynamics. The Excel-based platform is then used in Chapters 5 to
10 for various types of thermofluid analyses.

Chapters 5 and 6 deal with fluid systems and illustrate the use of Excel and Solver for
the analyses of multi-pipe and pump-pipe systems and pipe-networks. Different pipe
and pump arrangements are analysed in Chapter 5 to determine the system’s friction
losses, power requirement, or operating point. Chapter 6 uses Solver for the analyses of
gravity-driven pipe-networks with looped, branched, and mixed configurations. Both
Chapters 7 and 8 deal with the numerical solution of the heat-conduction equation by
using the finite-difference (FD) method. While Chapter 7 focuses on the steady
conduction equation, Chapter 8 focuses on the transient equation. Two approaches are
presented in these chapters for applying the explicit and implicit formulations of the FD
method by using Excel’s matrix functions and iterative calculations.

Chapters 9 and 10 deal with thermodynamic analyses by using the property functions
provided by the Thermax add-in. Chapter 9 that deals with the analyses of power-
generation cycles focuses on the Brayton cycle for gas-turbines and the Otto cycle for
the spark-ignition internal-combustion engines. Using air standard assumptions, this
chapter presents both energy and exergy analyses of the Otto cycle. Chapter 10 that
deals with the analyses of refrigeration cycles focuses on the vapour-compression
refrigeration (VCR) cycle with refrigerant R134a as the working fluid. The chapter
considers both the simple single-stage cycle and the multi-stage cycle with two and
three stages of compression and shows how the Solver add-in provided by Excel can be
used for optimisation analyses of the multi-stage VCR cycles.
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With its user-interface, built-in functions, iterative tools, and graphical tools, Excel
forms the backbone of the modelling platform used in this book for thermofiuid
analyses. This chapter is not intended to review all the features and built-in functions
provided by Excel, but to focus on those needed for building analytical models for
thermofluid analyses. In this respect, the chapter highlights the use of cell-labelling in
writing formulae instead of the usual referencing by location. The chapter also
illustrates the use of Excel’s matrix functions for the solution of linear systems of
equations and the use of Goal Seek and circular calculations for the solution of
nonlinear equations. The final section on Excel’s graphical tools demonstrates the use
of the trendline feature for curve-fitting of tabulated data.

2.1. Elements of Excel’s user-interface

Excel’s user-interface allows us to manipulate the stored data by providing a large set
of built-in functions and a number of analytical tools. It also provides numerous
commands for adjusting the appearance of the workspace and presenting the primary
data and the results in various forms. Figure 2.1 shows a screenshot of an Excel sheet
that stores the scores obtained by a group of students in one semester.

Home Insert Page Layout Formulas Data Review View Developer

& Calibri 1 A = == @ = Number - E:l-;l
2~ E
7 B L O-|E- (S A ESSFEFE EH- | WT-w 0 | W0 Condtio
Faont Alignment Mumber
H2 - J= | =AVERAGE(C2:G2) b @
A B C D E F G H 1
1 Mo. MName EMNGR1211 ENGR2421 ENGR4431 ELEC2234 MECH2201
2 1 Saeed 62.5 70 55 64.5 68 I 64.0!
3 2 Salim 73 79 65 75 77
4 3 Salman 55.3 60.5 50 57.3 58.5
3 4 Salwa 81 79.5 87 83 77.5
7] 5 Sulaiman 76.9 85 75 78.9 23
7 6 Sultan 66 a7 58 68 65
3

Figure 2.1. The main elements of Excel’s user-interface

To allow easy access to the large number of functions, tools, and commands provided
by Excel, its interface is divided into a number of elements with different purposes.
Figure 2.1 shows four of these elements which are:

The ribbon

The name box
The formula bar
The workspace

AW

The Ribbon, which occupies the upper part of the sheet, organises the numerous
commands provided by Excel into nine “tabs”, e.g., the File, Home, and Insert tabs.
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Each tab consists of a number of command-groups that have a common purpose. The
Workspace, which is the main part of the sheet, is divided into a grid of columns and
rows that form separate “cells” at their intersections. A cell is referred to by a letter and
a number, e.g., Al, B3, H2, etc. The lettert represents the cell’s column while the
number represents its row. The Name box shows the location of the current cell.

As Figure 2.1 shows, a cell can simply contain a character data, such as “Saeed” and
“Salim”, or a numerical data, such as 62.5 and 70. A cell can also contain a formula for
data manipulation using the numerous built-in functions provided by Excel. The
formula bar in Figure 2.1 reveals the formula typed in cell H2 that uses the built-in
function “AVERAGE” to determine the average score of the first student in the list
(Saeed) in the five subjects as 64.0. Note that, unlike simple numerical or character
cells, a cell that includes a formula must include the equal sign “=". The role of the
Formula bar will be explained in more details in the following section.

2.2. Excel’s formulae

In general, Excel’s formulae include mathematical or logical operators, built-in
functions, and cell references. Excel provides two ways to refer a particular cell; either
by its location in the sheet, e.g., A2, C10, etc., or by giving it a relevant name, e.g.,
efficiency, diameter, etc. The two methods will be illustrated below.

2.2.1. Cell reference by location

To illustrate this method, let us write a formula that calculates the area of a circle from
its radius. To do this, open a new Excel sheet and type the number 5, which is the radius
of the circle, in cell Al as shown in Figure 2.2.

SECOND » (= % « EC=pI()*A1%2/4
A B C D E F
1 5
2 |=pI{)=a12/4]
3 T Formula
4
5
6

Figure 2.2. Writing an Excel formula to determine the area of a circle
Now, go to cell A2 and type the following formula:
=PI()*A112/4
The function “P1()” is a built-in function that returns the value of Archimedes’ constant

7. The formula also contains a reference to cell Al that stores the value of the circle’s
radius, the multiplication operator *, the division operator /, the power operator #, and
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the constants 2 and 4. Note that the formula is shown in the formula bar which can also
be used to edit the formula. Pressing the Enter key after typing the formula, you will
obtain the result shown in Figure 2.3; which is 19.63495 square metres.

A2 - Fe | =PI()*A1~2/4
A B C D E F
1 5
2 | 19.63a95.|
3
4
5
6

Figure 2.3. The Excel sheet with a formula that determines the area of a circle

The following example shows how Excel’s formulae and built-in functions can be used
in a simple thermodynamic analysis.

Example 2-1. Determining the specific volume of R134a by using the ideal-gas law
Develop an Excel sheet that calculates the specific volume (v) of refrigerant R134a

from the ideal-gas law at a pressure of 200 kPa (T, =-10.09°C) and temperatures in the
range 0°C to 100°C (273 to 373 K). Compare your results with the tabulated data.

Solution

Figure 2.4 shows the Excel sheet prepared for this example. The pressure (P), the gas
constant (R), and the temperature (T) are stored in columns A, B, and C, respectively.
Column D stores the values of v obtained from relevant property tables and column E
stores the corresponding values obtained from the ideal-gas law:

V=RT/P (2.1)
Where, P and T are the absolute pressure and temperature, respectively, and R is the gas

constant for R134a (R = 0.08149 klJ/kg.K). The percentage error of the ideal-gas law in
estimating the specific volume is given by:

Error = Videal ~ Vrable %100 (22)

VTab le

To determine the percentage error at 273K, go to cell F2 and type the following formula
which is equivalent to Equation (2.2):

=(E2 — D2)/D2*100
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F2 - B | =(E2-D2)/D2*100
A B C D E F G

1P R T v_table v_ideal error v _ideal
2 200 0.08149 273 0.10438 D.111233E|| 6.5652483!
3 200 0.08149 283 0.10922 0.1153084 5.5743911
4 200 0.08149 293 0.113594 0.1193829 4.776944
3 200 0.08149 303 0.11856 0.1234574 4.1306933
i] 200 0.08149 313 0.12311 0.1275319 3.5917878
7 200 0.08149 323 0.12758 0.1316064 3.1559414
8 200 0.08149 333 0.13201 0.1356809 2.7307363

9 200 0.08149 343 0.13639 0.1397554 2.4674463
10 200 0.08149 353 0.14073 0.1438293 2.2026931
11 200 0.08149 363 0.14504 0.1479044  1.974869
12 200 0.08149 373 0.14932 0.1519789 1.7306389
13

Figure 2.4.The sheet developed for determining error in the ideal-gas law for R134a

Note that the formula bar in Figure 2.4 reveals the above formula. When you press the
Enter key, the number 6.566 will appear in cell F2 as shown in the figure. To find the
percentage errors at other temperatures you can simply copy the formula in cell F2 and
paste it on cells F3 to F12. The calculated values of the errors show that the maximum
error occurs at the lowest temperature, which is 273K. The error decreases gradually as
the temperature increases.

2.2.2. Use of cell labels
The usual reference to cells by their columns and rows suits perfectly statistical

analyses in which the same formula is applied to a large body of data that is stored
column-wise or row-wise. For example, we may want to determine the average value,
maximum value, or minimum value of the tabulated data. Example 2-1 illustrated this
situation. However, thermofluid analyses usually involve numerous formulae but a
small set of data, e.g. the diameter of a pipe, the density or viscosity of a fluid, the
effectiveness of a heat exchanger, etc. For such analyses, it is more convenient to give
the cell a meaningful name or “label” that matches its content. The cell can then be
referred to by its label instead of its relative location. This method makes it easier to
recognise the quantities involved in the Excel formulae.

For the purpose of illustration, let us develop an Excel sheet to compare the density of
air before and after an isentropic compression process from an initial condition of P; =
100 kPa and T, =300K to a final pressure of P, = 800 kPA. The two air densities
involved can be calculated from the ideal-gas law as follows:

p, =P IRT, (2.3)
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p, =P, IRT, (2.4)

Where R is the gas constant for air (R = 0.287 kJ/kg.K). For an isentropic process, T, is
related to T, according to the following approximate relationship:

k-1
T,=T,x(P,/P,)«x (2.5)

Where k is the ratio of specific heat at constant pressure (c,) and at constant volume
(c,). For air, k can be taken as 1.4. Note that in Appendix A, Table A.1, k is used for the
thermal conductivity.

Figure 2.5 shows the sheet prepared for this analysis in which the respective cell labels
are typed in the column to the left of the different pressures and temperatures, while the
corresponding units are written in the column to the right of each quantity. This is also
done to the other quantities in the calculations. The sheet also shows the units of the
different properties involved for more clarification.

F4 - fe | =B4*B7~((B8-1)/B8)

A B C D E F G
1 Air density before and after an isentriopic compression
2
3 P_1 100 kPa P2 800 kPa
: T 1 00 K T2 I 543.434 _ll-(
B R 0.287 kJikg K Density 1 116144 m3/kg
[ Pr 8 Density 2 512934 mi'kg
i k_ 1.4
g
10

Figure 2.5. Excel sheet for calculating the air densities before and after compression

Placing the cursor on cell F4 makes the formula bar reveal the formula used in the
calculation of the temperature T, according to Equation (2.5) which is:

=B4*B7/((B8-1)/B8)

The above formula can be made more understandable by using familiar labels to refer
to the different cells involved. To do that, select the cells in columns A and B as shown
in Figure 2.6, then go to Formulas and, at the Name Manager, select Create from
Selection. When the form shown in Figure 2.6 appears to you, tick the “Left column”
option. Pressing the “OK” button will make Excel create names for the different values
in the selection box according to the labels written on the left column. The cell F3 that
stores the value of P, can also be associated with its corresponding label in cell E3.
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A3 - Je P11
A B C D E F G H | J K L
1 Air density before and after an isentriopic compression
2 Create Names from Selection ? *
3| P11 100 kPa F_ 2 800 kPa
41 T1 J00 K T 2 543434 K
5
6 R 0.287 |k)/kg.K Density 1 1.16744 m3/kg
| Pr 8 Density 2 512934 milkg [ Bottom row
8 k 14 [ right column
9
10 Conce
1

12

Figure 2.6. Creating names for a selected group of cells

Now, retype the formula in cell F4 that determines T, as follows:

=T_1*P_rM((k_-1)/k_)

The formula bar in the sheet shown in Figure 2.7 reveals the formula with the
corresponding labels instead of location references.

T2 - Je | =T 1% rr((k_-1)/k)
A B C D E F G
1 Air density before and after an isentriopic compression
2
3 P_1 100  kPa P 2 800 kPa
T 1 300 K T2 543 434 IK

B R_ 0.287 klkgK Density 1 116144 m3/kg
7 Pr 3 Density 2 512934 m3/kg
g k_ 1.4
g
10

Figure 2.7. Formulae using cells labels instead of locations

Labelled formulae are easier to edit than those using location referencing particularly
when intricate formulas are involved. Another advantage of cell-labelling is that if you
copy a labelled formula and paste it in any other cell you will get the same answer, but
if you copy a formula that uses the usual referencing by location in another cell you will
get a different answer. To reveal or hide all the formulae in the sheet, press the control
key (ctrl) with the tilde key (~). When naming your cells, choose suitable representative
names for the variables involved, e.g. P_1 and T_1 for P, and T,. Note that Excel does
not accept “P1” or “T1” as labels since these can be confused with usual cell references
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by locations. Therefore, Excel automatically changes these labels to “P1_ and “T1_”.

More information about Excel formulae can be found in Walkenbach [1].

2.3. Excel’s built-in functions

Excel provides a large library of built-in functions for data manipulation, like the
AVERAGE function, and other functions commonly used in engineering analyses like
the PI1, SIN, and COS functions. To view the full range of Excel’s functions, type “="
in any Excel cell as shown in Figure 2.8 and then place the cursor on the “Insert
Function” fx button in the formula bar and click it. The dialog box shown in Figure 2.9

will appear to you. List all the categories via the “Select a category” slot.

SECOMD - K v &=
A B C t D E F G
1
1
3
A
5
6
7
8
9
Figure 2.8. Exploring Excel’s built-in functions
Insert Function ? oo
Search for a function:
Type a brief description of what you want to do and then dick Go
Go
Or select a category: | All o
Select a function: :‘Iluljst Recently Used ~
= Financil I
ACCRINT Date S lime
ACCRINTM ‘Math & Trig
ACOS Statistical
ACOSH Lookup & Reference
ADDRESS Database
AGGREGATE Iex_t | ©
ogical
ABS(number) Information
Returns the absolute {User Defined v n.
Help on this function Cancel

Figure 2.9. The various categories of Excel’s built-in functions
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The Math & Trig group includes the mathematical and trigonometric functions used in
different types of engineering analyses. Figure 2.10 shows some of the numerous
functions in this group. Note that the dialog box gives a brief explanation of each
function. For example, the explanation given to the ABS function is that it returns the
absolute value of a number. The functions ACOS, ASIN, and ATAN apply the familiar
inverse trigonometric functions: cos™, sin™, and tan™, respectively. By scrolling down
the list, you can find many other familiar functions. The following discussion focuses
on two types of functions that are needed for the development of analytical models in
subsequent chapters of the book, which are (a) the logical functions and (b) the
functions for matrix operations.

[F (|[== |
Search for a function:
Type a brief description of what you want to do and then didk Go
Go
Or select a category: | Math & Trig e

Select a function:

ABS(number)
Returns the absolute value of a number, a number without its sign.

Help on this function Cancel

Figure 2.10. Common mathematical functions supported by Excel

2.3.1. Logical functions

To determine the major friction loss (h¢) in a pipe by using the Darcy-Weisbach
equation we have to establish whether the flow is laminar or turbulent so as to select the
relevant formula for the friction factor (f). The flow remains laminar before the
Reynolds number (Re) reaches a certain value, which can be taken as 2,000, but the
flow can only be considered fully turbulent beyond Re = 3000. There is a transitional
region between laminar and turbulent flows when 2000 < Re < 3,000. Suppose that we
want to write an Excel formula that determines the type of flow from the given value of
the Reynolds number. Using a simple IF function, we can write the following formula:

=IF(Re<=2000, “Laminar”, “Turbulent or transitional”)
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Note that the above IF-formula does not differentiate between a turbulent and a
transitional flow. Therefore, we need to use a second logical test inside the first logical
test. This can be done by using the following nested IF function:

=IF(Re<=2000, “Laminar”, IF(Re>=3000, “Turbulent”, “Transitional’))

Figure 2.11 shows an Excel sheet containing the above formula (shown in the formula
bar) and the response of the formula when Re = 500, which is “Laminar”. Depending
on the value of Re stored in cell C2, the result of the If-formula can be “laminar”,
“Turbulent”, or “Mixed”. Excel supports six other logical functions; AND, FALSE,
IFERROR, NOT, OR and TRUE that can be combined in the same formula so as to
handle more intricate choices.

ca - F= | =IF{Re<=2000,"Laminar",IF{Re>=3000,"Turbulent","Transional"})

A B = D E F G H I ]

Re 500

Flow ILammar _I

[= BN I I = L TER S T

Figure 2.11. A formula using the nested IF function to determine the type of flow

2.3.2. Functions for matrix operations

Adjacent cells can be treated as a matrix or a vector and a group of Excel’s formulae
allow for the addition, subtraction, and multiplication of these matrices and vectors
according to the established rules of matrix operations. Figure 2.12 shows a 3x3 matrix
(A) stored in the cells B3:D5 and a vector (b) stored in cells F3:F5.

SUM - ® & Jfx| =MMULT(B3:D5,F3:F5)
A B C D E F G H 1 J
1
2 Matrix A (3x3) Vector b (3X1 Vector ¢ (=Axb)
3 1 2 3 1 :MMULT(Bs:DS,=3:=5}|
4 4 5 6 2 T
5 7 8 9 3
&
7

Figure 2.12. Step 1 of using the matrix multiplication function

Matrix (A) and vector (b) can be multiplied and the result stored in a third vector (c) by
using the matrix function MMULT. The procedure is as follows:

1. After keying in the data of matrix (A) and vector (b) as shown in Figure 2.12,
position the cursor at cell H3 and type the formula: =MMULT(B3:D5;F3:F5).
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Now press ENTER key and cell H3 will take the value 14, which the result of
multiplying the first row of the matrix with the vector (b) as Figure 2.13 shows.

H3 v Je | =MMULT(B3:D5,F3:F5)

CY = T - SER S

B

Matrix A (3x3)

D

1

1

7

E

F

Vector b (3X1)

1

2

3

H I

Vector ¢ {=Axb)
14

Figure 2.13. Step 2 of using the matrix multiplication function

The other two elements of the result vector will not appear automatically. To view the
complete solution vector, do as follows:

1
2.

Select the cells H3:H5 as shown in Figure 2.14,

Press the function key F2 once and then simultaneously hold the (SHIFT +
CONTROL) keys together and press ENTER. The complete solution vector (c)
will now appear as shown in Figure 2.15.

Figure 2.15. Step 4 of using the matrix multiplication function

H3 - S | =MMULT(B3:D5,F3:F5)
B D E F H | ]
1
2 Matrix A (3x3) Vector b (3X1) Vector ¢ (=Axb)
3 1 3 1 14
4 4 5] 2
5 7 9 3
6
7
Figure 2.14. Step 3 of using the matrix multiplication function
- Je | {=MMULT(B3:D5,F3:F5)}
B D E F H I ]
1
2 Matrix A (3x3) Vector b (3X1) Vector ¢ {=Axh)
3 1 3 1 14
4 4 6 2 32|
5 7 9 3 50|
]
7

An important matrix-operation function provided by Excel is the matrix-inversion
function MINVERSE which is needed for the solution of linear systems of equations.
The following example illustrates the use of this function.
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Example 2-2. Using the matrix inversion function
By using the MINVERSE function, find the inverse of matrix [A] given by:

1 0 3
[A]=|10 5 6
7 0 5
Solution

The first step is to enter the elements of the matrix as shown in Figure 2.16. After
entering the data, go to cell F2 and type the formula “=MINVERSE(B2:D4)”. When
you press ENTER, this cell will have the value -0.3125, which is the first element of

the inverse matrix [A]™ shown in Figure 2.17.

SUM (" ® & fx| =MINVERSE(B2:D4)
A B C D E F G H
1 Matrix A Matrix inverse A-1
2 0 3 |=MINUERSE{BE:D4}|
3 0 i) T
4 7 0
3
6

Figure 2.16. Step 1 of using the MINVERSE function

F2 - | =MINVERSE(B2:D4)
A B C D E F G H 1

1 Matrix A Matrix inverse A-1
2 1 ] 3 -0.3125
3 o 5
a4 7 i) 5
5
7]

Figure 2.17. Step 2 of using the MINVERSE function

Starting with the formula in cell F2, select the range F2 to H4 as shown in Figure 2.17.
Press and release the function key F2 and then simultaneously hold the CTRL+SHIFT
keys and press ENTER. Other elements of the inverse matrix [A]™ will then appear as
shown in Figure 2.18. You can check the solution by multiplying matrix [A] with its
inverse by using the MMULT functions. The procedure is illustrated by Figures 2.19 to
2.21. As should be expected, Figure 2.21 shows that the resultant matrix is the identity
matrix.
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F2 - Je | {=MINVERSE(B2:D4)}
A B c D E | F G H

1 Matrix A Matrix inverse A-1

2 1 (1] 3 -0.3125 (1] 0.1875
3 5 =] -0.525 0.2 0.073|
4 7 0 E] 0.4375 0 -0.0625
3

6

Figure 2.18. The complete inverse matrix [A]™*

SECOND - ¥ & Jf | =MMULT(B2:D4,F2:H4
A B C D E F G H 1
1 Matrix A Matrix inverse A-1
3 1 0 3 ! o315 0 01875
3 5 6 ! -0.525 0.2 ) 0?55
4 U 0 5 L0435 ¢ 0__-0.0625]
5
6 Matrix AxA-1
=MMULT(B2:D4,F2:H4
3 | MMULT(array1, arra]rm
9
10
Figure 2.19. Multiplying matrix [A] by its inverse [A]™*
B7 - fe | =MMULT(B2:D4,F2:H4)
A B C D E F G H 1
1 Matrix A Matrix inverse A-1
2 1 0 3 -0.3125 0 0.1875
3 0 5 6 -0.525 0.2 0.075
a 7 0 5 0.4375 0 -0.0625
5
6 Matrix AxA-1
[ 7| 1
8
9
10

Figure 2.20. The first element of the product (identity) matrix

B7 - Jfe | {=MMULT(B2:D4,F2:Ha}}

A B c [ o | « F G H I
1 Matrix A Matrix inverse A-1
2 1 0 3 -0.3125 o 0.1875
3 5 6 -0.525 0.2 0.075
4 0 5 0.4375 0 -0.0625
5
6 Matrix AxA-1
7 1 0 0
a8 0 1
9 0 0 1]
10

Figure 2.21. The complete solution which is the identity matrix
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2.4. Solution of linear system of equations

An example of thermofluid analyses that involve systems of linear equations is the
solution of the heat conduction equation with the finite-difference method. Linear
systems of equations can be solved with Excel by applying the matrix-inversion
method. For illustration, consider the following linear system written in matrix notation:

[Alix} =1y} (2.6)

Where [A] is the coefficient matrix, {x} the vector of unknowns, and {y} the right-side
or “load” vector. By applying the matrix-inversion method, the solution vector {x} can
be obtained as follows:

xi=[AI"y] @7

Where [A]" is the inverse of matrix [A]. The following example illustrates the
procedure of applying the method by using Excel’s matrix functions.

Example 2-3. Solution of a system of linear equations
Find the values of x; in the following system of linear equations:

(14 14 -9 3 -5][X -15
14 52 -15 2 -32||x,| [-100
-9 -15 36 -5 16 |{x, =1 106
3 2 -5 47 49 ||x, 329
-5 -32 16 49 79 ||y 463

(2.8)

Solution

Note that the system is symmetric; which is typically the case with linear systems that
arise in the solution of heat-conduction problems by the finite-difference method. For
larger systems of equations, the symmetry of the system can be utilised for reducing the
required computer memory by storing only one half of the coefficient matrix. However,
this requires a complicated computer programming. For small systems like the one
considered here, it is more convenient to use Excel’s matrix inversion and
multiplication functions. Figure 2.22 shows the Excel sheet that stores both the
coefficient matrix [A] and the load vector {y}. The inverse matrix [A]™", which is
obtained by following the procedure described in the previous section, is stored below
the coefficient matrix as shown in the figure. The inverse matrix [A]™ is then multiplied
with the load vector {y} and the result stored below the load vector as shown in Figure
2.23. The complete solution is shown in Figure 2.24. The first element is practically
zero and, therefore, the solution vector is{x} = (0, 1, 2, 3, 4).
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B8 - fe | [=MINVERSE(B2:F6)}

A B c | o | e ] ] @ H I ) K
1
2 14 14 -9 3 -5 -15
3 14 52 -15 2 -32 -100
4 ) -15 36 -5 16 106
5 3 2 5 47 ) 329
6 ) -32 16 49 79 463
7
8 0.270366 -0.37237 0.248897 0.614204 -0.56509
9 -0.37237 0.768517 -0.48966 -1.31425 1.202069
10 0.248897 -0.48966 0.365182 0.880899 -0.80293
1 0.614204 -1.31425 0.880899 2.355126 -2.13266
12 -0.56509 1.202069 -0.80293 -2.13266 1.349218
13

Figure 2.22.The coefficient matrix [A], the load vector {y}, and the inverse matrix [A]™*

SUM - K & | =MMULT(B3:F12,H2:H6)
A B C D E F €] H 1 J K
1
2 14 14 -9 3 -5 -15
3 14 52 -15 2 -32 -100
. | -9 -15 36 -5 16 106
5 3 2 -5 a7 49 329
6 -32 16 49 79 463
7
EI 0.270366 -0.37237 0.2488957 0.614204 -0.56509 |:MMULT{BS:F12,H2:HE}|
9 -0.37237 0.768517 -0.483%66 -1.31425 1.202065 T
10 0.248897 -0.48966 0.365182 0.8808%9 -0.80293
11 0.614204 -1.31425 0.880899 2.355126 -2.13266
12 -0.56509 1.202069 -0.80293 -2.13266 1.949218
13
Figure 2.23. Multiplying the inverse matrix [A]™ with the load vector {y}
H8 - fe | {=MMULT(B8:F12,H2:H6)}
A B C D E F G H I 1 K
1
2 14 14 -9 3 -5 -15
3 14 52 -15 2 -32 -100
4 -9 -15 36 -5 16 106
5 3 2 -5 a7 49 329
6 -3 =1 16 43 79 463
7
8 0.270366 -0.37237 0.248897 0.014204 -0.536509 —5.68434E—14I
9 -0.37237 0.768517 -0.48966 -1.31425 1.202069 1]
10 0.248897 -0.489%966 0.365182 0.380899 -0.80293 2|
11 0.614204 -1.31425 0.880899 2.355126 -2.13266 3
12 -0.56509 1.202069 -0.80293 -2.13266 1.949218 4|
13

Figure 2.24. The complete solution vector {x}
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It should be mentioned that the procedure described above by using Excel’s functions
suits best one-dimensional fluid-flow and heat-transfer analyses. This is because the
linear systems generated in multi-dimensional analyses are usually too large to be
solved efficiently by using the matrix-inversion method.

2.5. Itearative solutions with Excel

Excel offers its user two methods to perform iterative solutions: (i) by using the Goal
Seek command and (ii) by using circular calculations. In what follows the two
methods will be illustrated with the help of simple examples.

2.5.1. Itearative solutions with Goal Seek
The Goal Seek command is used for finding the value of an independent variable (x)

that yields a specified value of a dependent variable (y). It is a simple, yet very useful
tool for “What-if” analyses. The following example illustrates how this command can
be used to solve a nonlinear equation.

Example 2-4. Solution of a nonlinear equation by Goal Seek

A centrifugal pump is used for lifting

water from the utility network at the _\_:Q
ground level to a tank at the top of a
building that is 30-m high as shown in
Figure 2.25. The pump’s characteristic

curve can be represented by the
following formula:

h, =hy —aQ-bQ* -cQ’ (2.9 0m

Where h, and Q are the pump’s head (m)
and discharge (m®/s), respectively, and
ho, a, b, and ¢ are constants the values of
which are 47.22, 2.985x10°, 1.549x10°,
and 2.348x10°, respectively.

Pump
Neglecting friction losses in the pipe, =0==
determine the water flow rate (m°/s) that
can be delivered by the pump.

0000000000
dooooooooo
0000000000

Figure 2.25. Schematic for Example 2-4

Solution

Figure 2.25 shows the Excel sheet prepared for this example in which the values of the
four constants in Equation (2.9) are stored at the top of the sheet. The pump’s discharge
is calculated at various values of the discharge and plotted as shown in the figure. We
ca3n see from the plot that the value of Q that yield h, = 30 m is approximately 0.003
m°/s.
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B9 - fe | =$BS2-$B33*B7-$BSA*B7A2-$BS5*B73
A B c D E F G H I 1 K L
1
2 ho 47.22 m h Q
3 |a 2.99E+03 0.00E+00 4.72E+01 50
4 |b L55E+05 LOOE-03 4.38E+01 s —
5 |c 2.35E+08 L50E-03 4.16E+01 0 \\
6 2.00E-03 3.88E+01
7 a 0.00E+00 2.50E-03 3.51E+01 s N
8 3.00E-03 3.05E+01 £ % \
s |hp |4.?2E+01.| 3.50E-03 2.48E+01 % 25 N\
10 4.00E-03 1.73E+01 2 5,
1 4.50E-03 9.25E+00 s N\
12 5.00E-03 -9.28E-01 N \
13 5.50E-03 -1.29E+01 \
14 6.00E-03 -2.70E+01 5 N\
o T T
1‘2 o 0.001 0.002 0.003 0.004 0.005
Q(m3/s)

17

Figure 2.25. Excel sheet for Example 2-4

To solve the problem by using Goal Seek, enter an initial guess for Q in cell B7, say 0,
and then enter the following formula that uses Equation (2.9) to calculate h, in cell BO:

=$B$2-$B$3*B7-$B$4*B7"2-$B$5*B7"3

Note the dollar sign ($) that has been added to the references of the four constants, e.qg.
B2 has become $B$2. The formula bar in Figure 2.25 reveals the above formula by
placing the cursor at cell B9.

To activate the Goal Seek command, go to the Data tab, select the What-1f-Analysis
option in the Data Tools group and then select Goal Seek, as shown in Figure 2.26.
The Goal Seek dialog box shown in Figure 2.27.a will then appear to you. The dialog
box asks you to select the “Set cell”, i.e. the cell that contains the dependent variable,
which is B9 in this case. You also have to specify the value sought for this cell and the
adjustable cell that stores the parameter to be changed. In this case, we seek the value in
the cell B9 to be 30 by changing the value of the cell B7. The completed form is shown

in

Figure 2.27.b.
=) . _
k. e B @re r= = 2. solver
- TN
=8 b= X | R YR 8
Data Consolidate | What-If Group Ungroup Subtotal -
WValidation = Analysis = - -
Data Tools Scenario Manager... utline Analysis
Goal Seek... ¢
L il Data Table... 8] R 5

Figure 2.26. Activation of the Goal Seek command
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Goal Seek | 7 || &3 | Goal Seek | 7 |[ &= |
Set cell: B2 Bz Set cell: B3 Ez
To value: To value: 30
By changing cell: Fhz By changing cell: | $B57 FRz
@ (b)

Figure 2.27. Goal Seek Set-up for Example 2-4: (a) before completion (b) the
completed box

By pressing the “OK” button after completing the Goal Seek form, Excel will change
the value in the adjustable cell (B7) until the Set cell (B9) acquires the required value.
As shown in Figure 2.28, the answer obtained is Q = 0.003 m*/s which agrees with the
estimated value from the plot in Figure 2.25.

B9 v Fo | =$B52-5BS$3*BT-SBSABTN2-$BS5* BTN
A B = D E F G H | ] K L M
1
2 ho 47.22 m h Q
3 a 2.99E+03 0.00E+00 4.72E+01
4 b 1.55E+05 1.00E-03 4.38E+01
5 |c 2.35E+08 1.50E-03 4.16E+01
6 2.00E-03 3.88E+01
7 Q 3.05E-03 2.50E-03 3.51E+01
3 3.00E-03 3.05E+01 Goal Seeking with Cell B3
9 hp [ 3.00E+01_| 3.50E-03 2.4BE+01 o

10 4.00E-03 1.78E+01 Targetvalue: 30
11 A.50E-03 9.25E400 Current value: 3.00E+01
12 5.00E-03 -S5.28E-01 Cancel
13 5.50E-03 -1.29E+01
14 6.00E-03 -2.70E+01
15 o - T T T T
16 o 0.001 0.002 0.003 0.004 0.005
17 Q (m3/s)

Figure 2.28. Goal Seek solution for Example 2-4

2.5.2. Iterative solution with circular calculations

A circular reference occurs when an Excel formula tries to refer to its own cell in a
direct or indirect manner. In standard programming this is not allowed, but Excel gives
its user the option to use “circular calculation” if intended. In this case, Excel will
itearate until all the formulae involved are satisfied. The following example illustrates
this special feature which is useful for thermofluid analyses.

Example 2-5. Determining the final temperature of heated air
Heat is added to a piston-cylinder device that contains one kg of air initially at 300K. If
100 kJ of heat is added to the air at constant pressure, determine the final temperature of
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air taking into consideration that its molar specific-heat (Ep) varies with temperature
according to the following formula:

Cp=a+bT+cT 24dT3 [kd/kmol] (2.10)

Where a =28.11, b =1.97x10%, ¢ = 4.80x10°°, and d = -1.97x10™°.

Solution
From the defenition of specific heat, the final temperature (T,) is given by:

T, =T1+Q/(Ep/M) (2.11)

Where T, is the initial temperature, Q is the amount of heat added, and M is the molar
mass for air (M=29). If the variation of Ep with temperature is ignored and its value at
T, alone is used, Equation (2.11) determines T, as 399.73K. However, we can be more
accurate by using Equation (2.10) to determine Ep at the average temperature, T, =

(T1+T,)/2. Figure 2.29 shows the Excel sheet developed for this method which reveals
the formulae inserted in cells F2, F4, and F6.

SUM v (* X v f| =T_1+0/cy|
A B c D E F G H
1 Air
2 T1 300]k =(T_1+T 2)/2
3 Q 100]kJ
4 Cp ﬂ:iﬁi@isj =(a+b*T_avr+c_*T_avrr2+d*T_avr~3)/29
5 a 28.11
6 b 1.976-03 =T_1+Q/Cp
7 c 4.30E-06
8 d -1.97E-09
9

Figure 2.29. Excel sheet developed for Example 2-5

As soon as we type Equation (2.11) in cell F6, Excel will make the warning message
that there is a circulare refernce as shown in Figure 2.30.

Circular Reference Warning

One or more formulas contain a crcular reference and may not calculate correctly. Circular references are any references within a formula that depend upon the
| results of that same formula. For example, a cell that refers to its own value or a cell that refers to another cell which depends on the original cell's value both
: contain circular references.

For more information about understanding, finding, and removing drcular references, dick Help. If you want to create a drcular reference, dick OK to continue.

oK Help

Figure 2.30. The circular-reference prompt
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The circular reference occurs because T, depends on 5p according to Equation (2.11)

while Ep itself depends on T, according to Equation (2.10). If we press the “OK” button

shown in Figure 2.30, the cells involved in the circular reference whill be identified as
shown in Figure 2.31. In this case, three cells are involved in the circular reference,
which are F2, F4, and F6.

T2 - fe| =T 1+q/cp

A B c D E F G H
1 Air
2 T1 300K :(T_1+T_2};’2
3 a 100|k
a [ce [ $010428|={a+b*T_avrec_*T_avrn2+d*T_avr"3)/29
5 a 28.11
6 b 1.976-03 oll=T_1+q/cp
7 c 4.80E-06
8 d -1.97E-09
9

Figure 2.31. The cells involved in the circular reference

Excel can iterate to determine the values of both T, and C, that satisfy the relevant

equations if permitted because the iterative-calculation option is not allowed by default.
To allow it, go to File and select Options. The Backstage View form shown in Figure
2.32 will appear to you. Select Formulas, then the form will appear as shown in Figure
2.33. Enable iterative calculations by ticking (V) the box indicated in the figure and
press the “OK” button. Excel can now iterate to find the values of T, and c, that
simultaneously satisfy Equations (2.10) and (2.11). Figure 2.34 shows the solution
found by this method, which is T, =398.976K.

Excel Options ? X

[ General |

Formulas @

Proofing User Interface options

By
_‘% General aptions for warking with Excel.

Save Show Mini Toolbar on selection
Enable Live Preview (i

Language
LColor scheme: Silver |~
Advanced " . . "
ScreenTip style: | Show feature descriptions in ScreenTips £

Customize Ribbon
When creating new workbooks
Quick Access Toolbar
Use this font: Body Font LY

Add-Ins
Font size: 11 |~

Trust Center Default view for new sheets: | Normal View £

Include this many sheets: 3 =

Figure 2.32. Selecting Excel's option (Formulas)
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| Excel Options ?

=
G I - ] ] .
Ener ‘—jjl Change options related to formula calculation, performance, and error handling.

Formulas

Proofing Calculation options
Save Waorkbook Calculation : Enable iterative calculation
Language @ Automatic Maximum Iterations: |100 -
guag O Automatic except for data tables X
Maximum Change: 0.001
Advanced () Manual

Recalculate workbook before saving
Customize Ribbon

Quick Access Toolbar D T

|:| BR1C1 reference style i

Formula AutoComplete G

Trust Center Use table names in formulas

Use GetPivotData functions for PivotTable references

Figure 2.33. Enabling iterative calculations from Excel's Formulas option

Add-Ins

T2 - £ | =T_1+a/cp

A B c D E F G H
1 Air
2 T1 300|K =(T_14T_2)/2
3 Q 100/l
4 =(atb*T_avr+c_*T_avr"2+d*T_avr*3)/29
5 a 28.11
6 b 1.976-03 =T 1+Q/Cp
7 c 4.80E-06
8 d -1.97E-09
9

Figure 2.34. Solution of Example 2-5 by circular calculations

This example can also be solved by using the Goal Seek command. In this case, we
have to start the iterative solution by providing Excel with a guessed value for T,, call it
T,,, based on which a new value for T, is calculated, called it T,.. Since the guessed
value T, is unlikely to be correct, it will be different from T,,. Goal Seek is then used to
adjust the value of T,, until the difference (Diff = T, - T,,) vanishes.

Most iterative solutions in this book are obtained by using the Goal Seek command.
However, the circular-calculation option is more useful in certain situations as
demonstrated in Chapters 8 and 9 that deal with the numerical solution of the heat-

conduction equation with the finite-difference method.

2.6. Excel’s graphical tools for data presentation and analysis

Excel has numerous graphical tools that can be used to present the stored data in a
variety of charts. Figure 2.35 shows one type of Excel charts that displays the annual
variation of temperature and relative humidity at one location in a certain day. The
figure shows a line chart in which the temperature is scaled on the primary y-axis (on
the left) while the humidity is scaled on the secondary y-axis (on the right). This
arrangement is useful for displaying two or more types of data that differ significantly
in magnitude such as the net specific work and thermal efficiency of a power cycle.
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Figure 2.35. An example of line charts

Excel supports other types of charts that allow the user to select the most appropriate
way to display his/her data in the form of bar, area, or scatter charts. For more
information about the different types of Excel’s charts, the reader can refer to
specialised references such as Walkenbach [2]. A number of tutorials and videos that
show how to create different types of charts can also be found in the internet.

Excel’s charts provide a curve-fitting capability of numerical data by using the
Trendline feature. This capability is particularly useful for computer-aided thermofiuid
analyses because it can be used to convert tabulated fluid-properties and other data into
analytical equations that make the data more suitable for iterative solutions and
optimisation analyses. To illustrate the use of this feature, consider Table 2.1 that shows
properties of saturated water in the range 0.001°C — 60°C. These values of the saturation
pressure (Psy) and saturated liquid enthalpy (hs) are used in psychrometric analyses of
air-conditioning applications. For computer-aided analyses, it is useful to convert these
data into relevant equations.

The trendline feature provides a number of options, which include exponential, linear,
logarithmic, polynomial, and power equations as shown in Figure 2.36. To fit a
trendline to the data, we have to create line charts for the two properties as shown in
Figures 2.37.a and 2.39.b. Trendlines can then be added on the line charts. Figures
2.37.a and 2.39.b also show the corresponding trendline equations of the tabulated data
as determined by using polynomial equations. As Figure 2.37.b shows, a linear equation
is adequate for the h; data since its variation over the given temperature range is mild.
However, a third-order polynomial is required to represent the variation of Pg; with
temperature as shown in Figure 2.37.a.
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Table 2.1. Properties of saturated water at temperatures in the range 0°C- 60°C taken
from Cengel and Boles [3]

T°C | P Vi Vg Ur Ug hy hg St Sg
[kPa] | [m’kg] [m¥kg] | [kd/kg] | [KI/kg] | [kikg] | [kikg] | [kikgK] | [kIkg.K]

0.01 | 0.6117 | 0.001000 | 206.00 | 0.000 | 2374.9 | 0.001 | 2500.9 | 0.0000 9.1556

5 0.8725 | 0.001000 | 147.03 | 21.019 | 2381.8 | 21.020 | 2510.1 | 0.0763 9.0249

10 1.2281 | 0.001000 | 106.32 | 42.020 | 2388.7 | 42.022 | 2519.2 | 0.1511 8.8999

15 1.7057 | 0.001001 | 77.885 | 62.980 | 2395.5 | 62.982 [ 2528.3 | 0.2245 8.7803

20 2.3392 | 0.001002 [ 57.762 | 83.913 | 2402.3 | 83.915 | 2537.4 | 0.2965 8.6661

25 3.1698 | 0.001003 | 43.340 | 104.83 | 2409.1 | 104.83 | 2546.5 | 0.3672 8.5567

30 4.2469 | 0.001004 | 32.879 [ 125.73 | 2415.9 | 125.74 | 2555.6 | 0.4368 8.4520

35 5.6291 [ 0.001006 [ 25.205 | 146.63 | 2422.7 | 146.64 | 2564.6 | 0.5051 8.3517

40 7.3851 | 0.001008 [ 19.515 | 167.53 | 2429.4 | 167.53 | 2573.5 | 0.5724 8.2556

45 9.5953 | 0.001010 | 15.251 | 188.43 | 2436.1 | 188.44 | 2582.4 | 0.6386 8.1633

50 12.352 | 0.001012 | 12.026 | 209.33 | 2442.7 | 209.34 | 2591.3 | 0.7038 8.0748

55 15.763 | 0.001015 | 9.5639 | 230.24 | 2449.3 | 230.26 | 2600.1 | 0.7680 7.9898

60 19.947 | 0.001017 | 7.6670 | 251.16 | 24559 | 251.18 | 2608.8 | 0.8313 7.9082

[ ® =]
[ Trendine Options | - -
Trendine Options Trendline Options
Line Color Trend/Regression Type
Line Style () Exponential

Shadow

() Linear
Glow and Soft Edges J
() Logarithmic
)| @ Ppolynomial Order: |2 =

1 (O Moving Average Period: |2 =

Trendline Name

®) Automatic : Paly.

O Custom:

Forecast

Forward: 0.0 periods
Backward: (0.0 periods

[ setintercept = 0.0
[] pisplay Equation on chart
[ pisplay R-squared value on chart

Cloze

Figure 2.37. The Format Trendline window




Computer-Aided Thermofluid Analyses Using Excel

T 25 300
[ y = 9E-05x3- 0.0012x2 + 0.0788x
e = y=4.184x+0.14
3
2 = 200
w 15 -
2 >
= /A/ 2 150
£ 10 2
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C g w
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3
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Figure 2.37. Fitting trendlines on tabulated data for water of
(a) saturation pressure and (b) saturated liquid enthalpy
2.7. Closure

This chapter described the main features of Excel needed for thermofluid analyses. The
chapter highlighted the importance of using cell labelling with Excel’s formulac and
illustrated the use of Excel’s general mathematical functions, logical functions, and the
functions for matrix operations. The chapter also demonstrated the use of Excel’s two
iterative tools: Goal Seek and circular calculations. In spite of its simplicity, the Goal
Seek command is very useful for iterative solutions as shown in later chapters of this
book. Finally, the chapter illustrated the usefulness of Excel’s charting tools for the
presentation of tabulated data particularly the trendline feature.

It should be mentioned that the Developer tab in Excel’s user-interface provides a
number of other useful features that have not been mentioned in the chapter but needed
for enhancing the effectiveness of Excel as modelling platform for thermofluid
analyses. One of these features is the ability to record macros for conducting repetitive
calculations and parametric analyses as illustrated in Appendix F.
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Exercises

1. The following table shows measured values of the temperature by two different
methods compared to the correct corresponding values. Find the average error for
each method.

Correct T (°C) | Method 1 | Method 2

0 0.1044 0.1112
10 10.1092 10.1153
20 20.1139 20.1194
30 30.1186 30.1235
40 40.1231 40.1275
50 50.1276 50.1316
60 60.1320 60.1357
70 70.1364 70.1397
80 80.1407 80.1438
90 90.1450 90.1479
100 100.1493 100.1520

2. The following table shows the data for the saturation pressure of a certain fluid. Use
a nested IF statement to develop an interpolation formula that determines the
saturation pressure of the fluid at any temperature in the range 5°C < T < 30°C.

TCC) Po (KPA)
5 0.872
10 1.228
15 1.705
20 2.339
25 3.169
30 4.246

3. A system of algebraic equations can be expressed in matrix form as follows:

70 1 0 ||a 636
60 -1 1 |Kb;=4518
40 0 -1j|c 307

Solve the system of equations to determine the values of the three unknowns a, b,
and c. This exercise is based on Example 9.11 in Chapra and Canale [4]. The
answer is: a = 8.5941, b=34.4118, and ¢ = 36.7647.

4. Figure 2.P4 shows a triangular fin attached to the surface of a wall. Solution of the
conduction heat transfer equation with the finite-difference method resulted in the
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following system of linear equations the solution of which gives the temperatures
in °C at different distances from the fin base as shown in the figure:

Figure 2.P4. Trianangular fin
-8.008 T; + 3.5 T, =-900.209
3.5T,-6.008 T, + 2.5 T; =-0.209
2.5 T,-4.008 T; + 1.5 T, =-0.209
1.5T;-2.008 T, + 0.5 Ts =-0.209
T, - 1.008 Ts = -0.209

Use Excel functions to solve the above system of linear equations.

5. Adopting suitable names in your formulae, prepare an Excel sheet for calculating
the frictional loss (h;) in a circular pipe of diameter D, length L, and roughness K.
Use your sheet to determine hy in the following cases:

(@ D=25cm, L=150m,V =2m/s, ks = 0.045 mm, carrying water at 20°C.
(b)) D=25cm,L=150m, V =0.2 m/s, ks = 0.045 mm, carrying oil at 20°C.
(c)D=25cm,L=150m,V =7 m/s, ks = 0.045 mm, carrying air at 20°C.

Use the Dracy-Weisbach equations and determine the values of the kinematic
viscosity from relevant property tables.

6. Using a line chart, plot the variation of sine & for -180 < 8 < 180 in steps of 10°then
add cosine # on the same chart.

7. Using the data shown in Table 2.1, make a line chart for v; and v4. Add polynomial
trendlines for both and comment on the trendlines equations.

8. The table below shows some of the thermo-physical properties of air at
atmospheric pressure and different temperatures. Use Excel charts to show the



variation of the properties p, f, ¢y, k, a, u, v, and Pr with temperature and use

Mohamed M. EI-Awad (UTAS)

trendline to obtain suitable equations for these properties.

| ey | £220] & k T el e Ul S
(kg/m”) WK) | GkgK) | WmK) (m°/s) NS | (ns)
273 | 1.252 3.66 1011 0.0237 19.2 17.456 139 0.71
293 | 1.164 341 1012 0.0251 22.0 18.240 15.7 0.71
313 | 1.092 3.19 1014 0.0265 24.8 19.123 17.6 0.71
333 | 1.025 3.00 1017 0.0279 27.6 19.907 19.4 0.71
353 | 0.968 2.83 1019 0.0293 30.6 20.790 215 0.71
373 | 0.916 2.68 1022 0.0307 33.6 21.673 23.6 0.71
473 | 0.723 211 1035 0.0370 49.7 25.693 355 0.71
573 | 0.596 175 1047 0.0429 68.9 29.322 49.2 0.71
673 | 0.508 1.49 1059 0.0485 89.4 32.754 64.6 0.72
773 | 0.442 1.29 1076 0.0540 113.2 35.794 81.0 0.72

9. The volume V of liquid in a spherical tank of radius r is related to the depth h of the

iquid by:

V =zh*@3r —h)/3

Using the Goal Seek command, determine the value of h for the tank with r=1 m

andV=0.5m’.

This exercise is based on Problem 8.9 in Chapra and Canale [4]. Answer: h = 0.431

m.
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Solver, VBA, and Thermax
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As the main component of the present modelling platform for thermofluid analyses,
Excel provides the user-interface and built-in functions, two iterative tools, and graphic
tools. However, what make Excel an effective platform for thermofluid analyses are the
three auxiliary components; Solver, VBA, and Thermax. This chapter focuses on these
three components and illustrates their use by means of relevant examples. With respect
to Solver, the chapter shows how its three solution methods can be used for performing
optimisation analyses and solving systems of linear and nonlinear equations. The
chapter also shows how VBA can be used for developing custom functions and how
Thermax functions can be used in Excel formulae.

3.1. Solver

Solver is a multi-purpose iterative tool developed by Frontline Systems [1] as an Excel
add-in for “What-if” analyses. Compared to Excel’s own iterative tool, which is the
Goal Seek command described in Chapter 2, Solver offers the following advantages:

1. While Goal-Seek can only be used for simple problems that involve only one
decision variable, Solver can deal with more difficult problems in which the
objective cell is affected by numerous decision variables.

2. Goal Seek allows only a required value of the objective cell to be achieved, but
Solver also enables Excel to perform an optimisation analysis by finding the
maximum or minimum value for the formula in the objective cell.

3. Solver allows constraints to be applied on the solution, which is not possible
with Goal Seek. The ability to impose constraints is needed for both
optimisation analyses and iterative solutions.

4. Solver offers three solution methods that suit different types of problems and
gives the user a number of numerical options for applying the same method.

3.1.1. Activation of Solver

Like the Goal Seek command, Solver is found in the Data tab as shown in Figure 3.1.
If it doesn’t appear in your Data tab, then go to File and then click Options and select
Add-Ins. Fromthe Manage option at the bottom of the menu select Excel Add-ins and
then klick “Go”. The Add-Ins dialog box shown in Figure 3.2 will be shown. To add
Solver to the add-ins menu, tick (V) on the “Selver” option and return to the Data tab.
When you click the Solver button from the Data tab, the Solver Parameters dialog
box shown in Figure 3.3 will be shown.

Formulaeview View Developer [~ @ o eH 23
f { % 51 B [=f Data validation ~ % Group + =
S| = T Consolidate ¥ Ungroup = ==
Filter Text to Remove , .
";‘? Advanced | Columns Duplicates =P What-If Analysis ~ iu Subtotal
Sort & Filter Data Taols Outline Analysis
E F G H I J K L M N Sy

Figure 3.1. The Solver add-in in the Data tab
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Add-Ins available:

; Analysis ToolPak | 0K |
|| Analysis ToolPak - VBA
| Coolprop Cancel
|| Euro Currency Tools
Refrigerant 1344
= Browse...
Z| olver Add-in =
|| Thermax_D5 )
; Thermax_D158 GelE TR
| ¥XLManager v2.14

Solver Add-in

Tool for optimization and equation solving

HEa

Figure 3.2. Activating Solver from the menu of Excel add-ins
olver Parameters @
Set Objective: SAs1 5.5

To (@) Max () Min () value OF: 0

By Changing Variable Cells:

Subject to the Constraints:

Make Unconstrained Variables Mon-Megative

Select a Solving Methad: GRG Monlinear

Solving Method

non-smoath,

Solve

Help

L]

i

Add

Change

Delete

Reset all

LoadSave

Options

Select the GRG Monlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex
engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are

Cloze

Figure 3.3. Solver Parameters dialog box
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Solver Parameters dialog box helps the user to select a formula in one cell, called the
objective cell, and a group of other cells, called decision variables or variable cells,
which are directly or indirectly related to the formula in the objective cell. By adjusting
the decision variables, the objective cell can be maximised, minimised, or made to
acquire a certain value. As shown in Figure 3.3, constraints can be applied on the
decision variables. To suit different types of problems, Solver offers three solution
methods which are:

1. The GRG Nonlinear method,
2. The Evolutionary method
3. The Simplex LP method.

The GRG Nonlinear method involves the determination of the function’s gradient like
the Steepest Descent method [2, 3]. The Evolutionary method adopts a variety of
genetic algorithms and local search methods [4, 5]. While both the GRG Nonlinear
and the Evolutionary methods are suitable for non-linear problems, the Simplex LP
method, which is a linear-programming method, is suitable for linear problems. As
shown in Figure 3.3, Solver uses the GRG Nonlinear method by default. The
following sections give examples of using the three solution methods.

3.1.2. The GRG Nonlinear method

In an optimisation analysis we may require the objective function to be maximised or
minimised depending on the situation at hand. For example, the optimisation of pipe
insulation requires its total cost to be minimised, while the optimisation of a thermal
power plant requires its thermal efficiency to be maximised. The following example
illustrates the use of the GRG Nonlinear method in optimisation analyses.

Example 3-1. Finding the minimum value ofa quadratic function
Find the minimum value of the following quadratic function in the specified range.

f(x) =x* —2x — 1; —2<x<3 (3.1)

Solution

Figure 3.4 shows the Excel sheet developed for this example. The line chart inserted in
the figure shows the variation of f with x from which we can see that the minimum
value of f is -2 and occurs at x =1. An initial value for x is entered in cell B3 based on
which the function f(x) is calculated in cell B6 according to Equation (3.1). Note the
curser is placed on cell B6 to reveal the following formula typed in the cel:

=B372-2*B3-1
We can now use Solver to determine the minimum value of the function. To do so,

select Solver from the Data tab and fill its parameters dialog-box as shown in Figure
3.5 that shows the top part of the completed box.


javascript:AppendPopup(this,'xldefFormula_2_2')
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Figure 3.4. Excel sheet for determining the local minimum of the quadratic function

Solver Parameters *
Set Objective: 5556 B
To: () Max (®) Min () value OF: 0

By Changing Variable Cells:

|
1l

5853

Subject to the Constraints:

SB53 <=3

SB53 ==-2 Add
Change
Delete

Figure 3.5. The completed Solver dialog box for Example 3-1
The dialog box in Figure 3.5 has been filled as follows:

Set Objective: B6 and Min have been selected for this option since

want the value of the function in cell B6 is to be

minimised
By Changing Variable Cells: B3 which is the cell that stores the value of the
independent variable x

Subject to the Constraints: Two constraints have been added that specify the
minimum and maximum values of x, e.g. x > -2 and
X<3

Select a Solving Method: The GRG Nonlinear method (the default option)

Pressing the “Solve” button of the completed parameters box sparks Solver to find the
required solution. As shown Figure 3.6, shows, the answer found by Solver, which is x
=1, f =-2, agrees with the graphical solution shown in Figure 3.4.
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- Solver Results XL
A B C K L
1 Solver has converged to the current solution. All
2 |Design variables Constraints are satisfied. Reports
3 X 1 . Answer
4 Sensitivity
5 | Obective function Limits
5 fl ,2| () Restore Original Values
1 ]
7
8 [] Return to Solver Parameters Dialog [ outline Reports
9
10
1 oK Cancel Save Scenario...

13 Solver has converged to the current solution. All Constraints are satisfied.

15 Solver has performed 5 iterations for which the objective did not move
16 significantly. Try a smaller convergence setting, or a different starting point.

Figure 3.6. Solver solution for Example 3-1

3.1.3. The Evolutionary method

When the function to be optimised has more than one point of inflection, the solution
found by the GRG Nonlinear method may only be a local minimum or maximum. The
following example illustrates the capability of the Evolutionary method to find the
global optimum solution for a simple function.

Example 3-2. Finding the global minimum of a function
Determine the global minimum value for the following function:

f(x)= xcos(x) 3< x<14 (3.2)

Solution

Figure 3.7 shows the Excel sheet developed for solving this example. The insert shows
that the function has two minima in the specified range of x; one at X = 5 and another at
X ~ 11. Let us first try to solve the problem with the GRG Nonlinear method. An initial
value for x has been entered in cell B2 based on which the function f is calculated in
cell B4. The formula bar in Figure 3.7 reveals the formula entered in the cell B4. Figure
3.8 shows the completed Solver parameters dialog-box with two constraints that specify
the upper and lower limits for x. From Figure 3.9 that shows the solution found by
Solver it is clear that it found the local minimum (y = — 4.81) which is nearer to the
initially specified value and not the global minimum.

In order to locate the global minimum by the GRG Nonlinear method, the solution has
to be started with an initial guess that is closer to the global minimum, e.g., x = 9. The
advantage of the Evolutionary method is that such an arrangement is not required. The
set-up shown in Figure 3.8 only needs the solution method to be changed to
“Evolutionary”. Figure 3.10 that shows the solution obtained by this method confirms
that the method produced the global minimum (y = — 11.041).
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Figure 3.7. The Excel sheet for Example 3-2
Solver Parameters 3|
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Set Objective: Bz
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Subject to the Constraints:
SBS2 <=12
Add
SBS2 ==3 A
Change
Delete
Figure 3.8. Solver set-up for Example 3-2 with GRG Nonlinear method
| = &
A B C D E F G H 1 ] K L M
1
2 x 3 0.42336 200
3 4 -3.02721
4 f{x) 5 -4.79462 150
5 6 -167649 /
100
6 7 4.598906 /
7 3 7.914366 <o
3 9 3.709066 N / \ /
9 10 -5.44021 00 . ; ; ; : ‘
10 11 -10.9999 \v{ 8 \{0 12/ 14 £
1 12 -6.43838 =0 \ /
12 13 5.462171
13 14 13.2685 oo ~
14 4.91318 -2.81447 150
15 X
16

Figure 3.9. Solver solution for Example 3-2 with the GRG Nonlinear method
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- b3

A B C D E F G H 1 J K L M
1
2 |x 11.08554] 3 042336 200
3 a4 -3.02721
4 fix) -11.0407| 5 -4.79462 150
5 6 -1.67549 /
6 7 4.598906 100
7 8 7.914866 50 /\ /
8

9 3.709066 - / \ /

9 10 -5.44021 0.0 : r : . . .

10 11 -10.9999 \/ 8 \o 12/ 14 1k
-5.0

1 12 -6.43388 : \ /
12 13 5.462171

-10.0
12 14 13.2685 ~
1 11.08554 -11.007 150
15 X

Figure 3.10. Solver solution for Example 3-2 with the Evolutionary method

The Evolutionary method is useful for optimisation analyses that involve non-smooth
and discontinuous functions, which are difficult to solve with the GRG Nonlinear
method. However, its disadvantage is that it takes long computer times. While the GRG
Nonlinear method took less than a second to solve the above problem, the
Evolutionary method took one minute and 35 seconds.

3.14. The Simplex LP method

This option provides a method for solving small systems of linear equations that can be
used instead of the method described in the Chapter 2 by using Excel’s matrix
functions. The method will be illustrated by reconsidering the problem of Example 2-3.
Figure 3.11 shows a new Excel sheet for solving the problem with the present method.

H13 - Je | {=MMULT(B2:F6,F9:F13)}

A B c D E F G H 1 J
1 [A] v}
2 14 14 ) 3 5 -15
3 14 52 -15 2 -32 -100
a -9 -15 36 = 16 106
5 3 2 -5 a7 a9 329
6 -5 -32 16 13 79 163
7
8 [x0} [A]{x0}
9 1 17
10 1 21
11 1 23
12 1 96
13 1 107]
14

Figure 3.11. Excel sheet for solving Example 2-3 with Solver

The top part of the sheet stores the coefficient matrix [A] and the right-hand vector {y}
of the system of linear equations to be solved. The procedure starts with a guessed
solution which is stored as vector {x0} in cells F9:F13. All the elements of this vector
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are given a value of 1 as shown in Figure 3.11. The coefficient matric [A] is then
multiplied by the guessed vector {x0} using Excel’s ’"MMULT” function and the result
stored in cells H9:H13. If this initial guess is the correct answer, the multiplication
[AJ{x0} will be the same as the true right-hand side vector, i.e,:

[AXC} = {y} 3.3)

However, Figure 3.11 shows that the vector [A]{x0} is different form the true right-
hand side vector {y} stored in cells H2:H6. Solver can now be used to adjust the
variable cells D9:D13 so that all elements of the vector [A]{x0} become equal to their
counterparts in vector {y}, i.e:

H9 = H2

H10 = H3
H11=H4
H12 = H5
H13 = H6

Solver set-up for this task is shown in Figure 3.12.

Solver Parameters x

Set Objective: | 55

Tao: (®) Max () Min () Value OF:

By Changing Variable Cells:
§F59:5F513 ERe

Subject to the Constraints:

EHS10 = +8HS3
SH511 = +58H84 Add
S§HS12 = +8HSS
§HE13 = +5HSE Change
EHE9 = 45H52
Delete
Reset All
Load/Save
Make Unconstrained Variables Mon-Megative
Select a Solving Method: Simplex LP ~ Options

Figure 3.12. Solver set-up for Example 2-3 with the Simplex LP method

Note that the objective cell is left blank and the Simplex LP method is selected as the
solution option. In this case, Solver will iterate to find the values of the decision
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variables that satisfy all the imposed constraints. The solution found by Solver using the
above set-up is shown in Figure 3.13.

- fe [ {=MMULT(B2:F6,F9:F13)}
A B B D E F G H I J

1 [A] v}

3 14 1 9 3 5 15

3 14 52 a5 5 22 _100

a 9 a5 36 5 16 106

5 3 5 5 a7 a9 329

6 5 32 16 9 79 463

7

8 [x0} [A1{x0}

9 _6.6E-14 15

10 1 -100

1 2 106

12 3 329
13 4 63

14

Figure 3.13. Solution of Example 2-3 with the Simplex LP method

All the elements of the [A]J{x0} are now equal to their corresponding elements in the
vector {y}. The first element of the solution vector, which is -6.6x10™°, is practically
zero. Therefore, the solution is [0,1,2,3,4], which is the same as that obtained in
Example 2-3 by using the matrix-inversion method. The advantage of Solver compared
to the matrix-inversion method is that it can be used for solving systems of nonlinear
equations by following a similar procedure (Refer to Problem 3.5 in the Exercises).

3.15. The default settings of Solver options

Solver gives it user the chance to improve the performance of its three solution methods
by allowing alternative options for applying these methods. While some options are
common to all three solution methods, others are particular to the GRG Nonlinear or
the Evolutionary method. By clicking the “Options” button in Solver’s parameters
dialog box shown in Figure 3.14, the dialog box shown in Figure 3.15 will be shown.

Select a Solving Method: GRG Monlinear v

Salving Method

Select the GRG Manlinear enagine for Solver Problems that are smooth nonlinear. Select the LP Simplex
engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

Help Solve Close

Figure 3.14. Solver options in the Properties dialog box



Computer-Aided Thermofluid Analyses Using Excel

All Methods l GRG Monlinear | Evolutionary l
Constraint Precision: 0.000001

[ use Automatic Scaling

[ show iteration Results

Solving with Integer Constraints

lgnore Integer Constraints

Integer Optimality (%) 5
Solving Limits

Max Time (Seconds): 100
Iterations: 100
Evelutionary and Integer Constraints:
Max Subproblems:

Max Feasible Solutions:

oK | Cancel |

Figure 3.15. Default Solver options adopted in the analyses for all solution methods

Figure 3.15 shows the default settings of the options that are common to all three
solution methods. Some of these default settings may have to be changed in order to
reduce the computation time or increase the precision of the solution in certain
situations. Sometimes, Solver fails altogether to find the solution if the default options
are used. For example, certain analyses require the automatic-scaling (AS) option to be
used while others require it not to be used. AS enables Solver to handle a poorly-scaled
model, i.e. a model in which the values of the objective and constraint functions differ
by several orders of magnitude. By using AS, the values of the objective and constraint
functions are scaled internally in order to minimise the differences between them.

Figures 3.16.a and 3.16.b show the default settings which are particular to the GRG
Nonlinear method and to the Evolutionary method, respectively. The GRG Nonlinear
method uses by default the forward difference (FD) approximation of derivatives. Most
of the analyses presented in later chapters of the book used the GRG Nonlinear
method for which the default FD approximation is used.
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T | 2 ® || &=
All Methods  GRG Nonlinear | Evolutionary ] All Methods | GRG Nonlinear  Evolutionary
Convergence: 0.0001 Convergence: 0.0001
Derivatives Mutation Rate: 0.075
*) Forward O central
Population Size: 100
Multistart
ultista Random Seed: 0
[ use Multistart
. L Maximum Time without 30
Population Size: 100 improvement:
Random Seed: o Require Bounds on Variables
Require Bounds on Variables
OK Cancel | OK Cancel |
(a) (b)

Figure 3.16. The default Solver options specific to: (a) the GRG Nonlinear method and
(b) the Evolutionary method

Figure 3.16.b shows the default settings used by the Evolutionary method. Note that
this method has more adjustable parameters than the GRG Nonlinear method.
According to the default set-up, the population size is 100 and the maximum allowable
time without improvement is 30 seconds. The few cases in this book solved with the
Evolutionary method show that, with this set-up, the method needs long computer
times. Although the time required by the Evolutionary method can be reduced by
reducing the population size, number of iterations, or the maximum allowable time, the
optimsation analyses presented in later chapters to do not show a clear advantage to this
method over the GRG Nonlinear method which is easier to apply.

3.2. VBA and the development of user-defined functions

Although Solver and the Goal Seek command enable Excel to deal with a wide range of
thermofluid analyses, there are situations where the analytical model requires the
development of a customised user-defined function (UDF) that is not provided by
Excel. This arises, for example, in thermodynamic analyses that require functions that
determine the properties of fluids at various pressures and/or temperatures. This section
illustrates the process of activating VBA and using it to develop simple UDFs.
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3.2.1. Activation of VBA

As shown in Figure 3.17, VBA is found on the left side of the Developer tab. This tab
gives many other development tools. If the Developer tab is not shown in the ribbon of
your Excel sheet, then go to File, select Options, and then select to Customise Ribbon
from the Backstage View shown in Figure 3.18.

- |5 Book1 - Microsoft Excel — O X

Figure 3.18. Adding VBA to the Developer tab

ome nse age Layou ormulas ata ie eveloper =
H Insert  Pagelayout  Formul Dat Vi Devel a@oF =
= Record Macro T— |'E=\ 3 M’ [ Properties ¢ Map Properties [ Import 0
ﬁ Use Relative References — =5 = o8l View Code 2 Expansion Packs {8 Export Ly
- Add-Ins  COM Insert Design Source . Drocument
A1 Macro Security Add-Ins - A Run Dialog ¥§ Refresh Data Panel
Code Add-Ins XML Modify
Al - fe | <
A B [ D E H 1 J K L e
1
2
3 =
a
5
6
Figure 3.17. Selection of VBA from the Developer tab
L]
| F:
fenena "'L'H)] Customize the Ribbon
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S
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ok rcest Toodbar T3 Copy [ Review
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From the Main Tabs, select the Developer check box and then click “OK”. The
Developer tab will now be shown in the ribbon of your Excel sheet. To start writing
the UDF, go to Developer tab menu and select Visual Basic. The Visual Basic editor
will appear to you as shown in Figure 3.19. Select Insert — Module and the blank
page shown in Figure 3.20 will be open for you to type the VBA code.

Microsoft Visual Basic for Applications - Thermax_D7.xlam - O *

Type a question for help

! File Edit View

HE- W 4

Format Debug Run Tools Add-Ins Window Help

N @ HEFE - @ Wil

Procedure...

UserForm
Module
Class Module

B &E &

Microsoft Ex File...
Modules

¥ Modulel
----- ¥ Module2 Y]

£ ° >
Mods Module w |
Alphabetic  Categorized

Module 1

Figure 3.19. Inserting a new module

Microsoft Visual Basic for Applications - Book1 - O *
EEIIE Edit View Insert Format Debug Run  Tools Add-Ins  Window Help Type a question for help -

ME-J 4 e mda 9 o0 mk BEY S @ nicl

=== B

E-%&% VBAProject (Bookl) ~
| -3 Microsoft Excel Obje |
Sheet1 (sheet1)
Sheet2 (Sheet)
Sheet3 (Sheet3) w

|{G ) o | |{Declaraﬁnns}

Alphabetic  Categorized
Module1

Figure 3.20. A new VBA module
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3.2.2. Development of UDFs
As a first example let us write a VBA function for determining the area (A) of a circle

given its diameter (D) using the following mathematical equation:
A=7D?/4 (3.4
The following UDF determines the circle’s area according to Equation (3.4):

Function Circ_area(Dia)
Pi=3.141593
Circ_area=Pi*Dia”2/4
End Function

Note that the first line in the code starts with the word “Function” followed by the
name given to the function, which is “Circ_area”. The required input parameters are
specified between two brackets after the function name. The present function has only
one input parameter, which is the diameter (Dia). As soon as you type the first line of
the code and press the “Enter” key, the editor will automatically add the End line of
the function. Now, type the rest of the code as shown in Figure 3.21.

! E Micresoft Visual Basic for Applications - Thermax_D7.xlam — O bt
! File Edit View [nset Format Debug Run Tools Add-Ins Window Help Type a question for help -
ME-HJ 4 = L, Pon ook BEE 0 @ Lnscoll A
Project - VEAProject ¥

J % Thermax_D7.xdam - Module3 (Code) EIIEI
lj L LS | 7] |tGeneraI] v| |Circ_area v|
¢ [-[23 Microsoft Excel Obje » - = = = —
¢ 55 Modules Ffmctlon Circ area(Dia) -
w2 Modilet W Pl = 3.141593
< > Circ area = Pi * Dia ™~ 2 / 4

- End Function

Properties - Module3 & |
Module3 Module v|
Alphabetic  Categorized

Module3 | b
=J= « >

Figu're'3.21. A UDF for caclcuating the area of a circle with a given diameter

After typing the code correctly, the function can be used via Excel Ul just like any
built-in function as shown in Figure 3.22. Note that the formula bar in Figure 3.22
reveals the formula in cell B2 as:

= Circ_area(10)

Where the number 10 refers to the diameter of the circle, which is the only input to the
UDF. You can now check the answer of your user-defined function by calculating the
circle’s area with a normal Excel formula by typing in any cell “=pi()*10°2/4”.
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B2 - fx | =Circ_area(10)
A B C D E F G

I 314.1593!

L= R B Sy N S

Figure 3.22. Using the “Circ_area” function in Excel

For thermodynamic analyses, VBA is useful for developing UDFs for fluid properties.
As anexample, let us develop a UDF that determines the molar specific-heat at constant

pressure ((~:p ) for air. For an ideal gas, (~:p is given by the following polynomial [6]:

C,=ap+aT +a,T%+a,T* [kJ/kmol.K] (3.5)

Where T is the absolute temperature and a,, a;, a,, and a; are constants that have
different values for different gases. For air, the constants’ values are 28.11, 0.1967x107,
0.4802 x10°, and -1.966 x10° in this order.

The following VBA function, called “cp air”, determines C p for air based on Equation
(3.5). The only input for the function is the absolute temperature (TempK).

Function cp_air(TempK)

a0 =28.11

al =0.00196

a2 = 0.000004802

a3 = -0.000000001966

M =28.97

cpbar =a0 +al* TempK + a2 * TempK ~2 + a3 * TempK * 3
cp_air = cpbar / M

End Function

Figure 3.23 shows the VBA function and the formula bar in Figure 3.24 shows how the
function can be used in an Excel formula to determine C,, for air at 300K. The value
returned by the function is 29.0771 kJ/kmol.K. By making suitable extensions, the
function can easily be used to determine the values of Ep for other ideal gases in

addition to air (Refer to Exercise 3.8). The various functions provided by Thermax for
the thermo-physical properties of water, refrigerants, etc., have been developed by
writing similar functions with VBA.
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Figure 3.23. A UDF for caclcuating the molar specific-heat for air

B2 - S| =cp_air{300)
A B Cc D E F G
1
2 I 29.0??1!
3
4
5
b
)

Figure 3.24. Using the cp_air function in Excel

In writing the UDF for the circle’s diameter shown in Figure 3.21 we assigned a value
for the constant = because VBA does not provide a built-in function for it like Excel.
However, this is not necessary since it is possible to use the built-in functions Pl
provided by Excel within the VBA function. This is very useful when built-in functions,
like MIN and MAX, can be used to minimise the programming effort needed for
developing the required UDF. More information about this and other features of the
VBA language can be found in specialised references [7-9].

3.3. Thermax installation and use

By providing custom functions for fluid properties, Thermax enables Excel to be used
as an educational platform for a wide range of thermofluid analyses [10]. Before
Thermax can be recognised by Excel you have to install it in your computer. To do that,
open the Thermax.xla file and then save it as an “Excel Add-in”. Recent Excel
versions locate all add-ins in a certain folder in the computer and automatically direct



Mohamed M. EI-Awad (UTAS)

you to that location when you want to save a new add-in. Save the Thermax add-in in
the specified location and restart Excel in order to activate it. Open a new Excel sheet

and then do the following:

1. Go to File and then click Options.

2. Select Add-Ins. From the Manage ribbon at the bottom of the menu select

Excel Add-ins and then press Go. The pull-down menu shown in Figure 3.25

will appear to you.

To add Thermax to the add-ins menu, tick (\) the corresponding box.

4. If for any reason you saved the add-in in a location that is different from the
default folder, then click on Browse and search for it in the destination folder

w

and select it.
[7 || &2 |
Add-Ins available:
[] analysis ToolPak ILI
[ | Analysis ToolPak - VBA
[ Euro Currency Tools Cancel
Solver Add-in
Browse...
Automation...
Thermax 1

Thermodynamic properties of saturated
water fsteam and ideal gases

Figure 3.25. Adding Thermax to the menu of Excel add-ins

Once installed, Thermax functions can be used in Excel's formulae just like the built-in
functions. For illustration, let us start a formula by entering the equal sign (=) in any
cell (say cell B2). If you now press the fx button in the formula ribbon, the Function
Wizard shown in Figure 3.26 will be shown. The Function Wizard first lists the various
categories of built-in functions provided by Excel. Scroll down the list of function
categories and select the User-defined functions. Then, all the functions provided by
Thermax will be listed alphabetically as shown in Figure 3.27.
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Insert Function ? )4
Search for a function:
Type a brief description of what you want to do and then didk Go
Go
Or select a category: | Most Recently Used w
Maost R Hy Lsed
Select a function: AITS eEnty s “
Finandial -~
Date & Time
Math & Trig
Statistical
Lookup & Reference
Database
AVERAGE Text v
Logical
FV(rate,nper,pmt,g 1 rmation
Returns the future vaflE= ae=s = ¥ |stant payments

and a constant interest rate.

Help on this function Cancel

Figure 3.26. Finding the add-in user-defined functions in the Function Wizard

Insert Function @

Search for a function:

Type a brief description of what you want to do and then dick Go
Go

Or select a category: | User Defined R

Select a function:

Air_Data -
Aircp_T

Aird T

AirPr_T

airrho_T

AirT

Airk_T({TempC)

Determines the thermal conductivity of atmospheric air in W /m.oC. Required input;
The temperature in degree celdus.

Help on this function Cancel

Figure 3.27. Thermax functions listed alphabetically in the User Defined category
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The first function in the list, Air_Data, is the auxiliary function that stores the data for
the thermo-physical properties of air at standard atmospheric pressure. This function is
called by other functions in the same to obtain the values of these properties at the
required temperature.

To start using the add-in functions, scrol down the list and select the function Airk_T
that determines the thermal conductivity (k) of air at a given temperature. Upon
pressing the OK button, the Function Arguments box shown in Figure 3.28 will be
shown.

Airk_T
TempC el =

Determines the thermal conductivity of atmospheric air in W/m.oC. Reguired input: The
temperature in degree celdus.

TempC
Formula result =
Help on this function Cancel

Figure 3.28. The Function Arguments box for the “Airk T” function

Figure 3.28 shows that this function has one input parameter, which is the temperature
in °C “TempC”, and gives a brief description of its intended use. Let us use the function
to determine the thermal conductivity for air at 25°C. Fill the form by entering the value
of the temperature, 25, as shown in Figure 3.29.

DATE - K v fo| =Airk_T(25)
A B C D B F G H 1 J K L
1
2 |=Airk_T(25} Function Arguments 7 x
£ Airk_T
4 =
z TempC | 25 G| = 25
6 = 0.02551
7 Determines the thermal conductivity of atmospheric air in W/m.oC. Required input: The
temperature in degree celdus.
8
T
g empC
o Formula result = 0.02551
11
12 Help on this function Cancel
13
14
15

Figure 3.29. Using the function “Airk T” to determine the thermal conductivity of
atmospheric air at 25°C
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Note that the formula ribbon now shows the formula in cell B2, which is
“=Airk_T(25)”. The form also shows the calculated value of k, which is 0.02551
W/m.’C. When you press the “OK” button, this value will appear in the cell B2. You
can check this value with that given in Table A.1 and try other Thermax functions.

In certain situations the confinement of Excel’s formula to one cell becomes too
restrictive for developing the analytical model. This situation arises, for example, when
an iterative process involves a non-linear equation such as the Colebrook-White
equation or the Soave-Redlich-Kwong equation of state. In this case, a UDF is needed
solve the nonlinear equation and return the result to Excel’s formula like any built-in
function. For such a case, Thermax provides a Newton-Raphson solver for nonlinear
equations in addition to its property functions. Appendix B shows how to use this tool.
Appendix B also describes two interpolation functions provided by Thermax for
tabulated data which are useful for including additional fluid properties or other
tabulated data needed in a thermofluid analysis.

3.4. Closure

This chapter introduced the three auxiliary components of the Excel-based modelling
platform, Solver, VBA, and Thermax, that make it an effective platform for thermofluid
analyses. The chapter gave Examples of using the three solution methods provided by
Solver to deal with different types of problems. It also showed how VBA can be used
for developing user-defined functions not provided by Excel and explained the
procedure for installing Thermax and using its functions in Excel formulae. Appendix B
demonstrates the use of the Newton-Raphson solver provided by Thermax for solving
nonlinear equations and its two interpolation functions for tabulated data.
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Exercises
1. A system of algebraic equations can be expressed in matrix form as follows:

70 1 0 ||a 636
60 -1 1 |Kb;=4518
40 0 -1j|c 307

Solve the system of equations by using Solver to determine the values of the three
unknowns a, b, and c. This exercise is based on Example 9.11 in Chapra and
Canale [11]. The answer is: a = 8.5941, b=34.4118, and ¢ = 36.7647.

2. Draw a line chart with Excel to show the variation of the following function in the
range 0 < x <4:

f(x) = 2 sin x — x*/10

Use Solver to find the maximum of the function in the same range. Based on
Example 13.1 in Chapra and Canale [11]. The answer is: f(x) = 1.7757 at x
=1.4276.

3. The curve shown in Figure 3.P3 is a plot of the function:

f =e’sin(20)
4
; D N
g 2P 100 \zr‘\o 300 / 4o
t 4
g \ /
; N
0 \_/
b S
14

Angle
Figure 3.P3 A composite function
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Use Solver to find:

a) The minimum value of the function and the corresponding angle
b) The maximum value of the function and the corresponding angle
¢) The angle at which value of the function equals 4.0

4. Using the Excel sheet developed to solve Example 3-1 by the GRG Nonlinear
method, study the effect of using central-difference approximation of derivatives
instead of the default forward-difference approximation on the solution.

5. Consider the following set of simultaneous nonlinear equations:
x> +xy =10 (A)
y +3xy’ = 57 (B)
To solve the system with Solver, rearrange the equations as follows:
u(x,y) =x*> +xy-10=0 (C)
V(X,y) =y +3xy* —57=0 (D)

Create two cells (B1 and B2) to hold initial guesses for x and y. Enter the function
values themselves, u(x, y) and v(x, y) into two other cells (B3 and B4). The initial
guesses may result in function values of u and v that are far from zero. Determine
the sum of the function squares, i.e. u” + v, and store it in cell B5.

Use Solver to find the values of x and y in cells B1 and B2 (the Changing cells)
that make the value in cell B5 (the objective cell) equal to zero. Using this
procedure, find the roots of the above system starting with initial guesses of x =1
andy =3.5.

This exercise is based on Example 7.5 in Chapra and Canale [11]. The correct pair
of roots are x=2 and y=3.

6. The volume V of liquid in a spherical tank of radius r is related to the depth h of
the liquid by:

V =rh?®@3r —h)/3
Using VBA, develop a user-defined function that determines h at any given values

of r [m] and V [m®]. Check your function with r=1 mand V = 0.5 m*. Answer: h =
0.431 m.
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Extend the UDF developed in Section 3.2 for determining the specific heat for air
so that it can be used for other ideal gases as well. Note that in this case, the
function will have two input parameter: the name of the gas and the temperature.
Using suitable formulae for the thermodynamic properties of superheated steam,
develop user-defined functions with VBA for determining the specific enthalpy
and entropy of superheated steam from its pressure and temperature.

Using suitable formulae for the thermodynamic properties of superheated
refrigerant R134a, develop user-defined functions with VBA for determining
properties, e.g., enthalpy and entropy, of superheated R134a from its temperature
and pressure.
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4

Iterative solutions
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The need for computer-aided iterative solutions is common to all three types of
thermofluid analyses and arises for a number of reasons. This chapter gives examples of
such analyses and shows how they can be handled by using the two iterative tools
provided by Excel; the Goal Seek command and Solver. While the Goal Seek command
can be used for the simplest type of iterative solutions that involve a single parameter,
Solver is needed for those involving multiple variables and requiring certain constraints
to be satisfied by the iterative solution. When the analytical model involves a nonlinear
equation, such as the Colebrook-White equation, it becomes difficult to use only Goal
Seek and Solver. For such problems, the chapter shows how the Newton-Raphson
solver provided by Thermax can be used to deal with the nonlinear equation, leaving
the main iteration to Goal Seek or Solver.

4.1. Iterative solutions by using Goal Seek

Most thermofluid problems that require iterative solutions can be solved by using the
Goal Seek command. This section presents three examples that demonstrate its use for
typical analyses that require iterative solutions in fluid-dynamics, thermodynamics, and
heat-transfer.

4.1.1. Type-2 and type-3 pipe-flow analyses
The frictional head loss (h¢) in a pipe depends on a number of factors that characterise

the pipe itself as well as the fluid being transported. For a straight pipe with no fittings
carrying a viscous Newtonian and incompressible fluid, the frictional head loss is
determined by the following Darcy-Weisbach equation:

hy=f—— (4.2)

Where f is the Darcy friction factor, L the length of the pipe, D its diameter, V the fluid
velocity, and g the gravity acceleration constant. The friction factor can be obtained
from Equation (1.22) if the flow is laminar and from Equation (1.24) or (1.25) if it is
turbulent. Practical pipe-flow problems that involve Equation (4.1) can be divided into
three types [1]:

1. Type-1 problems — require the determination of h; when both the pipe’s
diameter and fluid velocity (or flow rate) are known.

2. Type-2 problems — require the flow rate to be determined for a specified h and
pipe diameter.

3. Type-3 problems — require the pipe diameter to be determined for a given hy
and flow rate.

Type-1 problems can be solved in a straight-forward manner by using Equation (4.1) to
determine the friction head loss. However, both type-2 and type-3 problems require
iterative solutions because the Reynolds number and, therefore, the friction factor, f,
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cannot be determined without knowing D or V. For type-2 problems (i.e. unknown flow
rate), the iterative procedure can be avoided by using extended Moody diagrams that
require the determination of the following dimensionless parameter [2]:

15 2 h 0.5
Ref°'5:D—[ J f] . 4.2)
1% L

Apart from the inaccuracy of visual chart interpolation, the procedure is difficult to
adopt in optimisation or parametric analyses. By using the Goal Seek command, both
type-2 and type-3 problems can be solved more accurately. The following example,
which is based on Example 8.4 in Cengel and Cimbala [1], shows how Goal Seek can
be used to solve a type-3 problem.

Example 4-1. Solution of type -3 pipe flow problems

Heated air at 1 atm and 35°C is to be transported in a 150-m-long circular plastic duct
(¢=0.045 mm) as shown in Figure 4.1 at a rate, Q, of 0.35 m’/s. If the head loss in the
duct is not to exceed 20 m, determine the smallest required diameter for the duct.

0.35 m’/s

air ID — T

< 1I80m ———>

Figure 4.1. Schematic for Example 4-1 (adapted from Cengel and Cimbala [1])

Solution with Goal Seek

The problem can be solved by calculating the friction head loss at different diameters of
the duct and then selecting the diameter that gives the required head loss which is 20 m.
The iterative solution proceeds as follows:

Select a diameter for the inner pipe (D)

Calculate the velocity of the hot air (V), V=Q/A, A=zD*/4
Calculate the Reynolds number in the pipe (Re), Re=VD/v
Calculate the friction factor (f) using Equation (1.22) or (1.24)
Calculate the friction head loss (hr) from Equation (4.1)

If hy #20 m, repeat steps 1 to 5

oSOk wpdE

Figure 4.2 shows the Excel sheet developed for this example which is divided into three
parts: (i) problem data (ii) calculations, and (iii) results. The data part shows the
information given in the question. The value of the kinematic viscosity of air at 35°C (v
= 1.655x10° m’/s) was obtained from Cengel and Cimbala [1] and fixed throughout the
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calculations. Cell-labelling is applied in the formulae and Figure 4.2 reveals the
formulae used in each cell of the calculations part. Note the If-function in cell F10.

D - £ | =f{L/D)*(velr2/(2*g))

B T D E F G H I J K
1 |Given data Calculations Results
2 o 150|m D L 0.Lim [nf [ 2761.183]m
3 |ks 0.000045] m Goal Seek 7 b4
a [a | o0.007854]=P1()*D"2/4
5 |Flow 0.35/m3/s Set cell: 2 *
6 [vel | 44.563384]=Flow/A To value: 20
7 |T1 35|oC By changing cell: | $F52| +
8 |p1 101.225|kPa ks by D 0.00045|=ks/D
9 |visc 166E-05|m2/s  |Re 269265.16| =Vel*Djvisc Eancel
10 g 9.81|m/s2 f 0.0181864|=IF(Re<2300,64/Re,0.25/[LOG10(Kks_by_D/3.7+5.74/Re0.9))"2)
1

Figure 4.2. Excel sheet and Goal Seek set-up for Example 4-1

As Figure 4.2 shows, for an assumed duct diameter of 0.1 m the friction head loss
exceeds 2761 m. Figure 4.2 also shows the completed Goal Seek dialog box that
requires Goal Seek to change the diameter in cell F2 and iterate until the friction head
loss in cell J2 attains the required value of 20 m. Figure 4.3 shows the answer found by
Goal Seek, which is D > 0.27 m. This answer agrees with that given by Cengel and
Cimbala [1]. A similar procedure can be used to solve type-2 flow problems by iterating
over the flow rate instead of the diameter.

12 - £ || =r(/D)*(velr2f(2*g))
B c D E F G H 1 J K
1 |Given data Calculations Results
2 |u 150|m [o | 0.2697822|m [t [ 20.00001]m
3 |ks 0.000045|m Goal Seek Status ? s
4 [a | 0.0571632]=PI()*DA o
Goal Seeking with Cell 12 Step
5 |Flow 0.35 m3,"s found a solution.
6 vel 6.1228196|=Flow /A
| | | ! Target value: 20 I
7T 35|oC Current value: 20.00000649
g [p1 101.325|kPa ks by D | 0.0001668|=ks/D
Cancel
9 |visc 1.66E-05|m2/s Re 99808.336]=vel*D/ ance
10|g 9.81|m/s2 f 0.0188256]=IF(Re<2300,64/Re,0.25/(LOG10(ks_by_D/3.7+5.74/Re~0.9))"2)
11

Figure 4.3. Goal Seek solution for Example 4-1

4.1.2. Thermodynamic analyses involving ideal-gas mixtures

Without the usual simplifications and idealisations applied in thermodynamic analyses
most of these analyses, if not all, would require iterative solutions. A commonly used
thermodynamic approximation is treating air as a pure gas even though it is known to
be a mixture of nitrogen, oxygen, and water vapour with small traces of other gases.
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Computer-aided analyses with fluid property functions such as those provided by
Thermax enable more realistic models to be used by treating air as a mixture of gases
instead of a single gas. However, if the temperature of the gas mixture is not known but
has to be determined, an iterative solution will be required by this model. The following
example shows how the problem can be solved by using Goal Seek.

Example 4-2. Constant-pressure expansion of air

Figure 4.4 shows a piston-cylinder device that initially contains a mixture of 21%
oxygen and 79% nitrogen by volume. Initially at 100 kPa, 330K, the gas mixture
occupies 0.1 m®. Fifty kJ of heat is then transferred to the gas causing it to expand at
constant pressure. Treating oxygen and nitrogen as ideal gases, determine the final
temperature of the gas inside the cylinder.

1

0, 21%, N, 79%
T, = 330K

P, = 100 kPa
Vi=01m

50 kJ

Figure 4.4. Schematic diagram for Example 4-2

The analytical model
The solution procedure applies the first-law of thermodynamics to the expansion
process. For a mixture of O, and N,, the first law reads:

Q=moz(h2_oz _h1_02)+ mNZ(hZ_NZ _hl_NZ) (4.3)

Where Q is the amount of heat added, mo, and my, are the masses of oxygen and
nitrogen in the device, h; o, and h, o, are enthalpies of oxygen at the initial and final
temperatures, respectively, and h; n, and h, v, are the corresponding enthalpies for
nitrogen. The correct value of the final temperature is that at which the amount of heat
added as obtained from Equation (4.3) is equal to the given value, which is 50 kJ.

The values of enthalpy for O, and N, in Equation (4.3) can be determined by using the
relevant Thermax function for ideal gases, Gash_TK, and the masses mo, and my, can
be obtained from the ideal-gas law using the corresponding partial pressures as follows:
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0.21P,
- 021RM, (4.4)
ROZTl
0.79P,
My, = M (45)
RNZ-I—l

Where Ro, and Ry, are the gas constants for oxygen and nitrogen, which are 0.2598
kJ/kg.K and 0.2968 kJ/kg.K, respectively.

Solution with Goal Seek

Figure 4.5 shows the Excel sheet developed for this example. The data part includes the
initial pressure, temperature, and volume of the gas mixture together with the mole
fractions and gas constants of oxygen and nitrogen. The initial partial pressures of
oxygen and nitrogen, P1_0O2 and P1_N2, are calculated from the total initial pressure
(P_1) and the respective volume fractions, y_O2 and y_N2, as shown in cells E2 and
E3, respectively. The masses of the two gases in the mixture (m_O2 and m_N2) are
calculated in cells E5 and E6, respectively, and the total mass (m_total) in cell ES.

T 28 - Je | =Gash_TK(["N2",T_2g)

A B C D E F G H 1 J K L M
1
2 T1 330[K P1 02 21|kPa T 2g b 500K |O.j 18.395?|kJ
3P 100[kPa Pl N2 79|kPa

= = Goal Seek ? *

4 V.1 0.1|m3 h1 02 | 300.7581(k/kg
5 a 50| ks m_02 0.0245|kg h2_o2 463.518kJfkg | Setcel: ez e
6 m_N2 0.0807|kg To value: 50
7 ly_02 21|% | hi N2 | 342.1184|k)/kg | By changing cell: |sns2l =
2 |y _N2 79% m_total 0.1052|kg h2 N2 | 520.8104 |ki/kg
9 R O2 0.2598|k)/kg.K ! Cance!
10 R_N2 0.2968|kJ/kg.K

1
Figure 4.5. The Excel sheet developed for Example 4-2 by using Thermax functions

Starting with a guessed value for the final temperature, T_2g, which is 500K, the initial
and final enthalpies of oxygen and nitrogen are determined by using Thermax function
Gash_TK at the corresponding temperatures. Equation (4.3) is then used to determine
the total amount heat added in the process (Q_g). With the guessed final temperature,
Equation (4.3) determined the total amout of heat as 18.4 kJ, which is less than the
actual values of 50 kJ. To find the appropriate final temperature, the guessed
temperature T_2g has to be adjusted by Goal Seek so that the value of Q_2g equals 50
kJ. Figure 4.5 shows the required Goal Seek set-up and Figure 4.6 shows the solution
obtained by Goal Seek, which is 780.444K. The value determined for T, by treating air
as a single pure gas and using the approximate constant specific-heat method (c, =
1.005 kJ/kg) is 801.2K, which is significantly different, but the value determined by
using the exact method is 781.6K. Although these results confirm the accuracy of
treating air as a single pure gas with the exact method of analysis, the deviation from
the present model is expected to increase as T, increases.
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H8 - fe | =Gash_TK("N2",T_2g)
A B c D E F G H 1 J K L

1
2 T1 330[k P1_02 21|kpa T 2g 780.4436| K 50.0000] kJ
3 p1 100|kPa P1_N2 79|kPa ol Seck Status 2 %
a4 vi1 0.1|m3 h1 02 | 300.758

Goal Seeking with Cell K2
5 Q 50|k m_02 0.0245|kg h2 02 | 749.163 - S T0e TS
6 m_N2 0.0807|kg

= Target value: 50
7y 02 211% h1 N2 342.115 Current value: 50,0000
8 y_N2 79|% 0.1052|kg h2 N2 | 825.845
Cancel

5 R.02 0.2598|kJ/kg.K ance
10 R_N2 0.2968|kJ/kg.K

11
Figure 4.6. Goal Seek solution for Exampe 4.2 by using Thermax functions

4.1.3. Convection heat-transfer analyses

Like the friction factor (f) in pipe-flow analyses, the convection heat-transfer coefficient
(h) is not constant but depends on the flow itself. Therefore, convection heat-transfer
analyses frequently involve iterative solutions. The following example shows how
Excel’s Goal Seek command can be used for such analyses. The example is based on
Example 10.1 in Holman [3].

Example 4-3. Overall heat-transfer coefficient for pipe in air

Hot water at 98°C flows through a 2-in schedule 40 horizontal steel pipe (k =54
W/m->C) and is exposed to atmospheric air at 20°C as shown in Figure 4.7. The water
velocity is 25 cm/s.

Air, 20°C, h,
Water

98°C —é
V=25cmls —{>
hi _%

Figure 4.7. Schematic for Example 4-3 (adapted from Holman [3])

Calculate:

(a) the rate of heat-transfer through the pipe,
(b) the temperatures at the inside and outside surfaces of the pipe, and
(c) the overall heat-transfer coefficient based on the outer area of the pipe.

Properties of water at 98°C are: p = 960 kg/m®, 1 = 2.82 x 10 kg/m.s, k = 0.68 W/m.°C,
Pr =1.76. For a 2-in schedule 40 pipe, D;=5.25 cm and D, = 6.033 cm.

The analytical model
Using the thermal-resistance concept, the rate of heat-transfer through the pipe, Q, is
given by:
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Q=(T,-T,)/Ry (4.6)

Where T,, and T, are the water temperature and air-temperature, respectively, and Ry, is
the total thermal resistance that consists of the thermal resistances due to heat-transfer
by convection inside the pipe (R;), by conduction through the steel pipe (R,), and by
convection outside the pipe (R,). The three resistances are given by:

1

In(D, / D,
P n(27zk ) (48)
R =1 4.9
o= A (49)

Where A; and A, are the inside and outside areas of the pipe and h; and h, are the
corresponding heat-transfer coefficiens. The internal heat-transfer coefficien h; is
determined from the corresponding Nusselt number (Nu):

k
hy = Nu—* 4.10
5 (4.10)

Where, k,, is the thermal conductivity of water. The Nusselt number is determined from
emprirical equations depending on the type of the flow, i.e., natural or forced, laminar
or turbulent. For the turbulent forced internal flow (to be confirmed later), Nu is
obtained from the Dittus-Boelter equation, Equation (1.31), with n = 0.4 [3]:

Nu = 0.023Re® Pro* (4.11)

Where, Re and Pr are the Reynolds number and Prandtl number, respectively. For the
external flow, Holman [3] used the following simplified equation for free laminar
convection from a horizontal pipe to air at atmospheric pressure:

T T 1/4
h, :1.32[ o wJ (4.12)

0

Both R; and R, can be determined directly from the given data, but R, depends on h,
which cannot be determined directly since T, is not known. Therefore, the problem has
to be solved by adopting an iterative approach by assuming a value for T, based on
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which h, is determined and, consequently, Q. The value of Q thus obtained can be used
to calculate corresponding values for T; and T, from:

T,=T,-QR (4.13)
T, =T, +QR, (4.14)

If the guessed value for T, is correct, then it will be the same as that obtained from
Equation (4.14). Otherwise, a new guess for T, has to be made repeatedly until this
condition is met. Once this is achieved, the overall heat-transfer coefficient (U,) based
on the outside area (A,) can be obtained from:

_ 1 (4.15)

Yo A(Ri +R, +R,)

Solution with Goal Seek

The Excel sheet developed for this example is shown in Figure 4.8. The given
information about the pipe, water, and air properties are entered in the data part on the
left side of the sheet. The cells are labelled and the figure shows the formulae used in
the calculations. The calculations part at the central part of the sheet starts with a
guessesd value for the pipe’s outside temperature (T og) of 50°C. Based on this value,
the sheet determines the outside heat-transfer coefficient (h_o) from Equation (4.12)
and the thermal resistance associated with it (R_o) from Equation (4.9). Following the
analytical model described above, the sheet determines the three thermal resistances
(R_i, R_p, and R_0), and then calculates the rate of heat-transfer (Q), inside
temperature (T_i), outside temperature (T_o), and overall-heat transfer coefficient (U).

T_og - fe | =ABS{T_o-T_og)/T_og

A B c D E F G H ] J K
1
2 D 0.0525|m [fog T - 50}0C
3 Do 0.06033|m = ;7 x
4 'k _pipe 54| w/m-<C [n_o [ 6.233341)=1.327((T_og-T ==)/D_0}"0.25 o 35.44258|~(T 05T ==)/R 0
5 [ro | 0.8a6439]=1/(h_o*PI()*D_o) Set cell: H12 £
6 Vv 0.25|m/s T 97.89039]=T_w-Q*R_i To value: 0
7 Tw 98]0 Re i 24680.85|=p*v*D_i/p By changing cell: |e£62] =
2 p 960|kg/m3a  [Nu_i 151.3666|=IF(Re_i>2300,0.023*Re_i~0.8*Prr0.4,64) =T_i-Q*R_pipe
3 2.82E-04|kg/m.s  |hi 1960.558|=Nu_i*k/D i Cancel
10 k 0.68 W/m--C [0 e207657]=1/(Pi) *D_o*(R_i*R_pipeR_o))
11 Pr 1.76 [ri [ 0.003093]=1/(h_i"p1()7D_i)
12 0.957517|
12 T 20]oC [R_pipe [ 0.00041]=LN{D_o/D_i)/{2*PI{}*k_pipe)

Figure 4.8. Excel sheet developed for Example 4-3

As Figure 4.8 shows, the value of T_o calculated from Equation (4.14) is 97.876°C,
which is different from the initially guessed value (T _og = 50°C). The formula bar
reveals the formula entered in cell H12 that calculates the difference between the
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calculated exit temperature (T_o) and the guessd value (T _og) as a fraction of T_og.
The exit temperature that makes the difference vanishes can be found by using the Goal
Seek command and Figure 4.8 shows the required set-up. The solution found by Goal
Seek is shown in Figure 4.9. Table 4.1 comapres the presents results with those given
by Holman [3] to confirm the accuracy of the iterative solution with Goal Seek.

H12 - fe  =ABS(T_o-T_og)/T_og
A B C D E F G H ] J
1
2 Di 0.0525|m [T oz | 97.56285]0c
3|Do 0.06033|m Goal Seek Status ?
4 k_pipe 54| w/m-=C [h_o [ 7.50413]=1.32*((T_og-T_==)/D_o)~0.25 [ 116.198)=(1_og T =
- - Goal Seeking with Cell H12
5 [Reo | 0.667518]=1/(h_o=PI()*D_o) -
- e = = | Targetvalue: 0
7 T w 98|oC Re_i 44680.85|=p*V*D_i/p Current value: 0000309155
g p 960 kg/m3  [Nu_i 151.3666|=IF(Re_i=2300,0.023"Re_i*0.8*Pr"0.4,64) [T o 97.59305]=T_i-Q*R_g
i Ci
5 2.826-04kgfm.s  |hi 1960.558|=Nu_i*k/D_i = = =
10 |k 0.68 W/m-=C U 7.862877]=1/(PI()*D_o*(R_i+R_pipe+R_o))
11 pr 1.76 R [ 0.003093]=1/(h_i"e1()"D_i)
12 0.000203)
13T 20]ac [R_pipe | 0.00081]=IN(D_o/D_i}/(2*PI()*k_pipe)

Figure 4.9. Solution obtained by Goal Seek for Example 4-3

Table 4.1. Comparison of the presnt Goal Seek solution with that given by Holman [3]

Holman Goal Seek
[3] solution

T, 97.65 97.64

T, 97.6 97.59

h, 1961.0 1960.56

h, 7.91 7.90

U, 7.87 7.86

4.2. Constrained iterative solutions with Solver

Solver offers greater flexibility than Goal Seek for dealing with iterative solutions
because it allows for multiple changeable cells and for constraints to be imposed on the
iterative solution. This section illustrates the need for these additional features in
thermofluid analyses by means of two examples from the areas of fluid-dynamics and
thermodynamics.

Example 4-4. Determining the maximum water flow rate to avoid cavitation
Water at 20°C (y = 9810 N/m® and v =1.006x10° m?/s) is to be pumped from a large
reservoir via a pump-pipe system as shown in Figure 4.10. The pump is positioned
vertically at a level which is 9 m above the surface of the reservoir and horizontally at 1
m from the vertical section of the pipe. The pipe is made of commercial steel pipe (¢ =
0.046 mm) and has a 2" nominal diameter.
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Im

__/(:G??

9m 2" commercial steel pipe

oLV

Figure 4.10. Schematic for the pump-pipe system in Example 4-4
Determine the maximum allowable water flow rate (Q) such that:

1.  The water velocity (V) is to be in the range 1.4-2.8 m/s for economic
considerations.

2. The pressure at the pump inlet must be greater than the saturation pressure
of water at 20°C, which is 2.338 kPa, to avoid cavitation.

This example, which is basically a type-2 pipe flow problem, is based on a similar
example given by Schumack [4].

The analytical model
The energy equation between the pipe inlet (point 1) and the pump inlet (point 2) is:

4 29 7y 29 (4.16)

Where y stands for the specific weight of water, z for the elevation, V for the water
velocity, g for the gravitational acceleration, and hy for the friction loss in the pipe. For a
large reservoir V; = 0. Taking point 1 as a reference, i.e. Z; = 0, and noting that the
water velocity in the pipe is uniform, i.e. V, =V, the energy equation reduces to:

I R A
pz—y(y Z, 29 hf] (4.17)
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The velocity V is related to the pipe diameter (D) and water flow rate (Q) as follows:
V =4Q/ D? (4.18)

Neglecting minor losses, the friction loss can be calculated from the Darcy-Weisbach
equation, Equation (4.1), which needs an auxiliary formula to determine the friction
factor (f) depending on whether the flow is laminar or turbulent.

Solution with Solver

Figure 4.11 shows the Excel sheet developed for this example. The data part on the left
side stores the problem data such as the diameter, roughness, and length of the pipe, etc.
The central part stores a guessed value for the water velocity (V=1.0 m/s) in cell E2.
Based on the guessed water velocity, the sheet performs the necessary calculations
according to the analytical model given above. Figure 4.11 reveals the formulae used in
these calculations. Note that an IF-statement is used to calculate the friction factor (f)
depending on the value of the Reynolds number (Re). Cell E6 calculates the friction
loss (hf). Based on the calculated value of friction loss, the pressure at point 2 (P_2) is
calculated from Equation (4.17) and stored in cell E7. The right side of the sheet
contains the single cell 12 that determines the flow rate (Q). The formula in this cell is
shown in the formula bar.

Q - B | =0.25*PI{)*D 2*V

A B c D E F G H I ) K
1
2 |D 0.05252|m m/s [a [ 0.0021664|m3/s
3 & 0.000046{m
a L 10|m Re 52520|=v*D/v
5 |7 9| m f 0.023651|=IF(Re<2000,64/Re,0.25/(LOG10(£/3.7/D+5.74/Re*0.9))*2)
6§ P1 100|kpa hf 0.229523|=F*1/D*V"2/(2%gc)
7 v 1.00E-06|Pa.s P2 8.958382|=(P_1*1000/y-z_2-v~2/(2%gc)-hf)*y/1000
8y 9810|N/m3
9 |gc 9.81|m/s2

=
=

Figure 4.11. Excel sheet developed for Example 4-4

Based on the assumed water velocity of 1.0 m's, the calculated values of hf and P_2 are
0.2295 m and 8.958 kPa, respectively. Since the pressure at point 2 is higher than the
minimum desired level of 2.338 kPa, while the water velocity (V) is less than the
minimum economic value of 1.4 m, there is room to increase the flow rate. The task can
be left to Solver and Figure 4.12 shows the set-up that requires Solver to maximise the
value of the flow rate Q while satisfying the three constraints shown in the figure. The
first constraint on the iterative solution requires the value of P_2 in cell E7 to be higher
than or equal to 2.338 kPa. The two other constraints are to satisfy the limits on the
water velocity imposed by economic limits, i.e., .4 m<V <2.8 m.
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Sohver Parameters 4

|
1l

Set Objective:

Ta: (® Max () Min () Value OF: 0

By Changing Variable Cells:
v

L |
i

Subject to the Constraints:

P 2 >=2.338
V=28 Add
V=14
Change
Delete

Figure 4.12. Solver parameters dialog box for Example 4-4

Pressing the “Solve” button will trigger Solver to search for the solution. The solution
found by the GRG Nonlinear method is shown in Figure 4.13. The value determined
for the water velocity is 1.90 m/s. Note that this velocity lies within the limits imposed
by the economic constraint. The pressure at point 2 is equal to 2.338 kPa which is the
minimum pressure level required to prevent cavitation. Therefore, the corresponding
flow rate, which is 0.00413 m*/s, is the maximum flow rate to be recommended.

Q - Je | =0.25*PI{)*D"2*V

A B c D E F G H I )
1
2 D 0.05252|m [v | 190]m/s [a | 0.004125|m3/s
3 & 0.000046|m
4L 10|m Re 100001.5|=v=D/v
522 9|m f 0.021901|=IF(Re<2000,64/Re,0.25/(LOG10(/3.7/D+5.74/Re"0.9)) "2)
6 P1 100|kPa hf 0.770567|=F*L/D*vA2/(2%gc)
7 1.00E-06] Pa.s P2 2.338005|=(P_1*1000/y-Z_2-V*2/(2*gc)-hf)*y/1000
8 y 9310|N/m3
9 |gc 9.81|m/s2

=
=

Figure 4.13. Solver solution for Example 4-4

Example 4-5. Restrained expansion of air inside a piston-cylinder device

Figure 4.14 shows a piston-cylinder device that initially contains 0.05 m*® of air at 200
kPa and 317K. At this state, a linear spring is touching the piston but exerting no force
on it before 72.7 kJ of heat is transferred to the air, causing the piston to rise and
compress the spring. If the cross-sectional area of the piston is 0.25 m* and the spring’s
constant (k) is 150 kN/m, determine the final volume, pressure, and temperature of the
air inside the cylinder after the heat-addition.
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T, = 317K
P, = 200 kPa
V,=0.05 m®

Heat 72.7 kJ

Figure 4.14. Schematic and pressure-volume diagrams for Example 4-5 (adapted from
Cengel and Boles [5])

Treat air as an ideal gas with a specific heat at constant volume (c,) that varies linearly
with the temperature according to the formula:

¢, = 0.645+0.0002T (4.19)
Where T is the temperature in K and c, is in ki/kg.K.

Comment

This example is based of Example 4-4 given by Cengel and Boles [5]. However, unlike
the present example, Cengel and Boles [5] specified the final volume to be 0.1 m®
instead of specifying the amount of heat added. When the final volume (or final
pressure) is given, the problem can be solved in a straightforward manner without
iteration. However, in the present example T,, V., and P, at the final state depend on the
amount of heat added. Another factor that makes the present example more difficult
than that given by Cengel and Boles [5] is the use of Equation (4.19) to determine the
value of the specific heat c, for air. The specific value of 72.7 kJ given in this example
has been chosen such that the final volume will be 0.1 m® as specified by Cengel and
Boles [5] so that the present final pressure on the piston and total work will be close to
their corresponding values even though the data of the two examples are different.

The analytical model

Like Example 4-2, the problem can be solved by using the first-law of thermodynamics
together with the ideal-gas law, but the variation of the specific heat with temperature
makes it necessary to adopt an iterative solution. Moreover, the addition of the linear
spring in this example introduces a new factor, which is the variation of pressure with
air expansion. Since the present iteration process involves both the temperature and the
volume (or pressure), the Goal Seek command cannot be used. Therefore, this example
requires Solver to start the iterative procedure with assumed values for both the final

temperature (T, ) and the final volume (V, ).
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The final pressure P, is given by:

P, =P - % (4.20)

Where A is the base area of the piston and AX is the reduction in the spring’s length
given by:

Vz _Vl
A

AX = (4.21)

The total work (W), i.e., the summation of the air expansion work and the work done
against the spring, can now be obtained from:

W= @M -V, (4.22)

The final temperature can be determined by applying the first-law of thermodynamics
to the piston-cylinder device as a closed system:

Q-W =m(u, -u,)=me,(T,-T,) (4.23)

Where Q is the amount of heat added, u is the internal energy, m is the mass of air

inside the cylinder, and T, is the average specific heat of air at constant volume. The

mass and specific heat of air can be obtained from:

m=PV, /RT, (4.24)
C, =0.6+0.0002T, +T; )/ 2 (4.25)
Rearranging Equation (4.23), the final temperature T, is given by:

(4.26)

Using the values obtained for T, and P,, the final volume V, can be determined from the
ideal-gas law:

V, =mRT, /P, (4.27)
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If the initially guessed volumes of T, and V, are correct, then they will be the same as
T, and V, obtained from Equation (4.24) and Equation (4.26), respectively. Otherwise,

new values for T, and V, have to be used until the differences between the calculated

and guessed values become negligibly small. This multi-variable iterative process can
be performed with Solver as shown below.

Solution with Solver

Figure 4.15 shows the Excel sheet developed for this example and reveals the formulae
used in it. The left side of the sheet accommodates the problem data. The calculations
part start by an assumed values for the final temperature (T_2g = 500K) and final
volume V_2g = 0.15 m®. Based on the assumed final volume, the sheet determines the
compression of the spring (Ax), spring force (Fspring), final pressure (P_2), and total
work involved (Work). The final temperature (T_2) is then calculated from the first-law
according to Equation (4.26), and the final volume (V_2) from the ideal-gas law,
Equation (4.27). As Figure, 4.15 shows, the calculated values T_2 and V_2 are different
from the initial values T_2g and V_2g. Solver can now be used to adjust the guessed
value of T_2g and V_2g until they become the same as the calculated values.

T2 - J= | =T_1+{Q-Work)/m/Cv

A B = D E F G H 1 il
1
2 P1 200|kPa T 28 500 T2 826.5425|K
3 T1 317|kPa v 2g 0.15 v 2 0.059259|m3
4 VvV 1 0.05|m3
5 [m ] 0.109915]-p_1*V_1/Rgas/T_1
] Q 72.7\kJ
7 Area 0.25/m Ax 0.4|=(V_2g-V_1)/Area
8 Fspring 60 |=kspring®Ax
9 kn/m [P 2 440|=p_1+Fspring/Area
10 Work 32|=0.5%(P_1+P_2)%(V_2g-V_1)
1 ki/kg.K

=0.645+0.0002%(T_1+T_2g)/2
Figure 4.15. Excel sheet developed for Example 4-5

e
W

Figure 4.16 shows the set-up that requires Solver to change the values of T_2g and
V_2g in cells F2 and F3, respectively, until the two specified constraints are satisfied:
(1)) T 2=T 2gand (i) V_2=V_2g. Note that the “Set Objective” option has been left
blank. The “Changing Variable Cells” are F2 and F3. Figure 4.17 shows the solution
obtained by the GRG Nonlinear method of Solver, which is T_2g = 1014.864K and
V_2g = 0.1 m®. At this state, the final pressure on the piston is 320.0 kPa and the total
work is 13.0 kJ. These values agree with their corresponding values given by Cengel
and Boles [5] whose analysis also gave P, = 320 kPa and W = 13 kJ.
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Sohver Parameters 4

|
1l

Set Objective: |

Ta: () Max () Min (®) Value OF: 0

By Changing Variable Cells:

L |
i

SF52:5F53

Subject to the Constraints:

T 2=T_2g

V_2=V_2g Add
Change
Delete

Figure 4.16. Solver set-up for Example 4-5

- Je | =T_1+{Q-Work)/m/Cv

A B c D E F G H 1 J
1
2 P1 200/kpa T 28 1014.864 T2 1014.864] K
3 T1 317|kPa V_2g 0.100026 V2 0.100026]m3
4 V1 0.05|m3
5 m 0.109915|=P_1*V_1/Rgas/T_1
6 Q 72.7|kI
7 Area 0.25|m Ax 0.200105|=(V_2g-V_1)/Area
2 Fspring 30.0157 |=kspring*Ax
3 [kspring | 150(kn/m  [p_2 320.0628|=P_1+Fspring/Area
10 work 13.00837|=0.5%(P_1+P_2)*(V_2g-V 1)
11 [Rgas | o0.287|k/kek

sy
Fa

Cv 0.778186|=0.645+0.0002*(T_1+T_2g)/2

Figure 4.17. Solver solution for Example 4-5

jury
a

4.3. lterative solutions involving nonlinear equations

To determine the head loss due to friction (hs) in Example 4-1, the friction factor (f) for
the turbulent pipe flow was obtained from Equation (1.24) which is an explicit
equation. However, for a turbulent pipe flow f can be determined more accurately by
using the Colebrook-White equation [1]:

1 g/D 251
—=-20log ——+—"= 4.28
: 937 Re T (4.28)

Since the equation involves the friction factor f in both sides, it needs to be solved
iteratively in order to determine f. Therefore, for type-2 and type-3 flow problems using
this equation involves two nested iterations; an inside iteration to determine f and an
outside iteration to determine the pipe’s diameter or flow rate.
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The Newton-Raphson solver (NRM) provided by Thermax has been developed so as to
allow nonlinear equations such as the Colebrook-White equation to be used in iterative
solutions and optimisation analyses. Appendix B illustrates the use of the NRM solver
by considering another nonlinear equation which is the Benedict-Webb-Rubin equation.
In the present situation, the NRM solver will be used to solve the Colebrook-White
equation leaving the main iteration for Solver or Goal Seek. For illustration, let us
reconsider Example 4-1 and solve it by the using Equation (4.28) to determine f instead
of Equation (1.24).

The NRM solver requires the intended nonlinear equation to be provided as a separate
user-defined function. The one needed for the Colebrook-White equation is listed
below:

Function colebrook(x, e, Re)
¢ Colebrook equation for the friction factor

colebrook = 1/Sgr(x) + (2/log(10))*Log(e /3.7 + 2.51/Re/Sqr(x))
End Function

Note that in VBA syntax the term “log” is used for the natural logarithm “In” which is
different from Excel. Figure 4.18 shows the Excel sheet developed for solving Example
4-1 with the Colebrook-White equation.

D - fx | =IF(Re<2300,64/Re,NRM("colebrook",0.004,=_by_D,Re))

B C D E F G H I ] K L M
1 Given data Calculations Results
2 1 5 R O A .
3 £ 0.000045|m Set cell: g182
4 [ | 0.007854=p1)*D"2/2 i -
5 |Flow 0.35|m3/s )
6 [vel | 24.56338]=Flow/a By changing cell: |72
7 T1 35|oC Cancel
8 P1 101.325|kPa £ by D 0.00045|=¢/D
9 |visc 1.66E-05|m2/s Re 269261.6|=Vel*D/visc
10 |g 9.81|m/s2 f 0.018075 |=IF(Re<2300,64/Re,NRM("colebrook",0.004,7_by_D,Re))

1
12

Figure 4.18. Excel sheet for Example 4-1 using the Colebrook-White equation

The only difference from the sheet shown in Figure 4.2 is the content of the cell F10
that calculates friction factor. Figure 4.18 shows the formula typed in this cell as:

=IF(Re<2300,64/Re NRM("colebrook”0.004,c by D,Re))

The first input to the NRM solver, “colebrook™, refers to the function that contains the
Colebrook-White equation while the second input, 0.004, is an initial guess for f. The
last two arguments, € by D and Re, respectively, are labels for the cells F8 and F9 that
store values of the roughness-diameter ratio (¢/D) and the Reynolds number (Re) at
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which f is to be determined. Figure 4.18, which shows the calculations for a selected
diameter of 0.1 m, shows that the value of the friction factor obtained by the Colebrook-
White equation is 0.018075 and the corresponding friction loss is 2744.2 m. These
values are slightly different from those obtained with Equation (1.24) as shown in
Figure 4.2. The diameter that keeps the loss below 20 m can be determined by using
Goal Seek and Figure 4.18 also shows Goal Seek set-up for finding the value of D that
makes the friction head loss equal to 20 m. As Figure 4.19 shows, the answer found by
Goal Seek is D > 0.27 m, which is the same answer obtained earlier in Example 4-1.

F10 - fx | =IF(Re<2300,64/Re,NRM("colebrook",0.004,c_by_D,Re))
B C D E F G H 1 J K L M
1 Given data Calculations Results
2 L 150|m [o | 0.26926 [ 20.0000
3 £ 0.000045| m Goal Seeking with Cell 12
4 =P|(}*[]A2,’4 found a solution.
5 Flow 0.35|m3/s Targetvalue: 20
6 Vel =Flow/A Current value: 20,00000613
7Tl 35]oC
8 p1 101.325|kPa £ by D | 0.000167|=¢/D
9 |visc 1.66E-05|m2/s Re ‘3‘3??8.38|=Vel"D,v’visc
10 |g 9.81|m/s2 f 0.018853,1:IF(Re<2300,64,*’Re,NRM(“colebrook“,D.DM,?_by_D,Re}]

1
12

Figure 4.19. Goal Seek solution for Example 4-1 using the Colebrook-White equation

44. Closure

This chapter dealt with thermofluid analyses that require iterative solutions and showed
how Excel’s Goal Seek command and Solver can be used for solving typical problems
from the areas of fluid dynamics, thermodynamics, and heat-transfer. While the Goal
Seek command can easily perform the simple type of iterative solutions that involve a
single parameter, Solver can perform the more difficult iterative solutions that involve
multiple changeable cells and require constraints to be applied to the iterative solution.
The chapter also showed how the Newton-Raphson solver provided by Thermax can be
used to deal with the solutions that involve nonlinear equations such as the Colebrook-
White equation.
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Exercises

1. Consider the case in Example 4-1. Suppose that the only available pipe diameter is

20 cm and we want to maintain the same maximum limit on the friction head loss
of 20 m by reducing the water flow rate. Using the Goal Seek command, determine
the water flow rate that gives the required result. Answer: 0.157 m°.

Using the Excel sheet developed for Example 4-2, determine the final temperature
for air when the amount of heat added is 50, 100, 150, and 200 kJ. Also calculate
the final temperature from Equation (4.3) by using a constant specific heat (c,) of
1.043 kJ/kg.K. Plot the values obtained for the final temperature (T,) with the
amount of heat added by the two methods and comment on the result.

A gas mixture consisting of O, and CO, with mole fractions 0.2 and 0.8,
respectively, expands isentropically and at steady state through a nozzle from 700
K, 500 kPa to an exit pressure of 100 kPa as shown in Figure 4.P3. Determine the
temperature at the nozzle exit, in K.

Pl = 500 kPa \/ —
T, = 700K P, =100
—

—

/\

Figure 4.P3. Isentropic expansion in a nozzle

This exercise is based on Example 12.4 in Moran and Shapiro [6]. Using the
approximate constant-specific heat method, the exit temperature (T,) can be
determined from:

k-1

T,=T; x (Pz 1P )T (A)

Where k is the ratio of the specific heats for the mixture. Using k = 1.304, the
resulting exit temperature is 480.9K. Using the exact variable specific heat
method, T, is determined by requiring the total entropy change to be zero, i.e:
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P
yoz{sgz(-rz )_ Sz (T1)— Ros |n32}

1

P
+ ycoz{sgoz (Tz)_ sgoz(Tl)_ Reoz |n32} =0 (B)

1

Where yo, and yco, are the volume fractions of O, and Co,, respectively, and Ro»
and Reo, are the molar masses for O, and Co,, respectively. The values of sgz and

sdo, Can be determined by using the relevant function provided by Thermax.
Equation (B), that requires an iterative solution, can be solved by using the Goal
Seek command. Answer: T, = 514.05K.

4. Steam is be condensed at 30°C on the shell side of the multi-pass shell-and-tube
heat exchanger shown in Figure 4.P4. The condenser has 8-tube-passes with 50
tubes in each pass. Its overall heat transfer coefficient is 1000 W/m?-°C. Cooling
water (C, = 4180 J/kg-°C) enters the tubes at 15°C at a rate of 55,000 kg/h. The
tubes are thin-walled, and have a diameter of 1.5 cm and length of 2 m per pass.
Develp and Excel shhet to determine the outlet temperature of the cooling water by
using Goal Seek and the LMTD method instead of the e-NTU method [7].

Hot !ﬁ i, T,

'_

A A

Y Y

2\W\

= Cold

}?j‘i JI 22
T

Figure 4.P4. A multi-pass shell-and-tube heat exchanger

5. Reconsider the case in Example 4-5. Show that an alternative solution of this
problem that also takes into consideration the variation of specific heat for air with
temperature can be obtained by using the ideal-gas property functions provided by
Thermax instead of Equation (4.19). Show that this solution can be obtained by
using the Goal Seek command instead or Solver and compare your solution with
that given in Example 4-5.



Mohamed M. EI-Awad (UTAS)

Consider the semi-infinite slab shown in Figure 4.P6 that is suddenly exposed to
convection environment at T... The temperature (T) at a depth x from the surface at
any time is given by [3]:

o0 g orf (X){exp{%qL hlz(frﬂ{l—erf(x + hM]] (A)

T, -T k

o i

Where o and k are the diffusivity and thermal conductivity of the slap material,
respectively, T; is the initial temperature of the solid, T., is the environmental

temperature, r is the elapsed time in seconds, and X = (2\/051').

T
o T

Wi

Hx

Figure 4.P6. Semi-infinite slab with convection heat-transfer

Equation (A) requires an iterative procedure because the time (z) appears in both
terms on the right-hand side of the equation.

A large slab of aluminium (k = 215 W/m.°C, a=8.4x10°m’/s) at a uniform
temperature of 200°C is suddenly exposed to a convection-surface environment of
70°C with a heat-transfer coefficient of 525 W/m’-°C. Calculate the time required
for the temperature to reach 120°C at the depth of 4.0 cm for this circumstance.

This problem is based on Example 4-5 in Holman [3] whose answer is
approximately 3000 seconds.

. Water at 60°C enters a tube of 3-cm diameter at a mean flow velocity of 1.2 cm/s.
If the tube is 3.0 m long and the wall temperature is constant at 80°C, what will be
the exit water temperature?

Use Goal Seek to perform the iterative solution of this problem. To determine the
viscosity of water at any temperature, develop a user-defined function based on the
data shown in Table A.2 in Appendix A. This exercise is based on Example 4-2 in
Holman [3]. Answer: 73.0°C.
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5

Hydraulic analyses of multi-pipe and
pump-pipe systems
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The pump-pipe systems used in various applications usually consist of multiple pipes
and pumps connected in parallel or in series. The hydraulic analyses of multi-pipe
systems are based on the same principles of mass and energy conservation applicable
for a single pipe, but simultaneously satisfying the continuity and energy equations in
all the pipes usually requires an iterative solution. An iterative solution is also needed
for determining the operating point for any pump-pipe system whether it involves a
single pump or multiple pumps. This chapter shows how Excel with its iterative tools,
Goal Seek and Solver, can be used for analysing multi-pipe systems and determining
the operating point for a single pump with various pipe arrangements and for multiple
pumps arranged in parallel or in series.

5.1. Analyses of multi-pipe systems

Figure 5.1 shows three multi-pipe arragements in which three pipes are connected (a) in
series, (b) in parallel, and (c) at a junction. In general, the pipes may have different
lengths, diameters, and roughness. The pipes may also have different elevations at their
entrance and exit points.

Figure 5.1. Three typical pipe arrangements in a pipe system (adapted from White [1])
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5.1.1. Type-1 flow analyses

As for the case of a single pipe discussed in Chapter 4, three types of flow problems can
arise with multi-pipe analyses depending on whether the pipe diameters and flow rates
are known in advance or to be determined. If both the pipe diameters and flow rates are
known then the problem is classified as a type-1 flow problem, but if one of these is to
be determined, then the problem is classified as a type-2 or a types-3 flow problem.
Unlike the case a single pipe, type-1 flow problems for multi-pipe system also require
iterative solutions. The following example, which is based on Example 8-7 in Cengel
and Cimbala [2], shows how Solver can be used to perform the iterative solution.

Example 5-1. Pumping water through two parallel pipes

Water at 20°C is to be pumped from reservoir A to reservoir B through two 36-m-long
pipes connected in parallel as shown in Figure 5.2. The elevation of reservoir A is 5 m
while that of reservoir B is 13 m. The two pipes are made of commercial steel and their
diameters of the two pipes are 4 and 8 cm as shown in the figure. Water is to be
pumped by a 70% efficient motor-pump combination that draws 8 kW of electric power
during operation. The minor losses and the head loss in the pipes that connect the
parallel pipes to the two reservoirs can be neglected. Determine the total flow rate of
the pump and the flow rate through each of the two parallel pipes.

B 13m
@ D;=4cm > :

5m

-A v— L2:36m
, L1:36m
g @
Pump D;=8cm

Figure 5.2. The piping system in Example 5-1 (adapted from Cengel and Cimbala [2])

The analytical model

Since the fluid at both points A and B are open to the atmosphere, Pa = Pg = Pm. Also,
the fluid velocities at both points are zero (Va = Vg = 0) and, therefore, the energy
equation, Equation (1.20), between these two points simplifies to:

hy=h; +(Z5-2Z,) (5.2
Where h, is the pump head and hy is the total friction loss between the two reservoirs.

Since the pressures at the entrance and exit points of the two pipes are the same, the
friction head losses in the two pipes must be the same:
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hiy =hip =h; (5.2)

The friction head loss in each pipe is given by the Darcy-Weisbach equation:

L, Vv,
hip =1 51% (5.3)
1 20
L, V.2
hfzzsz_zz_2 (5.4)
2 <9

Given the two flow rates Q; and Q, the water velocities in two pipes, V; and V,, can be
calculated from:

Vi=Q /A (5.5)
V,=Q,/ A (5.6)

For steady flow of an incompressible fluid, the total flow-rate given by the pump (Q) is
the summation of the flow-rates in the two parallel pipes (Q; and Q,), i.e.:

Q=Q,+Q, (5.7

Finally, the power of the pump (Wp) is given by the following power equation:

W, =yxQxh,/n (5.8

Where y is the fluid’s specific weight and # is the combined pump-motor efficiency. In
the present case, the pump-power is known to be 8 kW. This can be used to determine
the unknown flow rate (Q) and the pump head (h,) by adopting the following iterative
procedure:

1. Assume the pipe flow rates Q; and Q,

2. Calculate the corresponding velocities V; and V, from Equation (5.5) and
Equation (5.6), respectively.

3. Based on the two velocities, calculate the friction factors and friction head

losses in the two pipes from Equation (5.3) and Equation (5.4), respectively.

Calculate the pump power from Equation (5.8)

Compare the resulting pipe friction losses to each other, Equation (5.2), and

pump power to the specified value of 8 kKW. If the pipe friction losses are

ok
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different or the pump power is not equal to 8 KW, go back to step 1 and repeat
the procedure until the pump power becomes approximately zero.

Cengel and Cimbala [2] determined the friction factors f; and f, from the Colebrook-
White formula. Chapter 4 showed how this implicit equation can be handled within an
iterative solution by using the Newton-Raphson solver provided by Thermax.

Excel implementation

Figure 5.3 shows the Excel sheet developed for this example. The data part, positioned
on the left-side of the sheet, shows the given information about the pump-pipe system
such as the lengths and diameters of the two pipes, density and viscosity of water, pump
efficiency, etc. The calculations part begins at column E with assumed values for the
two pipe flow rates (Q_1 = Q_2 = 0.01 m*/s). Based on these assumed flow rates, the
sheet determines the corresponding velocities in the two pipes (V_1 and V_2), the
Reynolds numbers (Re_1 and Re_2), and the friction factors (f_1 and f_2 ). For a
turbulent flow, the friction factor is obtained from the Colebrook-White formula. The
pipes friction losses, hf_1, and hf_2, are then calculated and the total pump power
(P_pump) is determined from Equation (5.8).

Power - fe | =p*g_*Q_total*(hf_1+{Z_B-Z_A})/n_p/1000

A B c D E F G H | J K L
1
2 L1 36|m a1 0.01 Re_1 158519.6 [power [ 2.73a141)kw
3 D1 0.08|m a2 0.01 Re_2 317039.2
a2 36|m
5 D2 0.04|m 0.02 £ by D_1| 0.000563
6 ZA 5|m £ by D_2| 0.001125
728 13|m Al 0.005027
8 np 0.7 v 1 1.989437 f1 0.019547
3 p 998|kg/m3 f2 0.02106
10 [u 1.00E-03|kg/m.s  [A_2 0.001257
1|e 0.000045|m V2 7.957747 hf 1 1.774383
12]g 9.81|m/s2 hf 2 611772

13

Figure 5.3. Excel sheet for Example 5-1

With the guessed pipe flow rates, Figure 5.3 shows that the pump power is only 2.734
kW, which is considerably less than the required value. Moreover, the values of hy; and
h, are different and, consequently, Equation (5.2) is not satisfied. Solver can now be
used to find the correct values of Q; and Q.. Figure 5.4 shows the required set-up for its
parameters dialog-box. Note that the pump power is specified as the Set Objective and
required to have a value of 8 kW. In this case, Solver will iterate to satisfy the imposed
constraint, which is requirement to satisfy Equation (5.2). The solution found by Solver
with this set-up is shown in Figure 5.5. According to this solution, the flow rates are Q,
=0.0258 m®/s and Q, = 0.00415 m*/s, giving a total pump flow rate of 0.03 m*/s. Table
5.1 compares the present solution with that obtained by Cengel and Cimbala [2]. The
small deviations of the present values confirm the accuracy of the present solution.
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Set Objective:

To: () Max

By Changing Variable Cells:

(@) value OF: g

U]
1}

]
i

SES2:6E43

Subject to the Constraints:

hf_1=hf_2 Add

Change
Delete
Figure 5.4. Solver’s set-up for Example 5-1
- f | =p*g_*Q_total*(hf_1+(z_B-7_A))/n_p/1000
A B c D 3 F G H 1 ] K

1
2 L1 36|m Q1 0.025861 Re_1 409944.7 power | 8.000002]kw
3 D1 0.08|m a2 0.004151 Re_2 131615.1
a2 36|m
5 D2 0.04|m Q_total | 0.030012 £_by_D_1| 0.000563
6 Z_A 5|m £ by D_2| 0.001125
7 78 13|m Al 0.005027
8 np 0.7 V1 5.144347 1 0.018216
9 p 998 |kg/m3 f2 0.02209
10 |u 1.00E-03|kg/m.s  |A_2 0.001257
11 e 0.000045|m v_2 3.303566 hf_1 11.05859
12)g 9.81|m/s2 hf 2 11.05859

Figure 5.5. Solver’s solution for Example 5-1

Table 5.1. Comparison of the solution determined by Solver with their corresponding
values given by Cengel and Cimbala [2]

Parameter | Cengel & Present Deviation
Cimbala [2] | solution (%)

Qi 0.0259 0.025861 -0.151
Q2 0.00415 0.004151 0.024
Re; 410,000 409,944.5 -0.014
Re, 131,600 131,615.3 0.012
f1 0.0182 0.018216 0.088
fa 0.0221 0.02209 -0.045
hy 11.1 11.05861 -0.373
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5.1.2. Type-2 and type-3 flow analyses
The recommended value for water velocity in commercial pipes lies in the range

between 1.4 and 2.8 m/s [3], but Figure 5.5 shows that the velocities in both pipes
exceed the upper limit particularly that in pipe 1. Therefore, the values obtained for the
pipe flow rates are not acceptable for economic considerations even though they are
physically correct based on the given data. Suppose that we decided to replace pipe 2
by a new pipe that has a larger diameter so that the water velocities in the two pipes do
not exceed the economic range while maintaining same total water flow rate. The
following example shows how Solver can be used to solve this type-3 flow problem.

Example 5-2. Determining the economic diameter for a pipe

Pipe 2 in the system shown in Figure 5.2 is to be replaced by a new pipe which is also
36 m long and made of commercial steel. It is required to select the diameter of the new
pipe such that the water velocities in both pipes do not exceed 2.8 m/s. For the same
data given in Example 5-1 for pipe 1, determine the diameter of pipe 2 and the required
pump power for the same total water flow rate of 0.03 m*/s.

Solution
Figure 5.6 shows the Excel sheet developed for this example with minor modifications

to that developed for the previous example. Note that the data part now includes the
total flow rate, which is 0.03 m°/s. Also note that there are now two changing variables
which are Q_1 and D_2 given initial values of 0.01 m®/s and 0.04 m, respectively. The
sheet calculates the velocities, Reynolds numbers, friction factors, and friction head
losses in the two pipes and then determines the pump power (Power).

Power - fe | =p*g_*Q_total*(hf_1+(Z_B-Z_A})/n_p/1000

A B c D E F G H I J K L
1
2 |a_total 0.03|m3/s  |o1 0.01|m3/s  [Re_1 158519.6 [Power [ 4.101211)kw
3 (L1 36|m D2 0.04|m Re 2 634078.4
4 D1 0.08|m
5 L2 36|m 0.02 £ by D_1] 0.000563
6 ZA 5|m £ by _D_2| 0.001125
7 z8 13|m Al 0.005027
8 np 0.7 V1 1.989437 f1 0.019547
3 p 998|kg/m3 f2 0.020651
10 [u 1.00E-03|kg/m.s [ 2 0.001257
11 e 0.000045|m v 2 15.91549 hf 1 1.774383
12 9.81|m/s2 hf 2 239.9489

13

Figure 5.6. Excel sheet for Example 5-2

Note that the initial water velocities in the two pipes are above the recommended value
while hy; # hy,. Solver can be used to find the solution that satisfies the energy equation
while reducing the water velocities in the two pipes to the economic range. Figure 5.7
shows Solver’s parameters dialog box for this task. By leaving the Set Objective slot
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blank, Solver will iterate to satisfy the three imposed constraints. Figure 5.8 shows the
solution determined by Solver with this set-up by using the GRG Nonlinear method.

Set Objective: | £z

T @ Max O i O yalue Of: .

By Changing Variable Cells:
Q_1,D_2

Subject to the Constraints:

V_1<=2.8
V 2<=2.8 =
hf_1=hf_2
Change
Delete

Figure 5.7. Solver set-up for Example 5-2

| - £ | =p*g_*Q_total*(hf_1+(z_B-Z_A)}/n_p/1000
A B c D E F G H 1 ] K L

1

2 [q_total 0.03|m3/s a1 0.012667|m3/s Re_1 200795.2 Power | 4.525542[kw
3 L1 36|m D 2 0.030087|m Re_2 243998.5

4 D1 0.08|m

5 L2 36|m a2 0.017333] £_by_D_1| 0.000563

6 ZA 5|m £ by D 2| 0.0005

7 z8 13|m Al 0.005027

8 np 0.7 V1 2.52 1 0.019126

9 p 998|kg/m3 f2 0.018496

10 |p 1.00E-03|kg/m.s  |A_2 0.006374

1 s 0.000045|m V2 2719334 hf 1 2.785687

12g_ 9.81|m/s2 hf 2 2.785793

13
Figure 5.8. Solver solution for Example 5-2

According to this solution, the diameter of pipe 2 is 9.0 cm at which the water velocities
in the two pipes are V;=2.52 m/s and V,=2.72 m/s. Note that the new diameter for pipe
2 is more than twice its initial diameter of 4 cm. Also note that, due to reduced
velocities in the two pipes, the pump power has reduced to 4.52 kW. Although the
larger diameter increases the pipe’s initial cost, it reduces the overall lifetime cost by
reducing the pump power and the required energy cost.

With the water velocities now within the economic range, the objective of our present
analysis has been achieved. However, the fact that resulting pump power barely
exceeds half its capacity, which is 8 kW, raises another issue of practical concern.
Running the pump at half its full capacity is bound to reduce its efficiency because
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every pump achieves its best efficiency within a certain zone of operating conditions in
terms of flow rate and head. The determination of the operating point for a pump-pipe
system is dealt with in the following section.

5,2. The operating point for a pump-pipe system

The selection of the suitable type and size of a pump for meeting the required fluid flow
rate and delivery pressure depends on the characteristics of both the pipe-system and
the pump. The operating point for a pump-pipe system is the point at which the fluid’s
flow rate and pressure supplied by the pump match the required demand. To minimise
electricity consumption of a pump, its operating point should be within the zone of its
best efficiency. This section deals with the determination of operating point for a single
centrifugal pump connected to a single pipe, to two pipes that branch at the pump’s
discharge, or to a simple branched network that consists of three-pipes.

5.2.1. A centrifugal pump connected to a single pipe

Figure 5.9 shows a centrifugal pump that is connected to a single pipe. The pump
supplies the pressure needed to overcome friction losses through the pipe so as to
maintain the fluid flow.

E:' P_".' CHL
| |

= >

P
Figure 5.9. Pump-pipe system with a single pipe
The pump head h, (in m) is defined as the head of fluid delivered by the pump, i.e.:

hp Z(Pe - Pl)/7/ (5.9)

Where P; and P, are the inlet and exit pressures, respectively, and y is the specific
weight of the fluid. The pump head is not constant for all flow conditions, but depends
on the discharge. The curve that shows the relationship between the pump’s head and
its discharge at a given motor-speed is known as the pump characteristic curve. Figure
5.10 shows a typical characteristic curve for a centrifugal pump. Pump characteristic
curves at different motor speeds are supplied by pump manufacturers or can be
prepared by direct measurement. Figure 5.10 shows that the maximum pump head is
delivered at zero discharge and the head decreases as the discharge is increased. How
much pump head is actually needed to overcome the friction loss (h¢) and circulate the
fluid through the pipe connected to it depends on:
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1. The flow rate of the fluid Q
2. The viscosity of the fluid v (which may depend on the fluid’s temperature)
3. The diameter of the pipe D
4. The length of the pipe L
5. The roughness (&) of the pipe inside surface which depends on its material and
surface finish
60
Pump curve
50 = = = System curve [

\ /
L e ——— va
\,[\

E 30 4
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i
- / .
< Y !
/7 1
20 5 i
/ i
10 e .
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Figure 5.10. The operating point for a centrifugal pump as determined by its
characteristic curve and the system curve

The relationship between the frictional losses through the pipe and the flow rate of the
fluid being transported is called the system curve. The system curve is obtained by
calculating the friction loss h; at different fluid flow rates and plotting it versus Q as
shown in Figure 5.10. As the figure shows, the friction loss is zero at no discharge and
increases as the discharge is increased. The operating point for the pump is that at
which its curve crosses the system curve. At the operating point:

h) =h; o =h +h, (5.10)

Where h; and h refer to the friction head losses in the pipe and the components,
respectively, which are given by Equation (1.21) and Equation (1.29), respectively.

The power of the pump W at any given flow rate Q and pump head h, is given by the
power equation:

W, =h,/n (5.11)
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Where is 5 is the pump efficiency. Although the same pump can be used to meet
different system curves, the pump efficiency reaches its maximum value at a certain
flow rate and a certain head. If we try to operate the pump at load requirements (Q and
h,) which are different those values, then the pump efficiency will drop. Therefore, it is
important to have the operating point of the pump-pipe system as close as possible to
the point of its best-efficiency.

The operating point of a pump-pipe system can be determined graphically by plotting
the pump curve and the system curve on the same graph as shown in Figure 5.10.
However, the point can be determined more accurately by representing the pump curve
by a mathematical relationship between the pump head h, and discharge Q. Using this
h,-Q relationship, together with Equation (5.10), the operation point can be determined
by iteration. The following example illustrates how Excel’s Goal Seek command can be
used to determine the operating point for a pump-pipe system that consists of a single
pump connected to single pipe. The case is given by Suryanarayana and Arici [4].

Example 5-3. Operating point for centrifugal a pump connected to asingle pipe
A centrifugal pump is to supply water at (p = 1000 kg/m®, v = 1.02x10®) through a
single pipe that has the following specifications:

Length, 100 m
Diameter, 2.5 cm
Roughness, 0.046 mm

According to the manufacturer, the characteristic curve of the pump is given by the
following table:

Flow rate (m*/s) | Pump head (m)
0.0 47.24
6.3080E-04 45.11
9.4620E-04 44.2
1.2316E-03 42.67
1.5770E-03 41.15
1.8924E-03 39.62
2.2078E-03 37.19
2.5232E-03 35.05
2.8386E-03 32.00
3.1540E-03 28.96

It is desired to determine the operating point and the required power for the pump while
ignoring component losses.
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The analytical model
Since there are no component losses, the friction head is obtained from Equation (1.21)

after we establish whether the flow is laminar or turbulent from the value of the
Reynolds number. In order to obtain a solution via Goal Seek, the pump head has to be
expressed as a function of the flow rate. From the pump data shown above,
Suryanarayana and Arici [4] obtained the following polynomial:

h, =47.22-2.985x10°Q -1.549x10°Q* — 2.348x10°Q° (5.12)

The sought flow rate (Q) should be such that the calculated friction head loss in the pipe
is equal to pump head as obtained from Equation (5.12). The iterative solution goes as
follows:

Given an initial guess for the discharge, calculate the water velocity (V = Q/A)
Calculate the Reynolds number and the friction factor f

Calculate the corresponding friction loss hs from Equation (1.21)

Determine the pump head from Equation (5.12)

Calculate the difference between the pump head and the friction losses, which
is supposed to be zero at the operating point.

arwdE

It is unlikely that our first guess will be the correct discharge at the operating point.
Therefore, the above procedure has to be repeated by using a new value for the
discharge until the difference between h¢ and h, becomes sufficiently small.

Excel implementation
Figure 5.11 shows the Excel sheet developed for solving this example. The data part of

the sheet shows the data provided for the pipe and the fluid which is water. Figure 5.11
shows how the calculation part of the Excel sheet executes the iterative procedure
described above with an initial guess for the discharge of Q= 1.0x10° m®/s. The figure
shows that there is a difference of 21.51 m between the system head (hf) and the pump
head (h_p).

Q - £ | =hf-hp
A B c D E F G H I ] K L

1 |Fluid water
2 \p 1000|m3/kg  [a i 0.001! hp 23.8453| [ Goal Seck 7 %
3 v 1.02E-05

set cell: =
4 0.000491 [oiff [ orsie3] [ Ha 2
5d 0.025|m Y 2.037183 To value: 0
6 L 100|m [power | a30.1224|w | By changing cell: | <Es2) =
7« 4.60E-05|m Re 49930.96 | [
8 f 0.026295
9 g | asim/sa  |bf 22.33296

=
(=]

Figure 5.11. Excel sheet and Goal Seek set-up for Example 5-3
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Goal Seek can be used to find the value of Q at which the difference between hf and
h_p becomes approximately zero. Figure 5.11 shows Goal Seek set-up for this task and
Figure 5.12 shows the solution obtained by it. As the figure shows, Goal Seek finds the
operating point at Q = 1.395x10° m*/s and h_p = 42.12 m. The corresponding power is
576.29 W. The flow rate is practically the same as that obtained by Suryanarayana and
Arici [4] which is 1.407x10° m®/s.

Ha M Jx | =hf-hp

A B c D E F G H 1 ] K L
1 |Fluid water
2 p 1000|m3/kg  |a | 0.001394769 [np | 42.11818 Goal Seek Status ? X
= v 1.02€-06) Goal Seeking with Cell H4
a A 0.000491 i | -2.96-05 found a solution.
5 |d 0.025|m v 2.841399 T
6 L 100|m [power | 576.2896| current value: -4.87751E-05
7 |e 4.60E-05|m Re 69642.14

Cancel

8 f 0.025588
9 g [ ssim/s2 [nf 42.11813

=
(=]

Figure 5.12. Solution obtained by Goal Seek for Example 5-3

5.2.2. Acentrifugal pump connected to two branching pipes

Figure 5.13 shows a pump that discharges into two branching pipes of different
diameters, lengths, and roughness. It is required to determine the operating point for the
pump and how the pump's discharge will be divided between the two pipes. To simplify
the analysis, it is assumed that the two pipes lie on a horizontal plane and that the two
pipes discharge at the atmospheric pressure. This case is also given by Suryanarayana
and Arici [4].

P1=Patm
Q1, L1, Dy, ¢

Q2, L2, Do, &
Pi = Patm P2= Pam

Figure 5.13. A centrifugal pump connected to two parallel pipes

The analytical model
From the values of the flow rate in pipe 1 (Q,) and in pipe 1 (Q.), the total flow rate (Q)
can be calculated as:

Q= Q1 + Qz (5.13)
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The friction head loss in each pipe can be obtained from Equation (1.21):

L, V2
=L (5.14)
D, 29
2
hip = fziv—z (5.15)
D, 29

Since the pressures at both ends of the two pipes are the same, the friction head losses
in the two pipes must be the same and equal to the pump head, i.e.:

hyy=hg, =h, (5.16)

Excel implementation
Equation (5.16) will be satisfied at the correct values of Q; and Q,, but both flow rates
are unknown and, therefore, the following iterative solution is required:

1. Assume values for Q; and Q,

2. Calculate the total flow rate Q from Equation (5.12)

3. Calculate V; and V, and determine the Reynolds number in the two pipes, Re;
and Re,

4. Determine the friction factors in the two pipes, f; and f,, from the corresponding
Reynolds numbers using Equation (1.24)

5. Determine the friction losses in the two popes, hy; and hy,

6. Determine the pump head h, from the pump curve, e.g., Equation (5.12)

7. 1f hy # hg, or hyy # hy, go back to step 1

After the operating point is determined, the power required by the pump can be
obtained from the power equation as follows:

W, = 0gQh, (5.17)

Alternatively, the pump power can be calculated from the pipes flow rates and friction
losses as follows:

Wp :pg(thfl+Q2hf2) (5.18)

Suryanarayana and Arici [4] analysed the performance of the pump-pipe systems shown
in Figure 5.13 by following a slightly different iterative process. They also adopted a
different formula for the friction factor than Equation (1.24). The data of their example
will be used to demonstrate the procedure for using Excel-Solver in the analysis.



Computer-Aided Thermofluid Analyses Using Excel

Example 5-4. Operating point for a pump with two parallel pipes
A pump-two-pipe system as shown in Figure 5.13 has the following dimensions.

D, = 0.025m L, = 500m £,=15x10°m
D, = 0.05m L, = 1,000m £,=46x10°m

The system carries water (p = 1000 kg/m®, v = 1.02x10®). If the pump has the same
characteristic formula expressed by Equation (5.12), determine the flow rates in the two
branches and the power required by the pump.

The Excel sheet

The Excel sheet developed for this example is shown in Figure 5.14. The data part
contains the data for the two pipes and the transported fluid, which is water. The sheet
shows the calculations based on assumed values of Q, = Q, = 0.001 m/s. The
velocities, Reynolds number, friction factors and friction head losses are calculated on
the basis of these assumed flow rates. With the guessed flow rates, the friction losses in
the tw pipes, hy; and hy,, and the pump head, h,, have three different values. The formula
bar shows the formula in cell M5 that calculates the difference between the head losses
in pipe 1 and the head produced by the pump as 58.066 m. Also, note that Equations
(5.17) and (5.18) give two different values for the pump power in cells M7 and M9.

Diff - fe | =ABS(h_p-hf_1)

A B c D E F G H I ] K L M N
1
2 d1 0.025]d_2 005 laa | o001 [az o001l |ap 0.002]
3 L1 500|L_2 1000
4 [e_1 1.506-05=_2 a.60e-05| [a1 0.000491] [a 2 o.001963] [h p 38.757]
5 E 2037183 [v 2 0.509296|  |Diff 58.06604|
6 p 1000)
7 1.00E-06] Re_1 50929.58| [Re 2 25464.79]  |W_pump | 760.3142| W
8 9.81
9 f1 0.022888| [r 2 0.026694|  |w pipe | 1019.023|w
10 hf 1 96.81804| [t 2 7.057945

=
=

Figure 5.14. Excel sheet developed for Example 5-4

The required flow rates Q; and Q, that satisfy Equation (5.16) can be found by using
Solver. Figure 5.15 shows the set-up for Solver that requires it to find values of Q, and
Q: that reduces the difference between hy; and h, to zero while satisfying the constraint
that the head losses in the two pipes h;; and hy, are equal according to Equation (5.16).
The solution found by the GRG Nonlinear method is shown in Figure 5.16 according to
which the two values of the power required by the pump at the operating point as
determined by Equations (5.17) and (5.18) are the same and equal to 894.04 W. The
flow rates in the two pipes are Q, = 0.000547 m’/s and Q, = 0.002279 m’/s, and h,
=32.24 m. The corresponding values found by Suryanarayana and Arici [4] are Q; =
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0.0005738 m*/s, Q, = 0.002325 m*/s, and h, = 32.85 m. The slight differences can be
attributed to the fact that Suryanarayana and Arici [4] used a different formula for
calculating the friction factor.

Solhver Parameters 4
Set Objective: iff B
To: () Max () Min (®) Value OF: 0

By Changing Variable Cells:
Q1,02 £

Subject to the Constraints:
hf_1=hf_2 Add

Change

Delete

Figure 5.15. Solver set-up for Example 5-4

M fe | =ABS(h_p-hf_1)

A B c D E F G H I 1 K L M N
1
2 da 0.025]d_2 0.0 |a1  [oo00s4a7] [a2 0.002279] |a_p 0.002827]
3 L1 so0|L_2 1000)
4 e 1 1.506-05|z_2 a60E05| [A1 n.cooas1| [a2 0.001963] [n p 32.2428]
5 V1 ruasss|  Jv2 1160913 [oiff 3.01E-06)
6 p 1000)
7 v 1.00E-06 Re_1 27863.98] [Re 2 58045.64]  |w_pump | 894.0446|w
8 g 9.81
9 f1 o0.025a62] [f2 0.023469| W pipe | s34.0464fw
10 hf 1 322428 |[nf2 32.24288

=
=

Figure 5.16. Solver solution for Example 5-4

It should be mentioned that it was necessary in this example to use the automatic-
scaling option of Solver with the GRG Nonlinear method so as to find the solution.
Apparently, this is due to the use of Equation (5.12).

5.2.3. Acentrifugal pump connected to asimple-pipe network
Figure 5.17 shows a pump connected to a simple pipe network that consists of three

pipes meeting at a junction. Some fluid is discharged at the junction J as shown in the
figure which can either be specified or left to be determined by the analysis. For
simplification, the three network pipes are assumed to be in a horizontal plane but they
can have different lengths, diameters, and roughness. The operating point for the pump
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can be determined by simultaneously satisfying the principles of mass and energy
conservation and the pump characteristic curve.

P1=Patm
Q2, L2, D2, &

Q1, L1, Dy, &1 3
1 2
o/
Qs, L3, D3, &3
Ps=P
Pi = Patm 3 atm

Figure 5.17. A centrifugal pump connected to a simple pipe-network

The analytical model
The conservation of mass for a steady-flow of an incompressible fluid gives:

Q =0, +Q; +Q; (5.19)

Where the flow rates Qi, Q,, Qz,and Q; are as shown in Figure 5.17. If three of the flow
rates are specified, the fourth can be calculated from the above equation.

Since the pressures at the inlet of pipe 2 and pipe 3 are the same, and the pressures at
their discharge points are both atmospheric, the energy equation leads to:

hiz =hyg (5.20)

At the operating point, the power required by the pump to balance the friction losses in
the network can be calculated from.

W, = pgQ;h, (5.21)
Alternatively, it can be obtained from:

W, = pg(Qihy; +Qohy, +Qshys) (5.22)
The requirement that the two values of the pump power determined by Equations (5.21)
and (5.22) should be equal provides another constraint on the iterative process besides

Equation (5.20). The following example shows how Solver can be used to solve the
problem.
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Example 5-5. Centrifugal pump connected to a simple-pipe network
The pump-system shown in Figure 5.17 carries water (p = 1000 kg/m®, v = 1x10°®) and

its three pipes have the following dimensions.

D, = 0.05m L, = 500m £,=46x10°m
D, = 0.025m L, = 500m £,=15x10°m
D, =0.03m L, = 500m £3=46x10°m

The network supplies a demand of 0.0002 m®/s at the junction J. If the pump has the
same characteristic formula expressed by Equation (5.12), determine the operating
point and the power required by the pump.

The Excel sheet

The Excel sheet developed for this example is shown in Figure 5.18. The sheet extends
that developed for Example 5-4 by adding the data and the calculations relevant to the
third pipe and the flow rate at the junction (Q_J). The calculations start by guessed
values for Q; = 0.001 m%*s and Q,= 0.0005 m’/s. As the formula bar shows, Qs is
determined from Equation (5.19). The sheet then calculates the velocities, Reynolds
numbers, friction factors and friction losses in the three pipes from the Darcy-Weisbach
equation using the relevant data. At the guessed value of the flow rate (Q = Q,), the
sheet calculates pump power as “W_pump” on the basis of Equation (5.21) and as
“W_pipe” on the basis of Equation (5.22).

W_pipe - Fe | =p*g*(Q_1*hf_1+{Q_2+0_3)*hf 2)
A B c D E F G H I J K L M N 0
1
2 d_1 0.0s] [ax [ oom] [az | oooos] [os n.000s] [ | a3.8153]
3 L1 500
4 e_1 a60e-05]  [a o.001963] [a2 0.000491] [a 3 0.000707]  [w_pump [ 430.1224]w
5 d2 0.025 v 1 0.500208] [v 2 1.018592 E 0.424413
6 |L2 500 [w_pipe | 250.7226)w
7 2 1.50-05 Re 1 24965.48|  |re 2 24965.43 Re 3 12482.74
8 d3 0.03
9 L3 so0|  fra .026791) [f2 0.026021 f3 0.031953
10e_3 4,60E-05 hf 1 3541791  [nf2 27.52033 hf 3 4889218
1 0.0002
12p 1000
13y 1.02E-06
1g 9.1
15

Figure 5.18. Excel sheet developed for Example 5-5

Values of hy, he, hgs, and h, shown in Figure 5.18 indicate that Equation (5.20) is not
satisfied with the guessed flow rates. The two values of the pump power determined by
Equations (5.21) and (5.22), i.e., W_pump and W_pipe, are also different. Solver can be
used in order to find the flow rates that satisfy these two conditions. Figure 5.19 shows
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the set-up that requires Solver to find the values of Q; and Q, that makes the difference
between hs, and hs; diminishes (Equation (5.20)) while making pump power determined
by Equation (5.21), which is W_pump, equal to that determined by Equation (5.22),
which is W_pipe.

Solver Parameters >

L]
i

Set Objective: |

To: () Max ) Min (®) Value Of: 0

By Changing Variable Cells:
Q1,02

L]
i

Subject to the Constraints:

Q2==0Q_1
W_pump = W_pipe Add
hf_2 =hf_3
Change
Delete

Figure 5.19. Solver set-up for Example 5-5

A third constraint has been added that requires Q, < Q; so as to ensure a physically
acceptable solution. By leaving the Set Objective blank, Solver will iterate so as to find
the solution that satisfies the three specified constraints. Figure 5.20 shows the solution
found by Solver with the GRG Nonlinear method with the automatic-scaling option.

M Fe | =p*g*(Q_1*hf_1+(Q_2+Q_3)*hf_2)

A B c D E F G H I ) K L M N
1
2 d1 0.0 a1 |ooomsn| a2 | ocoooss]  [as 0.000892]  |h_p | 40.70285)
3 L1 500
4 e as0e-05]  [a1 0.001963] [a_2 0.000491]  [a3 0.000707]  [w_pump [ 667.3064]w
5 d2 n.o2s| v o.8s1121| vz 1.180799 v_3 1.261339
6 |L2 500 [w_pipe | 667.3065 w
7 [e.2 150605  [Re_1 417226]  [Re_2 289a1.16|  [re_s 37098.21
8 d3 0.03
9 L3 soof  [r1 0.02458a] [ 2 n.o2s276|  [f3 0.026582
103 a60e-05|  [hi1 9.0773%5|  [nf2 359247  |nf3 35.9247
1 0.0002
12)p 1000
13 v 1.02E-06
14g 9.81

Figure 5.20. The solution determined by Solver for Example 5-5

According to this solution, Q, = 0.001671, Q, = 0.00058 and Q; = 0.000892 m’/s.
Judging from the Reynolds numbers in the three pipes, all pipe flows are turbulent. At
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the flow rates obtained for the three pipes, the friction losses in pipe 2 and pipe 3 are
both equal to 35.9247 m, while the total friction head to be provided by the pump is
40.70285 m. As should be the case, both Equations (5.21) and (5.22) determine the
pump power as 667.31 W.

In this example the discharge at the pipes junction has been specified, but it is also
possible to allow it to be determined by Solver. In such a case, there will be three
adjustable cells for the three flow rates, Q,, Q,, and Qs or Q;. Also note that the method
can be applied when the pipes are not on the same horizontal plane.

5.3. Centrifugal pumps in serial and parallel arrange ments
Practical considerations may require the use of two or more smaller pumps instead of a

single large pump. Proper application of the energy equation together with the
continuity equation and the pump characteristic equations also enables the pumps
operating point to be determined. This section shows how Excel and Solver can be used
to determine the operating point for two centrifugal pumps in parallel and in series.

5.3.2. Two centrifugal pumps connected in parallel
Figure 5.21 shows two identical pumps connected in parallel with the characteristic

curves for a single pump and for the two parallel pumps. As Figure 5.21.b shows, the
operating point shifts from point A for a single pump to point B for the two pumps. The
two pumps give a larger flow rate and a higher head compared to the single pump.

Qy Ly Dlg ®

— 2

Q,4 Check valves 4 Q,
O
A

(@) (b)

Figure 5.21. Two centrifugal pumps connected in parallel and their characteristic curve

Example 5-6. Operating point for two pumps in parallel
The pump-pipe system shown in Figure 5.21 carries water at 25°C in a horizontal pipe.

The two pumps are identical and have the characteristic curve given by Equation (5.12).
The length and roughness of the pipe are 100 m and 0.046 mm, respectively. For
economic reasons it is desired to keep the water velocity in the pipe below 2.8 m/s by
selecting a suitable diameter for the pipe. Determine the operating point of the system,
the diameter of the pipe, and the power requirement of the two pumps.
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The analytical model
For a steady flow of an incompressible fluid in the common pipe, mass conservation

leads to:

Q = Q1 + Qz (5-23)

Parallel arrangement of pumps is referred to as “flow-rate additive” [3] because the
combined flow rate in the system is the addition of those of the individuals pump as
indicated by Equation (5.23). For two identical pumps running at the same speed:

Q,=Q,=Q/2 (5.24)

Neglecting the small loss in the pipe joining the two pumps and assuming no losses
within the two pumps, the energy equation applied between points 1 and 2 leads to:

h,,=h_,=h (5.25)

p.1 p.2 p
At the operating point, the friction head loss in the pipe equals the head delivered by
one pump, i.e.:
=h

h, =h (5.26)

pl p.2

The Excel sheet
The data part of the Excel sheet shown in Figure 5.22 gives the length of the main pipe,

but not its diamater. The calculations start with assumed values for flow rate, Q = 0.001
m®/s, and pipe-diameter, d = 0.025 m. Based on these initial values, the water velocity
in the pipe and the corresponding Reynolds number are determined.

H8 - F | =p*g*Q*h_pl
A B C D E F G H I
1 Fluid Water
2 p 1000 Q 0.001] o1 0.0005
3 v 1.02E-06 d 0.025|m Q2 0.0005
4
5 L 100 m A 0.000491 h_p1 45.65943
6 & 4.60E-05 v 2.037183 h p2 45.65943
7
g g 9.81|m/s2  [Re 49930.96| power | 447.913|w
9 f 0.026395
10 hf 22.33296

11
Figure 5.22. Excel sheet developed for Example 5-6 (two pumps in parallel)
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Since the total flow rate is divided equally between the two pumps as stated by
Equation (5.24), the heads delivered by the two pumps, h_pl and h_p2, are equal as
required by Equation (5.25). However, the friction head loss in the main pipe (hf) is not
equal to the head supported by the pumps as required by Equation (5.26). Therefore, the
flow rate, Q, and pipe diameter, d, have to be adjusted to values that satisfy Equation
(5.25) as well as Equation (5.26) together with the condition that V < 2.8 my/s. This can
be done by using Solver and the required set-up is shown in Figure 5.23.

U]
1}

Set Objective:

To: () Max () Min (®) Value OFf: o

By Changing Variable Cells:
Qld

U]
1}

Subiject to the Constraints:

V=28

hf =h_p1 Add
Change
Delete

Figure 5.23. Solver set-up for Example 5-6 (two pumps in parallel)

Figure 5.24 shows the solution found by Solver that satisfied the two constraints.
According to this solution, the flow rate is 0.001 m®/s, the pipe diameter is 0.022 m, and
the power requirement is 467.08 W. Due to the reduced water velocity, the required
power is less than that of the single pump in Example 5-3 even though the pipe
diameter is smaller.

- .fl' =p$g$q$hJ}1

A B £ D E F G H I

1 Fluid Water

2 p 1000, Q 0.001044 o1 0.000522

3 v 1.02E-06 d 0.022083[m Q2 0.000522,

a

5 L 100|m A 0.000383 h_p1 45.58545

6 & 4.60E-05 v 2.727112 h p2 45.58545

7

8 g 9.81|m/s2  [Re 59040.96 power | 45?.0??3J'w
9 f 0.026556

10 hf 45.58547

o
=

Figure 5.24. Solver solution to Example 5-6 (two pumps in parallel)
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5.3.3. Two centrifugal pumps connected in series
Two pumps are connected in series when the outlet of the first pump leads directly to

the inlet of the second one as shown in Figure 5.25.a. As shown in Figure 5.25.b, the
operating point of this arrangement also increases both the system’s head and flow rate
compared to those of a single pump.

A
Q.LD,e o
5 WO pumps
Q One pump B
x
11Q oo >
Q
(@) (b)

Figure 5.25. Two centrifugal pumps connected in series and their characteristic curve

Example 5-7. Operating point for two pumps in series

Two pumps are connected in series to a horizontal pipe that carries water at 25°C. The
characteristic curve for both pumps is expressed by Equation (5.12). The pipe length
and roughness are 100 cm and 0.046 mm, respectively. For economic reasons, it is
desired to keep the velocity in the pipe below 2.8 m/s. Determine diameter of the pipe,
the operating point of the system, and the power requirement of the two pumps.

The analytical model
For steady flow of an incompressible fluid in the system, mass conservation leads to:

Q=Q,=Q, (5.27)

Neglecting the small loss in the pipe joining the two pumps and assuming no losses
within the two pumps, the energy equation reduces to:

hy =hp1+hy, (5.28)
Pumps in series are called "pressure-additive™ [3] because the total pressure in the pipe
system is the addition of those of the individual pumps as indicated by Equation (5.28).
At the operating point, the friction head loss in the pipe equals the head delivered by the
two pumps, i.e.:

he =h, =h, +h_, (5.29)
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Excel sheet
The sheet developed for this example is shown in Figure 5.26. The data and

calculations parts are similar to those in Example 5-6 but, instead of two flow rates in
two pipes, in the present sheet the same flow rate Q passes through both pipes. Given
initial values for the flow rate, Q, and pipe diameter, d, the sheet calculates the velocity
(V), Reynolds number (Re), friction factor and head losses in the two pipes (hf). The
sheet then determines the pumps heads h_pl and h_p2, which are identical in this case.

hp - S| =h_pl+h_p2

A B C D E F G H |

1 |Fluid Water

2 p 1000 Q 0.001 h_p1 43.8453

3 v 1.02E-06) d 0.022|m h_p2 43.8453

a

5 L 100|m A 0.00038) [hp | s?.sgosl
6 = 4.60E-05 v 2.63066

7 [Power | 860.2448|w
g g 9.81|m/s2  [re 56739.73

9 f 0.026668

10 hf 42.75617

Figure 5.26. Excel sheet developed for Example 5-7 (two pumps in series)

Figure 5.26 shows that there is a difference between the pumps' heads and the friction
loss in the pipe which indicates that the guessed values are incorrect. Figure 5.27 shows
the set-up for Solver for finding the values of Q and d that make the friction loss (hf)
equals the pump head (hp) while keeping the velocity below 2.8 m/s. Figure 5.28 shows
the solution obtained by Solver according to which the water flow rate is 0.388 litre per
second, the pipe diameter is 0.013 m, and the pump power is 350.4 kW.

L |
il

Set Objective: |

To () Max () Min (®) Value OF: 0

By Changing Variable Cells:
QJ’d

]
1l

Subject to the Constraints:

Q==0
V=28 Add
hf = $H$2+5HS3
Change
Delete

Figure 5.27. Solver set-up for Example 5-7 (two pumps in series)
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- fe | =h_pl+h_p2

A B c D E F G H I
1 |Fluid Water
2 p 1000 Q 0.000388 h_p1 46.02457
3 v 1.02E-06 d 0.013284|m h_p2 46.02457
4
5 L 100{m A 0.000139 [np [ 92.04913,[
6 & 4.60E-05 v 2.799998
7 [power | 350.4264| W
8 g 9.81m/s2  [Re 36465.97
9 f 0.030601
10 hf 92.04912
11

Figure 5.28. Solver solution for Example 5-7 (two pumps in series)

5.3.4. A comparison of serial and parallel pumps arrangements

Some general remarks on the performance characteristics of multiple pumps when they
are arranged in parallel and in series can be extracted from the results obtained in the
previous sections. Table 5.2 compares the calculated values for the water flow rate, pipe
diameter, water velocity, friction loss, and pump power for the two pumps arranged in
parallel and in series with those of a single pump. The results of shown in Table 5.2 for
the single were obtained by modifying the sheet developed in Example 5-3 so as to
determine the operating point and pipe diameter with the additional restriction that the
pipe velocity does not exceed 2.8 m/s as required for the two pump arrangements. The
solution was found with a similar Solver set-up to that shown in Figure 5.23.

Table 5.2. Operating conditions for a single pump, two pumps in parallel, and two
pumps in series

Arrangement L Q D \Y h, Power

(m) | (Is) | (m) | (mis) | (m) (W)
A single pump 100 | 1.04 | 0.022 | 2.68 | 43.667 | 447.295
Two pumps in parallel 100 | 1.04 | 0.022 | 2.72 | 45.585 | 467.078
Two pumps in parallel (2) 100 | 2.08 | 0.002 | 2.68 | 43.667 | 894.590
Two pumps in series 100 | 0.34 [ 0.013 | 2.80 | 46.025 | 350.426
Two pumps In series (2) 181 | 1.06 [0.022 | 2.80 | 87.168 | 910.168

The figures in Table 5.2 show that two pumps connected in parallel as shown in Figure
5.21give the same flow rate as that of the single pump and do not require the pipe
diameter to be changed. The slight increase in the water velocity lead to a slight
increase in the pump head and, therefore, the required pump power increased from
447.3 W to 467.1 W, i.e., by 4.4 per cent. Since the second pump requires additional
initial and maintenance costs, these results indicate that this pump can only be used as a
stand-bye pump. However, the second pump can be allowed to discharge in a separate
pipe. Table 5.2 shows this option as “Two pumps in parallel (2)”. In this case, the water
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velocity and pump-head will be the same as those of a single pump, but both the water
flow rate and pump power will be doubled.

When the second pump is connected in series, the water flow rate dropped from 1.04 to
only 0.34 litres per second and the required pipe diameter dropped from 22 cm to 13
cm. Although the pump-head increased by 5.4 per cent, the required pump power
dropped by more that 21 per cent due to the reduced flow rate in the pipe. These results
indicate that the two pumps are underutilised with this arrangement under the specified
conditions. A more logical use for this pump arrangement is to keep the diameter of
pipe unchanged but allow the length of the pipe to increase. A separate Excel sheet was
developed for this scenario and its results with the imposed upper limit for the water
velocity are shown in Table 5.2 as “Two pumps in series (2)”. As the figures show, the
pipe length in this case can be increased to 181 m with a slightly higher water flow rate.
However, both the pump head and power will be almost doubled.

5.4. Closure

This chapter presented hydraulic analyses of multi-pipe and pump-pipe systems that
require iterative solutions for simultaneously satisfying the continuity equation and the
energy equation. The analyses that involved a single variable were solved by using
Goal Seek, while the analyses dealing with multiple changing cells were solved by
using Solver. All the analyses in this chapter applied the GRG Nonlinear method of
Solver and required less than 5 iterations. Determining the operating point for a pump-
pipe system by using the third-order pump curve formula in Equation (5.12) required
the automatic-scaling feature of Solver to be used. In general, iterative solutions with
the GRG Nonlinear method may also require using the multi-start option.
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Exercises

1. Water at 20°C (p = 998 kg/m® and x = 1.002x10® kg/m-s) is to be pumped from
reservoir A (Z, = 2 m) to reservoir B (Zz = 9 m) through two 25-m-long pipes
connected in parallel as shown in Figure 5.P1. The diameters of the two pipes are 3
cm and 5 cm. The motor—pump unit draws 7 kW of electric power during operation
at 68% efficiency. The minor losses and the head loss in the pipes that connect the
parallel pipes to the two reservoirs can be considered to be negligible.
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Reservoir B
z,= 9m

| E—

3cm
Reservoir A
In=2m ————— |
|! ‘ 5¢m

Pump

Figure 5.P1. Schematic for problem 5.1

Modify Excel sheet developed for Example 5-1 and use Solver to determine the
total flow rate between the reservoirs and the flow rates through each of the parallel
pipes for (a) plastic pipes, (b) commercial-steel pipes, and (c) cast-iron pipes.
This exercise is based on Problem 8-68 in Cengel and Cimbala [2].

2. A certain part of cast iron piping of a water distribution system involves a parallel
section as shown in Figure 5.P2. Both pipes have a diameter of 30 cm and the flow
is fully turbulent. One of the branches (pipe A) is 1000 m long, while the other
branch (pipe B) is 3000 m long. The flow rate through pipe A is 0.4 m*/s and the
water temperature is 15°C (p = 999.1 kg/m® and x = 1.138x10°® kg/m:-s).

1000 m

3000 m

Figure 5.P2. Schematic for problem 5.2

Disregarding minor losses, develop an Excel sheet for analysing the system and use
Solver to determine the flow rate through pipe B. Use the Swamee-Jain formula for
the friction factor. This exercise is based on Problem 8-82 in Cengel and Cimbala
[2]. Answer: 0.231 m®/s.
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3. Figure 5.P3 shows a pipeline that transports oil at 40°C (p = 876 kg/m® and x =
0.2177 kg/m-s) at a rate of 3 m*/s. The pipeline branches out into two parallel pipes
made of commercial steel that reconnect downstream. Pipe A is 500 m long and has
a diameter of 30 cm while pipe B is 800 m long and has a diameter of 45 cm. The
minor losses are considered to be negligible. Develop an Excel sheet to determine
the flow rate through each of the parallel pipes. This exercise is based on Problem
8-123 in Cengel and Cimbala [2]. Solution: Qa =0.91 m’/s, Qg = 2.09 m*/s.

500 m

// 30 cm \\

Oil

3m’/s

45 cm

™ 7

B 800 m
Figure 5.P3. Schematic for problem 5.3

4. The parallel galvanized-iron pipe system of Figure 5.P4 delivers gasoline at 20°C
(p = 680 kg/m’ and = 2.9x10™ kg/m-s) with a total flow rate of 0.036 m®/s. If the
pump is wide open and not running, with a loss coefficient K =1.5, determine: (a)
the flow rate in each pipe and (b) the overall pressure drop.

A 60 m
( o )
Gasoline 0.036 m’/s
— PUMp >
4cm O
\ B 55 m /

Figure 5.P4. Schematic for problem 5.4

This exercise is based on Problem 6-113 in White [1].
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5. Solve Problem 5.4 with the following modification. Let the pump be running and
delivering 45 kW to the flow in pipe 2. The fluid is gasoline at 20°C (p = 680 kg/m®

and u = 2.9x10" kg/m-s). Determine (a) the flow rate in each pipe and (b) the
overall pressure drop. This exercise is based on Problem 6-114 in White [1].

6. For the piping system shown in Figure 5.P6, all pipes are made of concrete with a
roughness of 0.1 cm. Neglecting minor losses, compute the overall pressure drop p;
- p, in kPa if Q = 0.54 m%/s. The fluid is water at 20°C (p = 998 kg/m® and u =
1.002x10° kg/m-s). This exercise is based on Problem 6-118 in White [1].

D=20cm,L=450 m

D= 30 cm, L= 300 m 054 m'/s

Q— — —

L=250 m
D=37.5cm,L=360 m

Figure 5.P6. Schematic for problem 5.6

7. Modify Problem 5.6 as follows: Let the pressure drop p; - p. be 650 kPa.
Neglecting minor losses, determine the flow rate in m*/h.

8. Figure 5.P8 shows two commercial-steel pipes connected in parallel at points A and
B. The pipe system transports water at 15°C at a flow rate (Q) of 1.2 m*/s. The
length and diameter of pipe 1 are 1000 m and 50 cm, respectively. The length of
pipe 2 is 1500 m. It is required to determine the diameter of pipe 2 such that the

total pumping power (Wp) does not exceed 5 kW.

@ _s@

Q= Do |
A B

Figure 5.P8. Two pipes connected in parallel
Solve the problem by determining the friction factor (f) from the following options:
(a) Using a constant value for f = 0.015 (Answer: D, = 33 cm).

(b) Using the Swamee-Jain formula for the friction factor.
(c) Using the Colebrook-White formula for the friction factor.
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Using the pump characteristic curve given by Equation (5.12) and the Colebrook-
White formula, develop an Excel sheet to determine the operating point for the
pump-pipe system described in Example 5-1.

Figure 5.P10 shows three pumps connected in parallel to a horizontal 100-m-long
commercial-steel pipe that carries water at 25°C. The three pumps are identical and
their characteristic curve is given by Equation (5.12). For economic reasons it is
desired to keep the water velocity in the common pipe below 2.8 m/s by selecting a
suitable diameter for the pipe. Minor losses can be neglected. Use Excel and Solver
to determine the operating point of the system, the diameter of the common pipe,
and the power requirement of the three pumps.

b Q,L,D,¢

1 3 1+ Q. +Q;

4 2 + Q

o !
Figure 5.P10. Three centrifugal pumps connected in parallel

Figure 5.P11 shows three pumps connected in series to a horizontal commercial-
steel pipe that has a diameter of 22 cmand carries water at 25°C. The characteristic
curve for the three identical pumps is expressed by Equation (5.12). For economic
reasons, it is desired to keep the velocity in the common pipe below 2.8 m/s. Minor
losses can be neglected. Determine length of the common the pipe, the operating
point of the system, and the power requirement of the three pumps.

Q1 La Dag

Figure 5.P11. Three centrifugal pumps connected in series



Computer-Aided Thermofluid Analyses Using Excel

Hydraulic analyses of pipe networks
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Hydraulic analyses of pipe-network are based on the same principles applied in the
previous chapter for analysing multi-pipe systems; which are the two principles of mass
and energy conservation coupled with auxiliary formulae for determining the pipe
friction. However, pipe-network analyses are more challenging because they involve
more continuity equations and energy constraints to be simultaneously satisfied.
Therefore, the analyses of practical pipe-networks require computer-aided numerical
methods such as the Hardy-Cross method. Before introducing the Excel-aided method
for pipe-network analyses, this chapter illustrates the limitation of mathematical
analysis of looped pipe-networks by considering a simple network with three pipes. The
chapter then presents the Excel-aided methodology that uses Solver to deal with the
analyses of looped, branched, and mixed pipe networks.

6.1. The methodology of looped pipe-network analysis

Figure 6.1 shows two types of pipe network arrangements: (a) looped networks and (b)
branched networks. The flow in the pipe network can be driven by the effect of gravity
or by a motor-pump system. The connection points, called nodes, can be sources
(supply points), sinks (demand or load points), or just junctions. The looped network in
Figure 6.1.a has two sources, which are the reservoirs A and B, and six load points. The
branched network in Figure 6.1.b has a single source, which is the pump A, and six load
points. According to the notation scheme used in Figure 6.1, a single letter refers to a
location or a pipe junction, e.g., A, B, etc., two letters refer to a pipe, e.g., AB, BC, etc.,
whereas numbers refer to pipe loops, e.g. loop 1, loop 2, etc.

NS
=\,

c F\ i G
< > D
\L Loop 1 l\ E /1
— E C D
Loop 2 Loop 3 B
. H
<t .
GV -
@ (b)

Figure 6.1. Pipe network arrangements: (a) looped and (b) branches networks

In a typical hydraulic analysis, the flow rates at the sources and outlets are given
together with the lengths, diameters, and roughness of the pipes and the requirement is
to determine the flow rates and pressure levels at the different nodes.
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The analytical model for a looped network

In order to analyse the looped pipe network shown in Figure 6.1.a that has eight pipes,
eight independent equations have to be formed from mass and energy balances. The
continuity equation can be applied at two levels; (i) to the whole pipe network, and (ii)
to any junction (node) in the network. Applied to the whole network shown in Figure
6.1.a for a steady flow of an incompressible fluid, the continuity equation leads to:

Qa+Qe=Qc+Qp+ Qe+ Qe+ Qs+ Qny (6.1)

Applied to any junction in the network, the continuity equation requires the algebraic
sum of all the flow rates meeting at the junction to be zero. For example, at junction C
the equation becomes:

Qc =Qac - Qcp - Qce - Qcr (6.2)

Application of the continuity equation at the six nodes in the network shown in Figure
6.1.a leads to five (number of nodes minus 1) independent linear equations. The
remaining three equations have to be obtained from the energy equation.

The general form of the energy equation, Equation (1.20), does not only account for the
friction losses in the pipes, but also for the differences in elevations between the end
points. However, for simplicity we will assume here that all pipes of the network under
consideration are on the same horizontal plane. A special form of the energy equation
can be written for a closed loop in which point B in the equation coincides with point
A. In this case, the algebraic sum of the head losses in all the pipes forming a closed
loop is balanced by any heads generated by inline booster pumps in the loop, i.e.,

2he =2 h (6.3)

Where M is the number of pipes forming the closed loop, N is the number of booster
pumps in the loop, hy is the head loss in each pipe (including the minor losses), and hp is
the head produced by a booster pump. When there is no booster pump within the loop,
Equation (6.3) reduces to:

Y hi =0 (6.4)

1

Friction loss in a pipe (hs) can be determined by using the Darcy-Weisbach equation or
the Hazen-Williams equation for pipes carrying water. Since we cannot be certain about
the flow directions in the network pipes in advance, we have to assume them. The flow
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directions of pipes CD, CE and CF in Figure 6.1.a are assumed directions. The true
directions can only be confirmed after the analysis is done.

Applying Equation (6.4) to the three loops in the network provides the three (equal to
the number of loops) additional equations needed to solve the problem. The solution of
the eight equations should give the unknown values and directions of the flow rates in
the eight pipes of the network. A positive flow value means that the assumed direction
is correct and a negative value means that it has to be reversed. The following example
illustrates the limitation of mathematical pipe-network analyses by considering a simple
network that consists of only three pipes forming a single loop.

Example 6-1. Mathe matical analysis of a simple looped pipe network

Figure 6.2 shows a pipe network that distributes water from a single source to two
consumption points as shown in the figure. The friction factor for all three pipes can be
taken as 0.025. Find the flow rates in the three pipes.

/ A B
100 L/s == >
L=200m 60 L/s
D=0.2m
L=400m
D=0.15m L=600m
D=0.1m
C
40 L/s

Figure 6.2. Pipe network in Example 6-1

Solution

For this simple network, there are only two possible flow arrangements depending on
the flow direction in pipe BC as shown in Figures 6.3.a and 6.3.b. Since there are only
three flow rates that have to be determined, three independent equations are needed to
solve the problem. For this simple network, let us refer to pipe AB by pipe 1, pipe BC
by pipe 2, and pipe AC by pipe 3. Starting with the arrangement shown in Figure 6.3.a,
mass conservation leads to the following two equations:

Q,=Q, ~60 (6.5)

Q; =100-Q, (6.6)
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A Q B A Q B
100 L 1 > 100 L./SZ; 1 ~ g
60 L/s 60 L/s

Q

Q3 Q3 2
C C
40 L/s 40 L/s

(@) (b)

Figure 6.3. The two possible flow arrangements in the simple network
The third equation can be obtained by applying the energy equation (Equation (6.4)).
hiy+h;,—h;3=0 (6.7)
Equation (6.7) applies the sign convention that the two clockwise flows in pipes 1 and 2

are positive, while the counter clockwise flow in pipe 3 is negative. Using Equation
(1.21) and substituting for V by Q/A, the equation becomes:

L, Qf L, Q L, Qf
f, =L 12_+f2_2 22_ s 32: (6.8)
D, 29A D, 2gA; D3 2gA;
This equation can be put in the following simpler form:
K,QF +K,QF —K,Q5 =0 (6.9)
Where,
L 1
K, =f =~ 6.10
"D, 2gA] ¢
L 1
K,=f, =%—— 6.11
LT STTY (6.11)
Ky=f, 2t (6.12)
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Now, substituting for Q, and Qs from Equations (6.5) and (6.6), Equation (6.9)
becomes:

K,Q? + K, (Q, —60)* —K;(100-Q,)* =0 (6.13)

Expanding and rearranging Equation (6.13) leads to:

aQ? +bQ, +¢c=0 (6.14)
Where:

a=(K, +K, —K;) (6.15)
b=—(120K, — 200K, ) (6.16)
c=60?K, —100°K, (6.17)

Equation (6.14) is a quadratic equation that can be solved for Q; once the numeric
values of K;, K,, and K; are provided. There are two solutions for the quadratic
equation, which are given by:

Ql:—bi\/b2—4ac (6.19)

2a

Where a = 114350.4, b = -1.3x10’, and ¢ = 3.37x10°. Substituting for a, b, and ¢ in
Equation (6.18) gives the following solutions:

First solution: Q; =66.99 I/s, Q, =6.99 I/s,and Q; =33.0l/s
Second solution: Q; =44.04 I/s, Q, =-15.96 I/s and Q; = 55.96 I/s

The second solution, which leads to a negative value for Q,, cannot be accepted because
it either means that the magnitude of Q, is negative, which is physically meaningless, or
its direction is reversed, which goes against our initial assumption embedded in the
formation of Equation (6.7). Trying to solve the problem by adopting the flow
arrangement shown in Figure 6.3.b, i.e., by assuming that the flow in pipe BC goes in
the opposite direction, leads to values of the flow rates in the pipes as complex
numbers, which is also a physically unacceptable solution. Therefore, the only
acceptable solution is the first solution shown above.

The pipe-network considered in this example could be analysed mathematically
because of its simplicity and because of using constant values for the friction factors in
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Equations (6.10) — (6.12). In general, the friction factor depends on the Reynolds
number and, therefore, on the unknown pipe flow rate. Therefore, the complex practical
pipe networks have to be analysed by using computer-aided methods [1]. In this
respect, the earliest and mostly used method for the analysis of looped pipe-networks is
the Hardy-Cross (H-C) method described in Appendix C. The following section
presents an Excel-aided method for pipe-network analyses that is more general than the
H-C method because it can be used for both looped and branching networks [2, 3].

6.2. Analyses of looped pipe-networks with Excel-Solver

This method utilises the multi-variable iterative capability of Solver that can take into
consideration multiple constraints on the iterative process. The following example,
which is based on Example 5-2 in Nalluri and Feather [4], demonstrates the method.

Example 6-2. Analysis of a two-loop network by Excel-Solver
Figure 6.4 shows a network that consists of two pipe loops with one source and five

discharge (load) junctions. The valve in pipe BC is partially closed, which produces a
local head loss of 10.0 V?/2g. Table 6.1. gives the lengths and diameters of each pipes.
The roughness of all pipes is 0.06 mm. Determine the water flows in the network pipes.

A ﬂ B c
200 L/s == M —
Valve
D
E
F
v

Figure 6.4. The two-loop pipe network of Example 6-2

Table 6.1. Pipes’ lengths and diameters
Pipe AB | BC CD | DE EF AF BE
Length (m) 500 | 400 | 200 | 400 | 600 | 300 | 200
Diameter (mm) 250 | 150 [ 100 | 150 | 200 | 250 | 150

The analytical model

The Excel-aided solution procedure starts with guessed values for selected pipe flows.
The remaining pipe flows are then calculated by Excel such that they satisfy the
continuity equation. Since these initial flows are unlikely to satisfy the energy equation,
Solver is used to adjust the guessed pipe flow rates so that the energy equations are
satisfied for all the network loops while Excel recalculates the remaining pipe flows to
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ensure that the nodal continuity equations are simultaneously satisfied. We need to
guess the flow rate in only one pipe in each loop since the flows in the other pipes can
be determined from the continuity equations. Let us guess the magnitude and direction
of flow rate in pipe AB (loop 1) and pipe BC (loop 2) and calculate the flow rates in the
other pipes in the network by applying mass conservation at the nodes (junctions).
Accordingly, the flow rates in the other pipes are determined as follows:

Loop 1.

Qee =(Qus ~ Qs —Qec) (6.19)
ar =—(Qn—Qps) (6.20)

Qer =—(Qur —Q¢) (6.21)

Loop 2:

Qcp =(Qec —Qc) (6.22)

Qse = Qs — Q5 —Quc) (6.23)

Qpe =—(Qp —Qcp) (6.24)

Figure 6.5 shows the initial flows in the network for assumed values: QAz=120 I/s and
Qsc =50 I/s. Your initial flows can be different from those shown in the figure provided
that they satisfy the nodal continuity equations. The final solution may change the
initial pipe flows in both magnitude and direction.

60
200 A 120 ﬂ B g 0 C
— > A > —> 40

80 Y /
> D
F 40 30

40 1

S
&

Figure 6.5. Initial flows and sign convention for the pipe network of Example 6-2
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The second step in the procedure is to calculate the friction loss in each pipe of the
network and calculate the net friction loss in each loop according to the assumed flow
direction in the relevant pipes. In the present analyses, the friction losses in all the pipes
are calculated using the Darcy-Weisbach equation, Equation (1.21). However, for pipe
BC, the equation is modified to allow for the loss in the valve as follows:

2 2
h o= f=Y 410" (6.25)
’ D 2g 29

More likely the energy equation, Equation (6.4), will not be satisfied by using the
initially guessed flows. To satisfy the energy equation, Solver will be used to adjust the
flow rates in pipes AB and BC so as to satisfy the following constraints on the iterative
process:

‘hfyAB+hf’BE—hf1EF _hf,AF‘Sg Loop 1 (6.26)
‘hf,BC +hico =N e _hf,BE‘S‘g Loop 2 (6.27)
Where | | refers to the absolute value and « is a prescribed positive tolerance that is
acceptably small.

By using the absolute value of the error, the positive direction for friction doesn’t have
to be the same for all the loops, i.e., it can be clockwise or anti-clockwise for different
loops. The absolute value also takes into consideration that the flow may not be in the
suggested direction or may change its direction during the solution process. Also note
that only the flow rates in pipes AB and BC need to be adjusted by Solver since the
other pipe flow rates are adjusted automatically by applying Equations (6.19) to (6.24)
in the main Excel sheet.

Excel implementation

Figure 6.6 show the Excel sheet developed for applying the Excel-aided method for
solving this example. The problems data (pipe lengths and diameters, roughness factor,
and water viscosity) are shown at the left part of the sheet. The two values for the flow
rates in pipe AB (Q_AB) and pipe BC (Q_BC) are guessed values while the flow rates
in the other pipes (Q_CD — Q_BE) are calculated according to Equations (6.19) to
(6.24). The sheet then calculates the velocity (Q/A) and Reynolds number (Re) for each
pipe. Based on these values, the sheet determines the friction factor (f) and friction loss
(hf) in the pipes. Finally, the sheet calculates the balance of friction losses in the two
loops as required by Equations (6.26) and (6.27). The formula bar shows how the
balance of friction losses in loop 1 is calculated according to Equation (6.26).
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012 - fe | =ABS(SIGN(Q_BC)*hf_BC+SIGN(Q_CD)*hf_CD-SIGN(Q_BE)*hf_BE-SIGN{Q_DE)*hf_D
A B cC |D| E F |G| H 1 J K L M N o P
1 |Pipe L(m)  D{m) Q \i Re g/d f hf
2 AB 500 0.25| |Q_AB 0.12| | 2.44462| 555535.4 0.00024| 0.015747] |hf AB | 9.59308
3 BC 400| 0.5 [Q_BC 0.05| | 2.82942| 385830.2 0.0004| 0.017399| |hf _BC | 23.0119
4 |CD 200 0.1] |a_cp 0.01] | 1.27324| 115749 0.0006| 0.020489| |hf CD | 3.38586
5 |DE 00| 0.5 |Q_DE 0.02| | 1.13177| 154332.1 0.0004| 0.018905| |hf DE | 3.29122]
6 |EF 600 0.2| |Q_EF 0.04] | 1.27324| 2314398.1 0.0003| 0.017506| |hf EF | 4.33348|
7 |AF 300 0.25| |Q_AF 0.08| | 1.62975| 370337 0.00024| 0.016284] |hf AF | 2.64539
8 |BE 200 0.15] |Q_BE 0.01] | 0.56588| 77166.03 0.0004| 0.020739| |hf BE | 0.45132]
9
10 e 0.00006| I hf
11 visc | 1.10E-06 Loop 1
12 gc 9.81 Loop 2 | 22.6553 ]

13
Figure 6.6. Excel sheet developed for Example 6-2

Figure 6.6 shows that the imbalances in friction losses in the two loops with the initially
guessed flows are not small. Solver can now be used to find the values of Qag and Qgc
that make the friction imbalances in the two loops become less than a specified value.
Figure 6.7 shows the required set-up for this task.

]
il

Set Objective:

To: () Max () Min

By Changing Variable Cells:
SF82:8FS3

Subject to the Constraints:

£0811 <=10.1

50812 ==10.1 Add
Change
Delete

Figure 6.7. Solver set-up for Example 6-2

With this set-up the friction balances in the two loops should be below 0.1. The sheet
automatically calculates the unknown flow rates by satisfying the continuity equations.
Figure 6.8 shows the solution found by Solver. Note that the imbalances in friction
losses in the two loops have been reduced to 0.1 or less. As shown in Table 6.2,
Solver’s solution shown in Figure 6.8 agrees closely with that given by Nalluri and
Feather [4]. The following example applies the method to a pipe-network with three
loops which was used by Benjamin [5] to illustrate the Hardy-Cross method. His
solution will be used to verify the solution with Excel-Solver.
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~ fe | =ABS(SIGN(Q_BC)*hf_BC+SIGN(Q_CD)*hf_CD-SIGN{Q_BE)*hf_BE-SIGN(Q_DE)*hf D
A B c |po] E F || n 1 1| K L M N 0 P
1 |Pipe L(m) D{m) Q v Re g/d f hf
2 |aB soo| o0.25| [a aB | o.1135| [2.27212] s518391.2] | 0.00024] 0.015834] |hf AR | 8.33265
3 |BC a00] o0a1s| [a Bc | o.035| [1.97986| 2699807 0.0004| 0.017882| |[nf BC | 11.5248
a cp 2000 01| |a co | -0.00s| | -0.6383] s8025.17 0.0006| 0.022427] |nf cD | 0.93137
5 DE a00] o0a15| [o pe | o.035| [198133] 2701815 0.0004| 0.017821| |[nf DE | 9.54047
6 EF 600 02| |o EF | o.048s| | 1.54277] 280503.4 0.0003| 0.01717] |nf EF | 6.2487
7 |AF 300 0.25| | AF | c.08ss| [ 1.80225] 409601.2] | 0.00024] 0.016138] |nf aF | 3.2050
g8 |BE 200 0.15| [a e | c.0165 |o0.93628] 127675.1 0.0004| 0.019338| |[nf BE | 1.15205
9
10 | 0.00006 Ehf
11 lvisc | 1.10E-06 Loop 1
12 [gc 9.81] Loop 2 [ 0.09912]
12

Figure 6.8. Solver solution for Example 6-2

Table 6.2. Verification of the solution obtained by the Excel-Solver method

Pipe Nalluri and Feather [4] Excel-Solver
AB 0.11152 0.1115
BC 0.03505 0.0350
CD 0.00495 0.0050
DE 0.03495 0.0350
EF 0.04848 0.0485
AF 0.08848 0.0885
BE 0.01648 0.0165

Example 6-3. Analysis of a three-loop network by Excel-Solver

Determine the flow rates in all the pipes in the network shown in Figure 6.9 according
to the data given in Table 6.3. If the pressure head at point A is 40 m, find the pressure
head at D (which might represent a fire-demand, for example).

XGO L/s
B

A

ﬁ 30 L/s

D

15 LIS/F G H B s

Figure 6.9. Pipe-network for Example 6-3
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Table 6.3. Pipes’ lengths and diameters

Length Diameter Length | Diameter
Pipe | (m) (m) Pipe | (m) (m)
AB 250 0.3 | DG 100 0.25
BE 100 0.2 | FG 125 0.15
DE 125 02| CF 100 0.1
CD 125 0.2 | EH 100 0.25
AC 100 0.15| GH 125 0.1

The analytical model

Following the procedure described above, the flow rate in one pipe in each loop is
guessed and the flow rates in the other pipes are obtained from relevant mass balance
equations. Figure 6.10 shows the initially assumed values and directions of the flows.

60 L/s
10 L/s
'_!\ B

A —

50 L/s @ D 30 @ 10 LJs
c %s . /11\,%/5 .
ous]] @ L1ous@ Lous
5L/s 15 L/s

F G H
15 Us/ —) — \15 Lis

Figure 6.10. Pipe-network for Example 6-3 with initial flows

The flows in pipes AB, CD, and DE are guessed and those in the other seven pipes are
determined as follows:

Qge =Que (6.28)
Qac =Qa —Que (6.29)

Qos =Qpe +Qcp —Qp (6.30)
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Qrs =Qcr — Q¢ (6.31)
Qcr =Qac —Qcp (6.32)
Qen =Qpe — Qe (6.33)
Qon =Qn — Qen (6.34)

The three loops in the network provide the following energy constraints:

he as + Nt e +N¢pg —Ngac —Nfcp =0 Loop 1 (6.35)
i co +hf’DGg —hi e —h; s =0 Loop 2 (6.36)
—h¢oe +heen —Nipg —heen =0 Loop 3 (6.37)

Excel implementation

Figure 6.11 shows the Excel sheet developed for this example. The (coloured) flow
rates for pipes AB, DE, and CD are guessed flow rates. The flow rates for the other
seven pipes are determined according to Equation (6.28) to (6.34). Based on the
guessed flow rates, the sheet calculates the Reynolds number (Re), friction factor (f),
and friction loss (hf) in each pipe. Figure 6.11 shows that the guessed flow rates do not
satisfy the requirements of the energy equations, Equations (6.35), (6.36), and (6.37).

M13 - F- | =ABS(SIGN(Q_AB)*hf_AB+SIGN(Q_BE)*hf_BE+SIGN([Q_DE)*hf_DE-(SIGN{Q_AC)*hf_AC+SIGN[Q_CD)*hf_CD))
A B C D B F G H 1 J K L M N

1 Pipe L{m) D{m) Q v Re ks/d f hf

2 LAB 250 0.3 Q_AB 0.01 0.1414711| 42441.318( 0.0008333| 0.0242748] hf AB 0.0206353

3 |LBE 100 0.2] Q_BE 0.01) 1.2732385| 127323.95 0.0025| 0.0262635 hf BE 2.1700691

4 L DE 125 0.2 Q _DE 0.01| 0.3183099| 63661.977 0.00125| 0.0241957] hf DE 0.0780944

5 |[LCD 125 0.2 Q_CD 0.03| 0.9549257| 190935.93 0.00125| 0.0221798] hf CD 0.6442906

6 L AC 100 0.15 Q_AC 0.05| 1.5915454| 318309.89 0.00125| 0.0216733 hf AC 1.3993801

7 LDG 100 0.25 Q_DG 0.01) 0.5658842| B4882.636| 0.0016667| 0.0247234 hf_DG 0.2690127

8 LFG 125 0.15 Q_FG 0.005) 0.1018592| 25464.791 0.001| 0.0268805| hf FG 0.0071074

9 LCF 100 0.1 Q_CF 0.02 1.1317685| 169765.27| 0.0016667| 0.0236781 hf CF 1.0305564

10 |L_EH 100 0.25 Q_EH 0 0 0 0.0025 0l hf_EH 0]

11 |L GH 125 0.1] Q_GH 0.015) 0.3055775| 76394.373 0.001] 0.0229613 hf GH 0.05464]

12 Zhf

13 | 0.00025 Loop 1 0.2251281

14 |visc 1.00E-06| Loop 2 0.1243605

15 gc 9.81 Loop 3 0.4017471

16

Figure 6.11. Excel sheet for Example 6-3

Solver can now be used to adjust the three guessed flow rates in pipes AB, DE, and CD
until Equations (6.35) to (6.37) are satisfied and Figure 6.12 shows Solver set-up for
this problem.



Mohamed M. EI-Awad (UTAS)

Set Objective:

Tao:

By Changing Variable Cells:

() Max

Q_AB,&F54:8F45

Subject to the Constraints:

(1 Min (@) Value Of:

EM514 <=0.01
M513 <=0.01
SM515 <=0.01

Change

Delete

Figure 6.12. Solver set-up for Example 6-3

]
il

Note that Solver is only required to adjust the flow in the three pipes with the guessed
flows to satisfy the constraints that represent the three energy equations. Figure 6.13
shows the final result obtained by Solver. Table 6.4 compares this result with that given

by Benjamin [5] and proves their proximity to the Hardy-Cross solution.

- Je =ABS(SIGN(Q_AB)*hf_AB+SIGN(Q_BE)*hf_BE+SIGN{Q_DE)*hf_DE-{SIGN(Q_AC)*hf_AC+SIGN(Q_CD)*hf_CD))
A B C E F G H 1 J K L M N
1 Pipe L{m) D(m) Q v Re ks/d f hf
2 LAB 250 0.3 Q_AB 0.0097835| 0.1384078| 41522.352| 0.0008333| 0.0243576) hf_AB 0.0198187]
3 LBE 100 0.7} 0_BE 0.0097835] 1.2456706] 124567.06]  0.0025] 0.0262896] hf BE 2.0791769
4 LDE 125 0.2} Q_DE 0.0064912[ 0.2066203| 41324.051]  0.00125] 0.0255051] hf_DE 0.034686]
5 LCD 125 0.2} Q o 0.0315883| 1.0054882| 201097.63]  0.00125] 0.0221195 hf CD 0.7123784]
6 [LAC 100 0.15 Q_AC 0.0502165| 1.5984417| 319688.34]  0.00125] 0.0216743] hf_AC 1.4113032
7 LDG 100 0.25 0_DG 0.0080795| 0.4572067 68581| 0.0016667| 0.0251695 hf DG 0.1787763
8 LFG 125 0.15 Q_FG 0.0036282| 0.0739128( 18478.191 0.001] 0.0285602 hf_FG 0.0039762)
9 [LCF 100 0.1} Q_CF 0.0186282| 1.0541396] 158120.94] 0.0016667] 0.0237614] hf CF 0.8971783
10 L EH 100 0.25 Q_EH 0.0032923] 0.4191895| 41918.954]  0.0025] 0.0283504] hf_EH 0.2539108)
11 L GH 125 0.1} a_GH 0.0117077| 0.2385072| 59626.791 0.001| 0.0236349 hf GH 0.03426332)
12 Thf
13 & 0.00025 Loop 1 0.01]
14 visc 1.00E-06) Loop 2 0.0099998|
15 gc .81 Loop 3 0.0061851]
16

Figure 6.13. Solver solution for Example 6-3

Table 6.4. Verification of Solver’s solution for the pipe-network of Example 6-3

Pipe Benjamin [5] Present Pipe Benjamin [5]  Present
solution solution
AB 0.0098 0.00978 DG 0.0082  0.00808
BE 0.0098 0.00978 FG 0.0035  0.00363
ED 0.0065 0.00649 CF 0.0185  0.01863
DC 0.0317 0.03159 EH 0.0033  0.00329
AC 0.0502 0.05022 HG 0.0117  0.01171
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6.3. Analyses of branched pipe-networks with Excel-Solver

The analysis of branched pipe-network with Excel and Solver basically follows the
same procedure applied for the analysis of looped-networks. The basic equations for the
analysis are the continuity and energy equations supplemented by an equation for
determining the frictional losses. The following example, which is based on Example 5-
4 in Nalluri and Feather [4], illustrates the procedure.

Example 6-4. Branched network connecting multi-reservoirs

Neglecting minor losses, determine the gravity-driven discharges in the pipes of the
branched network shown in Figure 6.14 that carries water. The data of the pipes are
given in Table 6.5 and the elevations of the three tanks A, B, C, and D are shown in the
figure.

v 200m

A y 120m

v 100 m

75 m

Figure 6.14. The branched pipe-network in Example 6-4

Table 6.5. Pipes’ lengths and diameters

Pipe Length (m) Diameter (mm)
Al 10,000 450

BJ 2,000 350

CJ 3,000 300

DJ 3,000 250

The analytical model

The energy equation requires that the friction loss between any two points (nodes) A
and B in the network to be balanced by the difference in potential and kinetic heads
between these two points in addition to the head produced by any booster pump along
the line. Therefore, the energy equation takes the following form:

Vi-Ve
29

M
D ohy=hy +(Z,-Z5)+ (6.38)
1
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Where M is the total number of pipes between the two points A and B. Without a
booster pump along the line, the equation simplifies to:

M 2 2
>h=(z, —zB)+VA2_VB (6.39)
1 g

Nalluri and Feather [4] solved the problem by using the quantity balance method (the
'nodal' method). Their solution started with an assumed value for the head at joint J
based on which the flow rate and head loss in each pipe were calculated. The guessed
heat at joint J was then adjusted successively in order to satisfy the energy equation.
With the present method it is more convenient to follow the same procedure used in the
previous section by assuming the flow rates in each pipe, determining the friction
losses, and then using Solver to adjust the flow rates until the energy equation is
satisfied within a specified tolerance. Figure 6.15 shows the magnitudes (litre/s) and
directions of the flow rates initially assumed in each pipe.

y 200m

100 L/s v 120 m
B
30 L/s
100 m

v
20 L/s C

A

50 L/s y M

Figure 6.15. Assumed flows in the network

Three of the four flows at junction J have been assumed (AJ, BJ, and CJ), while the
fourth (DJ) is left to satisfy continuity:

Qpy =Qa; —Qpy —Qq; (6.40)
Since there are no booster pumps in the network, Equation (6.39) applies. For pipes that
have constant cross-sections, the velocities at both ends of the pipe are the same and,
therefore, Equation (6.39) can be simplified to produce the following equations:

hi as +hy gy _(ZA_ZB):O (6.41)

he o +hic _(ZA_ZC):O (6.42)
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ht o + N _(ZA_ZD):O (6.43)

Equations (6.41) — (6.43) will be used as constraints for Solver solution. Once the
friction losses in the different pipes are known, the elevation at the junction J can be
determined from any of the following equations:

Zy=Zp=Np (6.44)
Zy=Zg+h; g, (6.45)
Zy=Zc+hig (6.46)
Zy=Zp+h; (6.47)

The Excel sheet

Figure 6.16 shows the Excel sheet developed for this example. The flow rates in the
three coloured or shaded cells are assumed, but the flow rate in pipe DJ is calculated
from the continuity equation, Equation (6.40). Note that the formula bar shows the
formula in cell E19 that applies this equation. Based on the assumed pipe flow rates, the
sheet calculates the relevant Reynolds numbers, friction factors, and friction losses.

E18 - Jx | =E15-E16-E17

A B C D E F G H 1 |
14 L D A Q. v Re f hf HJ
15 Al 10000 0.45| 0.159043 0.1| 0.62876| 282942.1| 0.015864| 7.103596] 192.8564
16 |BJ 2000 0.35| 0.096211 0.03( 0.311814| 109134.8| 0.018568| 0.525792| 120.5258
17 [C) 3000 0.3| 0.070686 0.02| 0.282942| 84882.64| 0.019531| 0.796942| 100.7969
18 |DJ 3000 0.25| 0.049087 0.05 1.018592| 254647.9| 0.016917| 10.73481| 85.73481
19
20 |ks 0.00006|m Line AB | 72.37061
21 gc 9.81] Line AC | 92.09946
22 visc 1.00E-05| Line AD | 107.1616

23
Figure 6.16. Excel sheet developed for Example 6-4

The top four cells in column J (i.e. J15, J16, J17, and J18) show the height at the
junction J as calculated from Equations (6.44)-(6.47). These cells show different values
because the assumed flow rates in the pipes are not correct. This is also indicated by the
bottom three cells in column J that show the imbalances in the energy equations,
Equations (6.41)-(6.43), which should be zeros. Since the assumed flow rates do not
satisfy the energy equations, the values shown in the sheet are relatively large. Solver
can now be used to find the correct flow rates (their magnitudes and directions) in the
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three pipes AJ, BJ, and CJ that satisfy the energy equation. The required Solver set-up
is shown in Figure 6.17.

Set Objective: | =5

Tor () Max CIMi (@) Value OF: o

=]

By Chanaing Variable Cells:
SES15:8E517 B

Subject to the Constraints:

21521 ==10.1
£1s520 ==0.1 Add
£1822 <=0.1
Change
Delete

Figure 6.17. Solver set-up for Example 6-4

This set-up requires Solver to adjust the flow rates in the top three pipes such that the
last three entries in column J, i.e. J20, J21, and J22, are close to zero. Note that the flow
in pipe DJ is automatically determined by the continuity equation. Figure 6.18 shows
the solution found by Solver that satisfies the energy equation as shown by the small
values of the three entries in cell J20, J21, and J22. Also note that the resulting head
losses in all four pipes now vyield the same value for the elevation at joint J, which is
125.5 m. Table 6.6, which compares the present solution with that given by Nalluri and
Feather [4], shows a close agreement between the two solutions.

| - fe | =E15-E16-E17

A B c D E F G H I [
14 L D A a v Re f hf HJ
15 |AJ 10000 0.45| 0.159043| 0.344796| 2.167942| 975573.8| 0.013997| 74.51151| 125.4885
16 |BJ 2000 0.35| 0.096211| 0.104596| 1.087151 380502.9| 0.015654| 5.388492| 125.3885
17 | 3000 0.3] 0.070686] 0.127594] 1.805089| 541526.7| 0.015408| 25.58849| 125.5385
18 Dy 3000 0.25| 0.049087| 0.112606] 2.293987| 573496.8| 0.015711| s0.56701] 125.567
19
20 |ks 0.00006|m Line AB 0.1
21 ge 9.81 Line AC 0.1
22 |visc 1.00E-06 Line AD | 0.078516

23
Figure 6.18. Solver solution for Example 6-4
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Table 6.6. Verification of the pipe flow rates in m*/s obtained by Solver with those
given by Nalluri and Feather [4]

Pipe Nalluri and

Feather [4]

Present solution

Al 0.344 0.344780
BJ 0.105 0.104696
CJ 0.127 0.127590
DJ 0.112 0.112606

6.4. Analysis of mixed pipe networks

To illustrate the application of the Excel-Solver method for the analyses of a general
pipe network that consists of branched pipes branches as well as looped pipes, consider
the pipe network shown in Figure 6.19 that distributes water and has two sources and
six discharge points. This network was analysed by Rivas et al [6] who also used Excel
and Solver. Their solution will be used for verification.

B ‘—ﬁ J} E=>
e ox
|

112 m

M

Figure 6.19. Pipe network (adapted from Rivas et al [6])

All the network pipes are made of steel with a roughness of 0.3 mm. The lengths and
diameters of the 16 network-pipes are given in Table 6.7. The demand at the six nodes
in litres per second is shown in Table 6.8.



Mohamed M. EI-Awad (UTAS)

Table 6.7. Pipe data

Pipe size Pipe size

Pipe | Diameter Length Pipe Diameter Length
(mm) (m) (mm) (m)

AB 250 200 CD 200 180

BJ 150 400 LM 250 140

N 200 300 KL 200 360

HI 300 190 FK 150 200

CH 80 210 FG 150 340

BC 200 300 GL 80 180

GH 150 160 EF 150 180

DG 300 200 DE 200 345

Table 6.8. Nodal demand

Node C D E I F K
Demand (I/s) | 100 30 30 20 10 10

The analytical model
Since the network has sixteen pipes, its analysis involves sixteen unknown flow rates.
Applying the continuity equation at the eleven nodes in the network provides eleven
linear equations. Four nonlinear equations can be formed by applying the energy
equations over the four loops in the network. The fifth nonlinear equation can be
formed by applying the energy equation between the two tanks A and M, for which the
elevations are known. As for the analyses of looped and branched networks, the flows
in some pipes are assumed and those in the other pipes are calculated by satisfying the
continuity equation around each node. In this case, it is enough to assume the flow in
five pipes, AB, BC, GH, KL and DE. The flows in the eleven remaining pipes are then
calculated from the continuity equation as follows:

Qpy =Qap + Qg

Qi =Qsy
Qu =Qy —Q,
QCH :QHI _QGH

Qps =Qcp +Qpe +Qp

Qcp =Qpc +Qc

QLM = QKL - QGL

~ Qe

(6.48)
(6.49)
(6.50)
(6.51)
(6.52)
(6.53)

(6.54)
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Qrx =Qx —Qx (6.55)
Qrc =Qer +Qrk — Q¢ (6.56)
QoL =Qon +Qre — Qs (6.57)
Qer =Qoe — Q¢ (6.58)

Applying the energy equation to the four loops provides four additional equations.
Since there are no pumps in the system, the closed clockwise (or counter-clockwise)
summation of the friction losses in each loop must be zero:

(~hs e =Py —hyse )= g +hsy )=0 Loop 1 (6.59)
(-h o6 —Neeo)— (=i ou +hen )=0 Loop 2 (6.60)
(hyss +hese)—(=hg—hy13)=0 Loop 3 (6.61)
(~hs e =Nt ro )= (hy g + Ny 4 )=0 Loop 4 (6.62)

The 16" equation is formed by applying the energy equation along any route that
connects points A and M. Selecting the route given by A-B-J-1-H-G-L-M:

(hf,AB +hegy +heyy +hey +hen +heg —hpm )_(ZA — Iy )=0 (6.63)

Since the initial pipe flows are unlikely to satisfy the energy equations, Solver will be
used to adjust the five guessed pipe flows until the five energy equations are
approximately satisfied.

Excel implementation

The Excel sheet developed for this example is shown in Figure 6.20. The first columns
on the left side of the sheet show the given network data that include the pipe roughness
(e), the kinematic viscosity of water (visc), the discharges at the six demand nodes, and
the pipes diameters and lengths. Initial guesses are made for the flow rates of five pipes,
one pipe in each loop. These are shown in the figure by the coloured or shaded cells.
The flow rates in the other eleven pipes are then calculated from the continuity
equations, Equations (6.48) to (6.58). The sheet then determines the velocity in each
pipe followed by the Reynolds number, friction factor, and friction loss.
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[ R2 - fe | =ABS[-SIGN(17)*07-SIGN{15}*06-SIGN(I5) *05-SIGN({14) *04-SIGN(13)*03)
A B o] D E F G H | J K L M N O & Q R T u

2 & 0.0003 AB 0.25 200 0.0491 0.1 2.0372|5.1E+05 0.0212] 3.5829 Loop1 [1450.1] h_E 433.02
3 Visc 1E-08 BJ 0.15 400 0.0177 0.2 11.3181 TE+06 0.0236] 410.56 Loop2 885.4 h_B 119.42
4 g 9.81 IJ 0.2 300 0.0314 0.2 6.3662|1.3E+08 0.022| 68.092 Loop3 247.84 h_J -291.14
5 HI 03 190 0.0707 0.18 2.5465|7 6E+05 0.0201] 42144 Loop4 259.18 h_l 35924
6 QC 0.1 CH 0.08 210} 0.005 0.08] 15.915/1.3E+06 0.028 850 |[LineA-M | 514.24 h_H 363.45
7 QD 0.03 BC 0.2 300 0.0314 0.1 3.1831|6.4E+05 0.0222] 17.186 h_C 1313.5
8 QE 0.03 GH 0.15 160 0.0177 0.1 5.6588|8.0E+05 0.0237] 41.297 h D 413.25
9 QF 0.01 DG 0.3 200} 0.0707 0.25) 3.5368|1.1E+06) 0.02] 8.5047, h G 404.75
10 Q. 0.02 CD 0.2 180 0.0314 0.12 3.8197|7 6E+05 0.0221] 14.803 h_ L 109.49
11 QK 0.01 LM 0.25 140 0.0491 0.1 2.0372|5.1E+05 0.0212] 2508 h_F 47.003
12 KL 02 360 0.0314 01 3.1831|6.4E+05 0.0222| 20623 h K 88.869
13 h A I | FK 0.15 200} 0.0177 0.09] 5.093|7 6E+05) 0.0238) 41.865

14 h M ‘ 112| FG 0.15 340 0.0177 0.15 8.4883|1.3E+06 0.0236] 196.69

15 GL 0.08 180 0.005 0] 0[0.0E+00Q] 0 0]

16 EF 0.15 180 0.0177 0.07] 3.9612|5.9E+05) 0.0238) 22.872

17 DE 0.2 345 0.0314 0.1 3.1831|6.4E+05 0.0222] 19.764

18

Figure 6.20. Excel sheet developed for the mixed pipe-network

Based on the calculated friction losses, the sheet determines the imbalance in the energy

equation in the four loops (cells R2:R6) and along the route between points A and M.

The last column shows the head obtained at each node (U2:U12). The specified and

calculated pipe flows automatically satisfy continuity but, as the magnitudes of the

friction imbalances show, they do not satisfy the energy constraint, Equations (6.59) —

(6.63). Also, note that some nodes acquired negative elevations based on the assumed

flow rates. Solver can now be used to search for the flows in the five pipes that satisfy
the specified energy constraints, which will also give the correct elevations. Figure 6.21
shows the set-up for this analysis that requires Solver to perform the iteration with
Equations (6.59) to (6.63) as constraints.

Set Objective:
Ta: ()] Maix

By Changing Variable Cells:

8182,8187:8158,51512,51517

Subject to the Constraints:

SRE0 =0.01

SRE3 <=0.01
SRE2 <=0.01
SR&4 <=0.01
SRE5 <=0.01

=

Change

Delete

Figure 6.21. Solver set-up for analysing the mixed pipe-network

Figure 6.22 shows the solution determined by Solver that satisfied the five constraints

with a specified tolerance of 0.01. The solutions obtained for the flow rates in the 16
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pipes and for the heads at the eleven nodes are compared with those given by Rivas et
al [6] in Figure 6.23. The figure shows close agreements with their results.

\ R2 - ﬁr| =ABS(-SIGN(17)*07-SIGN[16)*06-SIGN(15)*05-SIGN{14) *04-SIGN(13)*03)
A B _[c] D E F [G] H I J[I K L [M[ N o [P a R _[s] T u
1 Pipe D L A Q V Re f hf
2 ks 0.0003 AB 0.25 200 0.0491] 0.1415 2.8825|7 2E+05 0.021] 71172 Loop1 0.0022 h_E 96.989
3 \Visc 1E-08 BJ 0.15 400 0.0177] 0.0378 2.1287|3.2E+05 0.0241| 14.862 Loop2 0.01 h_B 115.88
4 g 9.81 IJ 0.2 300 0.0314] 0.0378 1.1974(2.4E+05 0.0228| 2.499 Loop3 0.002 h_J 101.02
5 HI 0.3 190 0.0707| 0.0178 0.2492|7 5E+04 0.023] 0.0462 Loop4 0.01 h_l 98.522
6 QC 0.1 CH 0.08 210} 0.005 0.0026 0.5223|4.2E+04] 0.0308] 1.1229| LineA-h 0.01 h_H 98.475
7.QD 0.03 BC 02 300 0.0314] -0.1039) -3.3086|6.6E+05 0.0222| 18533 h_C 97.352
8 |Q_E 0.03 GH 0.15 160 0.0177] 0.015 0.8484|1.3E+05 0.025] 0.9777] h_ D 97.311
9 |QF 0.01 DG 0.3 200 0.0707] 0.0357 0.5045|1.5E+05 0.0216] 0.1867 h G 97.498
10 Q| 0.02 CD 0.2 180 0.0314) -0.0065 -0.207)4.1E+04] 0.0261] 0.0514] h L 111.13
11 QK 0.01 LM 025 140 0.0491| 0.0585 1.1918[3.0E+05 0.0215| 08735 h F 98.531
12 KL 0.2 360 0.0314] 0.0483 1.5373[3.1E+05 0.0226| 4.8981 h K 106.23
13 |h_A | | FK 0.15 200 0.0177] 0.0383 2.1671|3.3E+05 0.0241| 76978
14 |h_M | | FG 0.15 340 0.0177] 0.0105 0.5918|8.9E+04 0.0255| 1.0329
15 GL 0.08 180 0.005[ -0.0102 -2.0309|1.6E+05] 0.0288] 13.619]
16 EF 0.15 180 0.0177] -0.0178 -1.0094|1.5E+05 0.0248| 1.5437
17 DE 0.2 345 0.0314] 0.0122 0.3871|7.7E+04 00244 03221
18
Figure 6.22. Solver solution for the mixed pipe-network
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Rivas [6]
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Figure 6.23. Comparison of the present results for the mixed pipe-network with those
given by Rivas et al [6] for (a) the pipe flow rates and (b) nodal elevations

6.5. Closure

This chapter presented a method for using Excel and Solver for conducting hydraulic
analyses of pipe networks. An important advantage of the Excel-Solver method for
pipe-network analyses is that it can be applied to looped networks, branched networks,
and mixed networks. The method can also be applied for pipe networks with specified
heads as well as specified discharges. Apart from its generality, the method ensures that
continuity is automatically satisfied as the iterative process approaches the correct
solution. Appendix D illustrates the ability of the Excel-Solver method to deal with

pipe-networks of practical complexity by considering a gravity-fed pipe network

described by Brkic [8] that has two supply sources and 8 loops. The method can also be
used for optimisation analyses of pipe-networks by adding an objective function for the

economic optimisation.
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All the analyses presented in this chapter were performed with the GRG Nonlinear
method of Solver without using the automatic-scaling option. The number of iterations
ranged from 5 for the two-loop network to 55 for the four-loop network.
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Exercise

1. All the five pipes in the network shown in Figure 6.P1 are horizontal and have a

2.

friction factor f =0.025. For the given inlet and exit flow rate of 0.054 m*/s of water
at 20°C (p = 998 kg/m® and x = 1.002x10° kg/m-s), determine the flow rate and
direction in all pipes. If pa = 800 kPa gage, determine the pressures at points B, C,
and D. This exercise is based on Problem 6.127 in White [7].

Analyse the gravity-driven pipe network shown in Figure 6.P2 that distributes water
from one reservoir to five demand points via 19 cast iron pipes (¢ = 0.00026 m).
The accompanying table shows the lengths and internal diameters of the network
pipes that are laid on a flat area with no variation in elevation.

Perform pipe network analysis and calculate water flow in all branches of the
network shown in Figure 6.P3 that has two sources, 14 discharge points, and 22
pipes. Hazen-Williams coefficient for each pipe is provided in the accompanying
table.
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0.054 m’/s

20¢ A
PN

L=900 m

/ZOCm

A
C <
0.054 m’/s yz L=1200 m

Figure 6.P1. A pipe-network with two loops (adapted from White [7])

3 .
373.32 m /h 1134 m'/h
A B C D
Qe
| J K L /!
E
3 3
66.44 m /h 66.44 m /h
3
" G FN\G 90.72 m /h

Figure 6.P2. A pipe-network with 8 loops (adapted from Brkic (8) with modifications)

Pipe | Length (m) | Diameter (m) | Pipe | Length (m) | Diameter (m)
AB | 457.2 0.305 JK 304.8 0.152
BC | 3048 0.203 KL |335.3 0.254
CD | 365.8 0.203 EL 304.8 0.254
DE | 609.6 0.203 HJ 548.6 0.152
EF 853.4 0.203 BJ 335.3 0.152
FG 335.3 0.203 GK | 548.6 0.152
GH | 304.8 0.203 CK [ 365.9 0.254
HI 762.0 0.203 FL 548.6 0.152
Al 243.8 0.203 DL | 396.2 0.152
N 396.2 0.152
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2m’fs 5 12 m’/s
1m/s
A B C
1 md/s 1mi/s 1m’fs
1ms < N ) D E
M ¥ 1mdfs
1m¥s &~ Lm/s
L K J NP
4 /‘ F
3 \ /4 3
1m3/s 1 mis 1m/s/| H G
1m’/s 1m’/s 1m3/s
Figure 6.P3. A pipe-network with seven loops (Adapted from CheGuide.com [9])
Pipe No. | Pipe Diameter (mm) | Length (m) C
1 AB 1000 1000 ( 100
2 BO 750 925 100
3 NO 750 1000| 100
4 AN 750 925| 100
5 MN 500 350| 100
6 LM 500 671 100
7 KL 500 400( 100
8 KO 500 650 100
9 DO 750 1000 120
10 BC 1000 1000| 120
11 CD 1000 925 120
12 DE 1000 800| 120
13 EF 750 763| 120
14 EP 1000 650 120
15 FP 750 400 120
16 FG 750 125 120
17 GH 750 400 120
18 HP 500 125| 120
19 HI 500 800 120
20 N 500 125| 120
21 JP 500 800 120
22 JK 500 1000| 120
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Finite-difference solution of the
steady heat-conduction equation
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Numerical solution methods, such as the finite-difference (FD) method and the finite-
element (FE) method, enable us to deal with multi-dimensional heat-conduction in
complex geometries. A common feature in these methods is that they replace the
original conduction equation with a system of linear equations that can be solved using
standard methods. Compared to the FE method, the FD method is easier to apply
because it directly replaces the derivatives in the equation by finite differences. This
chapter focuses on using the FD method for solving the steady heat-conduction
equation. Before introducing the FD method, simple one-dimensional heat conduction
problems are solved with the analytical solution method and then with the FD method
so as to highlight the differences between the numerical and the analytical methods.
The FD method is then applied to the heat-conduction equation with various boundary
conditions. The chapter presents two approaches for applying the FD method with
Excel. The first approach assembles the system of linear equations and uses Excel’s
matrix functions to solve it, while the second approach uses circular calculations and,
therefore, does not require the system of linear equations to be assembled.

7.1. Analytical solution of the steady one-dimensional conduction equation
The general equation that governs the heat transfer by conduction in a medium with a
constant thermal conductivity is the following partial differential equation [1]:

2 2 2 e
31+5I+5I+_9=££ (7.1)
ox° oy° oz k «a ot

Where k is the thermal conductivity, €, the volumetric rate of heat-generation, and o

the thermal diffusivity of the medium (a = k/pc,). For steady one-dimensional heat-
transfer by conduction without heat generation, the equation reduces to:

d?T
—=0 7.2
dx? (7:2)

The analytical solution of Equation (7.2) can be obtained by integrating it twice, i.e.:

dT

—_-C 7.3
RS (7.3)
T(x)=C,x+C, (7.4

Values of the two unknown constants C; and C, can then be determined if given two
independent boundary conditions. The following two examples illustrate the application
of the analytical solution method by using simple boundary conditions.
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Example 7-1. One-dimensional heat-conduction with prescribed-temperatures
The inner and outer sides of a large plane wall of thickness L = 0.3 m and thermal

conductivity k = 0.8 W/m?.°C are kept at constant temperatures of 20°C and 5°C,
respectively. Determine the temperatures at x = 0.1 m and x = 0.2 m during a steady
heat transfer by conduction.

Solution

In this case, the two constants in Equation (7.4) can be determined by applying the
boundary conditions as follows:

T=Toatx=0; Which leads to C, =T,

T=T atx=L; Which leads to C, = (T, —To)/L

Substituting the values obtained for C, and C, in Equation (7.4) yields:

T(x) =T, _%(TL _To) (7.5)

Substituting for x/L = 1/3 and x/L = 2/3 in Equation (7.5), gives the two temperatures:
TO.l = 1OOC
T0'2 = 150C

This solution indicates that the temperature changes linearly between the two wall
surfaces.

Example 7-2. One-dimensional heat-conduction with a specified heat-flux
Consider the steady heat conduction in a large plane wall of thickness L = 0.3 m and
thermal conductivity k = 0.8 W/m>.°C. Suppose that the inner side of the wall is
subjected to a constant heat flux ¢ =50 W/m® while the outer side of the wall is kept
constant at 40°C. Determine the temperature at the inner side of the wall and at the
centre of the wall.

Solution

Equation (7.4) also applies for this case and values of the constants C, and C, can be
determined by applying the two boundary conditions:

4, =50 W/m?

T|_ = 400C



Mohamed M. EI-Awad (UTAS)

From the first boundary condition:

dT g
——C, =—1o 7.6
dx bk (7.6)

Substituting the given values for ¢,and k gives:

C, =-50/0.8 = - 62.5 [°C/m]

Applying the second boundary condition:

T = CiL+C, (7.7)
Substituting the values given for T_ and L gives:

C,=T.-C,L = 40+62.5x0.3 = 58.75 [°C]

Therefore, the equation that describes the temperature variation with x is:

T(x) =58.75—62.5x (7.8)
By substituting x =0 and x = 0.15 in Equation (7.8) we get:

To=58.75°C, T, =49.375°C

Generally speaking, the analytical method has an important advantage which is that it
yields continuous solutions that can be used to determine the temperature at any desired
value of x within the wall. However, its disadvantage is that these solutions are only
applicable for simple one-dimensional (1D) and two-dimensional (2D) geometries.
Although, analytical solutions of the heat-conduction equation could also be obtained
for a number of unsteady 1D and 2D cases, these solutions usually involve complex
equations that require using tables of special functions.

7.2. Application of the FD method to the steady 1D conduction equation

Unlike the analytical solution method, the FD method and other numerical solution
methods for the heat-conduction equation do not provide continuous solutions like
Equation (7.5) and Equation (7.8). Instead, they provide numerical values of the
temperature at selected points (called nodes) in the physical (special or temporal)
domain. These values are obtained by creating and then solving a system of algebraic
equations that involve the unknown nodal temperatures and take care of the specified
boundary conditions. The advantage of the numerical solution methods is that they can
deal with three-dimensional (3D) geometries and complex boundary conditions easier
than the analytical solution method.
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Having identified the relevant form of the conduction equation and boundary
conditions, the procedure for applying the FD method is as follows [1, 2]:

1.
2.

3.

4.

5.

Lay a grid of nodal points over the solution domain.

Write the FD equation relevant to the differential equation and apply it at each
internal node of the grid. This results in a difference equation for each node.
Assemble all the difference equations into a global system. This system will not
have a unigue solution before applying the boundary conditions.

Apply the boundary conditions by adding the relevant difference equation of
the boundary nodes or by modifying the global system.

Solve the resulting algebraic system of equations to determine the nodal values
of the temperature.

The method will be illustrated by considering the case in Example 7-1 for which the
relevant form of the conduction equation is Equation (7.2) and the relevant boundary
conditions are the two specified surface temperatures at x =0and x = L.

Step 1: The first step in applying the FD method is to divide the wall into nodes as
shown in Figure 7.1. This choice makes nodes 1 and 2 coincide with the points at which
the temperatures are required, i.e. x = 0.1 and 0.2 m.

AX AX AX

00 01 02 03

Figure 7.1. Node distribution for the wall in Example 7-1

Step 2: The second step is to replace the derivatives in the governing equation by finite
differences. In general, the first derivative is approximated by:

d_T~£
dx AX

(7.9)
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Where Ax is the distance between two adjacent nodes. However, there are two ways to
evaluate AT in the above approximation given by:

Tm+l _Tm

AT _Toa=ln (7.10)
AX[pw  Xmia = Xm

AT _ To = Tna (7.11)
AX BW X = X1

Where m refers to the node number and can take the values O, 1, 2, or 3. The first
approximation is called forward difference, while the second approximation is called
backward difference. Similarly, the second derivative is approximated by:

2 Ty 2T, +T
d_T d [2_1] ~ m-1 m + m+1 (7.12)

a2 dx AX?

The above approximation of the second derivative is called central difference. With this
approximation, the FD equivalent of Equation (7.2) is the following algebraic equation:

Tm—l _2Tm +Tm+1 _

s 0 (7.13)
AX

Step 3: Applying Equation (7.13) at the two interior nodes 1 and 2 gives the following
equations:

Ty - 2T, +T
07120 (node 1) (7.14)
AX
T, - 2T, +T
1A—22+3 0 (node?2) (7.15)
X

Step 4: Multiplying both sides of Equations (7.14) and (7.15) by Ax® and substituting
the numerical values for Ty, T3, and Ax leads to the following linear equations:

20 — 2T1 + T2 =0 (716)
T,-2T,+5=0 (7.17)
Step 5: Simultaneous solution of Equations (7.16) and (7.17) for T, and T, gives T; =

15°C and T, = 10°C, which is the same solution obtained earlier by using the analytical
method.
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The formulation of the FD method described above is limited to:

1. One-dimensional heat-conduction
2. A simple boundary condition (specified-temperature on both sides of the wall)
3. Absence of heat generation in the medium

While the specified-temperature boundary conditions made the FD easy to apply, the
lack of heat generation resulted in a linear temperature variation through the wall that
enabled it to give exact values. However, the following points have to be borne in mind
when dealing with more general cases:

1. The FD method only gives approximate solutions to the conduction equation
which may not be exact, e.g., when there is heat generation or a variable k.

2. The accuracy of the FD results can be improved by increasing the number of
nodes that divide the physical domain.

3. Ax does not always have to be uniform as shown in Figure 7.1, but can be
varied so as to make a better use of the computer time and memory.

4. The boundary conditions need not be specified values since the FD method can
deal with specified heat flux, convective, or other boundary conditions.

5. In multi-dimensional heat-conduction analyses the FD equations involve Ay
and Az and in unsteady conduction analyses they also involve At.

The following sections show how the FD method can be used to solve the conduction
equation with heat-generation and different boundary conditions and how to deal with
two-dimensional heat conduction. As the number of nodes increase, the size of the
resulting algebraic system also increases and has to be solved by using a computer-
based numerical method. In this respect, the following sections illustrate two methods
offered by Excel for solving the algebraic system by using its matrix functions or its
iterative-calculation option. More information about the FD method and its
approximations is given by Recktenwald [2].

7.3. Dealing with various boundary conditions
Like the analytical solution method, the FD method can deal with boundary conditions

other than specified temperature such as:

1. Specified heat flux

2. Convection boundary condition

3. Radiation boundary condition

4. Insulated surface, symmetry surface, and mixed boundary condition

The FD equations for boundary nodes are obtained from energy balance around the
node in question. For example, consider the wall shown in Figure 7.2 that experiences
uniform heat generation at the rate € per unit volume.
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Volume Ax
element 5
of node 0 >\
ér T T
‘ & . {.{ 41 74
- A
Q.'c;-":':u:-‘b{e * L
Og ° ° >
0 1 2 X
Ax o A AX
1 I~

Figure 7.2. Treatment of boundary nodes with specified heat-flux
(adapted from Cengel and Ghajar [1])

For steady heat conduction, energy balance around any node gives:
Qleft +Qright + E‘g,element =0 (718)
For node 0, the FD representation of Equation (7.18) is:

Gy + kAT

+6,(AAX/2)=0 (7.19)

The first term in Equation (7.19) that accounts for the rate of heat transfer at the left
side of the element volume depends on the particular boundary condition being
considered, which can be convection, radiation, flux, or other boundary condition. For
illustration, reconsider Example 7-2 that involves a boundary surface with a specified
heat flux. By dividing the thickness of the wall L into two equal sections, AX = L/2 =
0.15 m, the positions of the three nodes involved are as shown in Figure 7.3.

q=50 W/mz-

¢——9
0 1 2

Figure 7.3. Node distribution for Example 7-2



Computer-Aided Thermofluid Analyses Using Excel

Being an interior node, the FD equation for node 1 is obtained from Equation (7.13) as:

T, 2T, +T, B
AX?

0 (7.20)
Multiplying Equation (7.20) by Ax® and substituting the value of T, gives:
To=2T,-40 (7.21)
The FD equation for node 0 is obtained by applying Equation (7.19) with &, =0:

Tl _TO

=0 7.22
~ (7.22)

4, +k

Multiplying Equation (7.22) by Ax and rearranging gives:

. AX
T,=T, -4, ? (7.23)

Substituting for T, from Equation (7.23) in Equation (7.22) and rearranging gives:
. AX
To= 2(% 7) +40 (7.24)

Substituting the values of q,, k, and Ax in Equation (7.24) gives:
T, =58.75°C

Substituting for T, in Equation (7.23) gives:

T, =49.375°C

Note that the temperature values obtained by the FD method in this example are also
the same as the exact values obtained analytically.

7.4. Conduction with heat generation
For steady one-dimensional conduction heat-transfer in a medium with heat generation,

the conduction equation becomes:

d’tT €
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The FD representation of Equation (7.25) for any interior node mis [1]:

Tm—l B 2Tm + Tm+l ég
+—=0 7.26
o . (7.26)

Multiplying by Ax?,

é
T ,-2T +T. .= —?gsz (7.27)

The following example illustrates the application of the FD method for heat-conduction
with heat generation and prescribed-temperature boundary conditions. The example is
based on Example 2-20 in Cengel and Ghajar [1].

Example 7-3. FD solution of the steady 1D heat-conduction with heat generation
A plane wall of thickness 2L that is made of a material having a uniform thermal

conductivity k experiences a uniform heat generation at the rate €, where:

2L=0.01m;
k =18.0 W/(m.°C);
€, = 7.2x10" W/m?;

To = 50°C T,=2°C

Figure 7.4. Nodal network for Example 7-3
Using the FD method with 6 equally-spaced nodes as shown in Figure 7.4,
(a) Determine the temperature profile for the boundary conditions: T, = 50°C and

T.. =235°C,
(b) Compare the FD results with the exact analytical solution.
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Solution
Step 1: Figure 7.4 shows the solution domain divided into 5 equal portions. In this
case, Ax = 0.01/5 = 0.002 m.

Step 2: Applications of Equation (7.27) at the four interior nodes give:

To— 2T+ T, =-R (7.28)
T,-2T,+T;=-R (7.29)
T,- 2T, + T, =-R (7.30)
T,— 2T, +Ts =R (7.31)
Where,

R=¢,Ax*/k (7.32)

Steps 3 and 4: Since the temperatures at node 0 (T,) and node 5 (Ts) are known, the
above system of linear equations can be put in the following matrix form:

2 1 0 0]fT,) [(-R-T,
-2 1 T|_) -R (7.33)
0 1 -2 1], _R

0 0 1 -2|[T.] |-R-T.

Step 5: The above algebraic system can be solved by using the matrix inverse method
with Excel’s matrix functions as described in Chapter 2. Figure 7.5 shows the Excel
sheet developed for this example.

K& M fe| =R_-T O

A B C D E F G H 1 J K L M N 9]
1 FD 6 nodes
2[TO 50|0C Ax 0.002
3T L 235/0C
4 R 16
5 L 0.005|m
6 -2 1 0| 0| T1 -66
7 k 18| W/(m.oC) 1 2 1 0 T2 16
8 0 1 -2 1 T3 -16
9 |e_gen |7.20E+07|W/m3 0| 0 1 2 T4 -251
10
11 -0.8 -0.6 -0.4] -0.2 119
12 -0.6 -1.2 -0.8 -0.4 172
13 -0.4 -0.8 -1.2 -0.6 209
14 -0.2 -0.4 -0.6 -0.8 230

Figure 7.5. Excel sheet developed for Example 7-3
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The left hand side of the sheet stores the given data of the wall based on which the
values of Ax and R are calculated and stored in cell F2 and F4, respectively. The
coefficient matrix is stored in cells E6:H9, while the right-hand side (r.h.s.) vector is
stored in cell K6: K9. The formula bar reveals the formula that calculates the first
element of the r.h.s. vector. The inverse matrix is calculated using the “MINVERSE”
function in cells E11:H14. The inverse matrix is then multiplied by the r.h.s. vector and
the result is stored in cells J11:J14.

(a) According to the solution shown in Figure 7.5, the values of the four temperatures
are: T, =119°C, T, = 172°C, T, = 209°C, and T, = 230°C.

(b) The analytical solution for this example problem is given by [1]:

] —

T=S 27y s Tap, TatTa (7.34)
2k 2L 2

Where 6 is related to x by:

O=x-L/2 (7.35)

Note that the two surfaces at x = 0 and x = L correspond to € = -L/2 and +L/2,
respectively. Figure 7.6 compares the FD solution to the exact analytical solution
obtained by substituting the different values of @ in Equation (7.34). As the figure
shows, the FD solution agrees well with the analytical solution.

|

Temperature (°C)
H
(€,]

— Analytical solution

X FD solution

ol
O

-0.005 -0.003 -0.001 0.001 0.003 0.005
X

Figure 7.6. Comparison of the analytical and FD solutions of Example 7-3

75. Two-dimensional steady heat conduction
For a steady-state, two-dimensional heat conduction in a medium with uniform thermal
properties and without heat generation, Equation (7.1) reduces to:
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2 2
GRS (7.36)
oX oy

The application of the FD method to Equation (7.36) basically follows the same steps
described above for the 1D equation. The following example that demonstrates the 2D
application was given by Karimi [3].

Example 7-4. FD solution of the steady two-dimensional heat conduction

The 30x30 cm’ solid section illustrated in Figure 7.7 has its right and bottom surfaces
maintained at 100°C and 150°C, respectively. The left surface is insulated, while the top
surface is exposed to a convective environment at T, = 20°C and heat transfer
coefficient h = 30 W/(m?.°C). The thermal conductivity of the solid k = 5.0 W/(m.°C)
and there is no heat generation. By dividing the solid into a nodal network in which Ax
= Ay =10 cm, use the FD method to find the temperatures at nodal points 1 through 9.

T, = 20°C, h = 5.0 W/(m°C)

@ ©
-\
Insulated = (&) 6
\f’{, Ay=10 dm Tr =100°C
L7 @) .- 9
i
5| Ax=10 cm
Ei.i‘ Ll
i
Tg =150°C

Figure 7.7. The solution domain and nodal network for Example 7-4

Solution
For the internal nodes, the FD representation of Equation (7.36) is [1]:

Tm—l,n - 2Tm,n + Tm+l,n Tm,n—l - 2Tm,n +T
2 + 2
AX Ay

T =0 (7.37)

Where m and n refer to the node’s locations in the X and y-directions, respectively.
Since for the present case Ax =Ay, Equation (7.37) can be simplified to:

Tm—l,n +Tm+1,n +Tm,n—l +Tm,n+1 _4Tm,n =0 (738)
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Applying Equation (7.38) to the four internal nodes, 5, 6, 8, and 9, we get the following
four algebraic equations:

Ti+T,+Te+Tg—4Ts=0 (7.39)
Ts+T3+Tg+To—4Ts=0 (7.40)
T+Ts+Te+Tg—4Tz=0 (7.41)
Teg+Tg+Tr+Tg—4Ty=0 (7.42)

For nodes 4 and 7 that lie on the insulated surface, where ¢ =0, energy balance gives:
T, +2Ts+ T, - 4T, =0 (7.43)
T, +2Tg +Tg — 4T, =0 (7.44)

For nodes 1, 2, and 3 that lie on the top surface, energy balance that takes into account
the convection boundary condition gives [3]:

To+ Ty + T — (2+f) T1 =0 (7.45)
Ty + T + 2T5 + 28T, - 22+f)T. =0 (7.46)
T, + 2Ts + Tg + 28T, - 2(2+5)T5 =0 (7.47)

Where S = hAx/k.

The nine linear equations, Equations (7.39) to (7.47), can be put in matrix form as:

[-(2+p) 1 0 1 0 0 0 0 0]m - AT,
1 -2(2+p) 1 0 2 0 0 0 0/ - 24T,
0 1 —22+p8) 0 0 2 0 0 O[Ty |-26T,-Tg
1 0 0 -4 2 0 1 0 0]/, 0
0 1 0 1 -4 1 0 1 0[Tsi= 0 (7.48)
0 0 1 0 1 -4 0 0 1]|Ts -Tq
0 0 0 1 0 0 -4 2 0| ~Tg
0 0 0 0 1 1 -4 1T, ~Tg
|0 0 0 0 0 1 1 —4|(Tg T -Tp

This system of algebraic equations can be solved by using Excel’s matrix inversion
function and Figure 7.8 shows the Excel sheet prepared for this purpose. The figure
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shows the given data at the left hand side of the sheet based on which the sheet
calculates the coefficients and right-hand side vector of the linear system.

D3 - fe | =(24B)

A B c D E F G H 1 J K L M N 0
1
2 TR 100 T1 T2 T3 T4 T5 T6 T7 T8 L
3|18 150 -2.6 1 0 1 0 0 0 0 0 R1 -12
4 T w 20 1 -5.2 1 0 2 0 0 0 0 R2 -4
5 0 1 -5.2 0 0 2 0 0 0 R3 -124
6 |Ax 0.1 1 0 0 -4 2 0 1 0 0 R4 0
7 |ay 0.1 0 1 0 1 -4 1 0 1 0 RS 0
g 0 0 1 0 1 -4 0 0 1 R6 -100
9 |h 30 0 0 0 1 0 0 -4 2 0 R7 -150
10 k 5 0 0 0 0 1 0 1 -4 1 R8 -150
11 0 0 0 0 0 1 0 1 -4 R9 -250
12 B 0.6
13

Figure 7.8. Excel sheet developed for Example 7-4

Figure 7.9 shows the inverse matrix and the solution obtained by multiplying the
inverse matrix with the right-hand side vector. Table 7.1 compares the present solution
with that given by Karimi [3] who solved the algebraic system by using Solver as
shown in Chapter 3. The table shows that the two solutions are identical.

13

14 -0.5252( -0.15542) -0.04831( -0.2101| -0.23469| -0.09581| -0.0805) -0.11191( -0.05193 T1 67.4482
15 -0.15542| -0.28676| -0.07771| -0.11735 -0.258 -0.11735| -0.05595| -0.10647| -0.05595 T2 68.46507
16 -0.04831) -0.07771| -0.23844| -0.04791| -0.11735| -0.162159| -0.02596| -0.05595| -0.05454 T3 74.15267
17 -0.2101( -0.11735) -0.04791( -0.42891| -0.35219| -0.13177| -0.15335| -0.18445| -0.07906 T4 594.89625
13 -0.11735 -0.129( -0.05867| -0.1761| -0.49473| -0.1761| -0.09224| -0.19288| -0.09224 T5 95.21915
19 -0.04791( -0.05867| -0.0811| -0.06588| -0.1761| -0.36303( -0.03953| -0.09224| -0.11382 T6 96.56241
20 -0.0805( -0.05595] -0.02596( -0.15335| -0.18445| -0.07906( -0.34841| -0.24025| -0.07984 T7 121.6985
21 -0.05595| -0.05323| -0.02798| -0.09224| -0.19288| -0.09224| -0.12014| -0.38833| -0.12014 T8 120.9489
22 -0.02596( -0.02798| -0.02727| -0.03953| -0.09224) -0.11382| -0.03992| -0.12014| -0.30849 T9 116.8778
23

Figure 7.9. FD solution of Example 7-4

Table 7.1. Comparison of the present solution with that given by Karimi [3]

°C Karimi [3] | Presentsolution
T 67.44 67.448

T, 68.46 68.469

Ts 74.15 74.153

Ts 94.89 94.896

Ts 95.21 95.219

Te 96.56 96.562

T, 121.69 121.69

Ts 120.95 120.949

To 116.88 116.878
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7.6. Application of the FD method using Excel ‘s iterative calculation option
In the two previous sections the FD method was applied by assembling the nodal

equations into a global system of linear equations that could be solved by using Excel’s
matrix functions (or Solver). Although this approach of applying the FD method with
Excel is straight-forward and simple to implement, Excel enables an alternative
approach for applying the method by using its iterative calculation option that doesn’t
require the algebraic system to be assembled explicitly. Instead, the Excel sheet is
developed in the shape of the heat-transfer medium and each node in the solution
domain is represented by a cell that stores the corresponding FD equation. The stored
FD equations are then solved simultaneously by activating Excel’s iterative calculation
option. Apart from eliminating the need to assemble the algebraic system, this approach
makes the FD model look more like a physical model than a mathematical one [4,5].

Example 7-4 will be used to illustrate this method and Figure 7.10 shows the Excel
sheet prepared for this purpose. A 3x3 block of cells is reserved for the 9 nodes with
unknown temperatures, while the cells in the block boundaries store the values of the
ambient temperature (20°C) and the two surface temperatures (100°C and 150°C).

ES - Fo || =(D5+EA+F5+E6)/4
A B c D E F G H

1

2 TR 100

3 T8 150 200 200 20 20

4T = 20 100

5 0.00 100

6 |Ax 0.1 100

7 |ay 0.1 150] 150 150| 150

8

9 |h 30

10 |k 5

11

25 od

13
Figure 7.10. Excel sheet for Example 7-4 showing the 3x3 grid of nodes and the
boundary temperatures

Each cell of the 3x3 block stores the relevant nodal FD formula that determines its
temperature from those of the surrounding cells as given by the FD equations. When
entered into the coloured Excel cells, the interdependence between the different nodal
equations will create circular references. By allowing iterative-calculations, Excel will
find the solution that satisfies all the inter-related nodal equations without having to
assemble the global system of equations.

Equation (7.38) for the four internal nods 5,6,8,9 can be written as:

Tnode = (Tleﬁ + Ttop + Tright + Tbottom)/4 (749)
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The formula bar in Figure 7.10 shows the formula typed in cell E5 that stores the FD
equation for node 5 based on Equation (7.49), which is:

E5 = (D5 + E4 + F5 + E6)/4

Note that the usual reference by cell-location is used. For the other three internal nodes,
the above formula can be simply copied and pasted in the cells F5, E6, and F6,
respectively. However, pasting the formula in cells F5 that correspond to node 6 will
cause a circular reference as shown in Figure 7.11. When this occurs, press the “OK”
button and proceed to paste the formula in cells E6 and F6 that correspond to nodes 8
and 9, respectively.

A B C D E F G H J K L M M 9] p
1
2 TR 100
3 TB 150 20 20 20 20
4 T w 20 100
5 0.001  0.00 100
6 |Ax 0.1 100
7 Ay 0.1 150 150 150 150
B Microsoft Excel X
9 h 30
10 k 5 There are one or more circular references where a formula refers to its own cell either directly or indirectly. This might cause them to calculate

1 | incorrectly.

12 Try remaoving or changing these references, or moving the formulas to different cells.
13
Help

14
15

Figure 7.11. The circular-calculation warning message given by Excel when its
iterative-solution option is not active

We also have to enter the relevant FD equations for the boundary nodes 1, 2, and 3 that
lie on the top convection boundary in the respective cells. Taking node 1 as an example,
the relevant FD equation is obtained by re-arranging Equation (7.45) as follows:

Tl = (T2 + T4 + IBTm)/(2+ﬁ) (750)
Using cell-location referencing, the above formula is entered in cell D4 as follows:

D4 = (E4 + D5 + B x D3)/(2 + B)

Similarly, the following formulae are entered in cells E4 and F4 for nodes 2 and 3,
respectively, based on Equations (7.46) and (7.47):

E4 = (D4 + F4 + D5+ x E3)/2+(2 + B))

F4 = (E4 + G4 + E5+p x F3)/2+Q2 + P))
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The FD equations for node 4 and node 7 that lie on the insulated left side of the solid
are to be obtained by rearranging Equations (7.43) and (7.44) following the same
procedure and typed in cells D5 and D6, respectively. Figure 7.12 reveals the complete
set of formulae for the nine cells. The simultaneous solution of the equations can now
be found by using Excel’s iterative calculation option. To do that, go to “File”—
“Options”— “Formulas” and then select “Enable iterative calculation”.

fe

D E F G
=T == =T == =T == =T _==
=(E4+D5+p*D3)/(24p) |=(D4+F4+2*E5+2*B*E3)/(2%(24P)) |={E4+GA+2*F5+2*B*F3)/(2*(2¢+B)) |=T_R
=(D4+2*E5+D6)/4 =(D5+E4+F5+E6)/4 =(E5+F4+G5+F6)/4 =T_R
=(D5+2*E6+D7) /4 =(D6+ES+F6+E7)/4 =(E6+F5+G6+F7) /4 =T_R
=T B =T B =T B =T B

Figure 7.12. The nine nodal FD equations entered in the corresponding cells

Figure 7.13 shows the solution determined by Excel for Example 7-4 with this method.
Comparison with the temperature values obtained earlier, confirms the solution’s
accuracy.

20 20 20 20
67.45 6847 7415 100
9490 9522 9656 100
12170 12095 11688 100
1s0 150 150 150
Figure 7.13. The temperature distribution in the solid of Example 7-4

The solution was obtained with the default settings of 100 as the maximum number of
iterations and 0.001 as the maximum change. In certain situations, these default values
may have to be adjusted so as to save computer time or to avoid solution divergence
[4]. Although Ax and Ay do not have to be equal for the application of this approach, it
makes the application of the method easier. Also note that this approach suits 1D and
2D heat-conduction problems, but not 3D conduction problems unless the cells in the
third direction are stored in separate sheets of the workbook.

7.7. Closure

This chapter demonstrated the usefulness of Excel for applying the finite-difference
method to solve the steady heat-conduction equation. The basic technique of the
numerical method was explained by considering the simple 1D steady conduction in a
plane wall with specified-temperature boundary conductions and did not involve heat



Computer-Aided Thermofluid Analyses Using Excel

generation before showing how the method can deal with different boundary
conditions, heat-generation, and 2D conduction.

As an educational tool, Excel has an important advantage compared to other computer
software by offering two methods for applying the FD method. The first approach,
which is more conventional, explicitly forms the global system of linear equations and
uses the matrix-inversion method to solve the system with Excel’s matrix functions.
This approach, which suits the simple cases of steady 1D conduction equations, has
been used to introduce the FD method. The second approach avoids the explicit
formation of the algebraic systems by utilising Excel’s iterative-calculations capability.
The advantage of this approach is that it makes the FD model look like a physical
model of the conduction problem. As shown in the following chapter, this approach is
also useful for solving the transient 2D conduction equation with the FD method.

For the purpose of simplification, all the examples considered in the chapter solved the
heat conduction equation in simple 1D or 2D geometries. Appendix E describes a FD
analysis of the steady conduction heat-transfer in a triangular fin. This case shows how
the method can be used to deal with a more complex geometry.
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Exercises
1. Figure 7.P1 shows a large uranium plate of thickness L = 4 cm and thermal
conductivity k = 28 W/m-K in which heat is generated uniformly at a constant rate

of €,=5x10° W/m’. One side of the plate is maintained at 0°C by iced water while

the other side is subjected to convection to an environment at T,, = 30°C with a heat
transfer coefficient h = 45 W/m*-K. Considering a total of five equally spaced
nodes in the medium, two at the boundaries and three at the middle, develop three
Excel sheets to estimate the exposed surface temperature of the plate under steady
conditions using the finite difference method with the following options:
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Uranium
Plate
0°C T
N k =28 W/im.K h
¢ =5 A10° Wim?
L
09 ° ° ° 9
0 1 2 3 4 X
s>l

Figure 7.P1 Schematic for Problem 7.1 (adapted from Cengel and Ghajar [1])

(a) Using the explicit method
(b) Using the implicit method that assembles and solves the linear system
(c) Using the implicit method with the iterative-calculation option

This exercise is based on Example 5-1 in Cengel and Ghajar [1].

Develop an Excel sheet to Solve Example 7-3 with 10 equally-spaced nodes and
compare the FD solutions with 5 and 10 nodes with the exact analytical solution
given by Equation (7.34).

Consider the fin with an insulated tip shown in Figure 7.P3. The fin is of thermal
conductivity k, length L, constant cross-sectional area A, perimeter P, and specified
base temperature T,,. The heat transfer coefficient to ambient at T, is h.

Too ' h qCOf‘IV
[—— =, |
I 7 I o
TW qCOﬂd,Xﬁl _Ié q{’nnrl y+Ax :!i
 ——— _: al
X

Figure 7.P3 Schematic for Problem 7.3 (adopted from Recktenwald [2])

Neglecting the temperature variation over the cross-sectional area, for small Biot
numbers (Bi = hL/k), the governing equation in a dimensionless form is:

d2e

e -m?0=0

Where,
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X=x/L, 9=+ ~T=  m=PhL?/ Ak

T, T

w o

Develop an Excel sheet for analysing the steady one dimensional heat conduction in
the fin subjected to the following boundary conditions:

0(0)=1,
do| - _
dX x4 -

Compare your FD solution at the 5 nodes with the following analytical solution:

Cosh[m(1- X )]
=" Cosn(m)
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8

Finite-difference solution of the
transient heat-conduction eqguation
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This chapter extends the methodology presented in the previous chapter so as to solve
the transient heat-conduction equation with the finite-difference (FD) method. The
chapter initially considers the 1D conduction-equation to demonstrate the application of
the method by using both the explicit forward-in-time central difference in space
(FTCS) scheme and the implicit backward-in-time central difference in space (BTCS)
scheme. For the implicit scheme that requires a system of linear equations to be solved,
the chapter presents two methods for using Excel. The first method explicitly forms and
solves the linear system using the tri-diagonal matrix algorithm (TDMA), while the
second method does not form the linear system but uses Excel’s iterative-calculation
option to solve the nodal equations. For solving the 2D conduction equation that
requires a large system of linear equations to be solved with the first method, only the
second method for applying the implicit FD scheme is used.

8.1. Transient 1D conduction: the explicit FTCS formulation
The transient one-dimensional heat-transfer by conduction is governed by:

oT o°T
—=q— 8.1
ot ox? ®D

As shown in the previous chapter, the FD method replaces the spatial derivative (

d°T I &x?) by the central difference defined by Equation (7.13). For the temporal term (
oT / ot) either forward or backward differences can be used, i.e.:

al Ta'-Tn (8.2)
ot At
al To-Ta® (8.3)
oty At

Depending on whether Equation (8.2) or (8.3) is selected, two FD formulations for
Equation (8.1) are possible: a forward-in-time central-difference in space (FTCS)
scheme and a backward-in-time central-difference in space (BTCS) scheme. This
section focuses on the first scheme.

By using Equation (8.2), the FD approximation of Equation (8.1) becomes:

TiLTE T -2
At AX?

(8.4)

Note that the temperatures at the two neighbouring nodes are evaluated at time level i.
Equation (8.4) can be rearranged as follows:
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THL=Th T, —2rh T ) (8.5)
Where, 7 is the dimensionless mesh Fourier number defined as:

_ oAt

T= (8.6)
AX?

Equation (8.5) calculates the temperature at the current time step (i) from the known
values at the previous time step. Starting with a known temperature field, it can be used

directly to compute the new temperature field because all the values of Tnifl can be

updated independently. The FTCS scheme is easy to implement, but it is only
conditionally stable by requiring the time step At to be chosen such that [1]:

T<

(8.7)

The following example shows how the scheme is applied.

Example 8-1. Solving the transient 1D conduction equation with the FTCS scheme
Transient heat-conduction occurs in a plate with length L = 0.1 m and diffusivity a =
0.1. The boundary conditions are T(O,t) = T(L,t) = 0 and the initial temperature
distribution is given by:

T(x) = sin(rnx/L) (8.8)

The exact temperature variation is given by [1]:

T(x,t):sin(%) exp(— wzth (8.9)

L2

Use the FD method with a grid of 21 equally-spaced nodes and a suitable time step to
determine the temperature variation at t =0.2 s.

Solution
By dividing the length of the plate into 21 equally-spaced nodes, Ax= 0.1/20 = 0.05 m.

According to Equation (8.7), the maximum allowable time step At is given by:

At =0.5x0.05%/0.1=0.0125 s

Therefore, we can use a time step of 0.01 s. The following procedure for implementing
the FD solution with Excel follows that described by Anthony [2]. Figure 8.1 shows the
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sheet into which the specified values of a, Ax, and At are entered at the top part of the
sheet.

L5 ¥ F || =SIN(PI[)*L4/1)

A B c| D E F G | H I J K L M| N | O P Q | R | s T U |V
1 |ax | o.05] |at | 0.09] la [ oq]
2
3 x 3
4ty 0 005 01 015 02 025 03 035 04 045 05 055 06 065 07 075 08 085 09 035 1
5] o 0 0.156 0.309 0.454 0.588 0.707 0.809 0.891 0.951 0.538( 1.0000.988 0.951 0.891 0.809 0.707 0.588 0.454 0.309 0.156 0

Figure 8.1. The Excel sheet with the nodal coordinates and initial temperatures for
Example 8-1

The x-values of the 21 nodes are entered in cells B4 to V4. The following row of cells,
i.e., cells B5 to V5 store the initial temperature profile as obtained from Equation (8.8).
The formula bar reveals the formula that calculated the initial temperature at x =0.5 cm.
Cells B6 and V6 store the specified boundary conditions at x=0 and x=L. Next, we aim
to determine the temporal temperature variation by dividing the required time span (0.2
s) into equal time levels At long. Enter the first 10 time-levels in column A in the Excel
sheet, as shown in Figure 8.2.

A6 - b2 =AS+AL

D | J K L il N (o] P Q R 5 T u v

A_ B c E F | G | H
1 ax | 0.03 lat | 0.09 la | 0]
2

3 x>

4 td 0 005 01 015 02 025 03 035 04 045 05 055 0.6 065 07 075 0.8 0385 09 0.95
5 0 0 0.156 0.309 0.454 0.588 0.707 0.809 (.891 0.951 0.988 1.000 0.988 0.951 0.891 0.809 0.707 0.588 0.454 0.309 0.156
6| 001 o

7 [ 0.02
8 | 0.03
9| 0.04
10| 0.05
11| 0.08
12| 0.07
13| 0.08
14| 0.09
15| 01 o0

Figure 8.2. Calculating the time levels and inserting the two boundary conditions

(=T === R = s R s Ry = |

Each time level is calculated by adding At to the previous time level. In Figure 8.2, the
expression in the formula bar in cell A6 shows the specific Excel formula used to
compute the new time level, t,, by adding the fixed time increment (At) to the previous
time level, t;, stored in the cell immediately above it i.e., cell A5. The time levels at
other periods are obtained by simply copying the formula in cell A6 and pasting it in
cells A7 to A25 as shown in Figure 8.3. The boundary conditions at x =0 and x = L are
then inserted in columns B6:B25 and V6:V25. For clarification, these two columns are
given a blue colour. Equation (8.5) is then applied in cell C6 to calculate the
temperatures at time level 2 (t =At) and x = Ax as shown in the formula bar of Figure
8.3. This formula is then copied and pasted in all other cells in the same row (D6:U6)
and the following rows (C7:U25).

00000000000
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6 - fe || =CS+a*At/Ax~2%(DS-2*C5+85)

A | B c | D E F G | H I J K L WM | N O P Q | R | S T U | v
1 |ax 0.05] lat | o.01 la | 0.4
2
3 x>
4 td 0 005 01 015 02 025 03 035 04 045 05 055 06 0.65 07 075 08 085 0.9 0.95 1
5 0 D 0.156 0.309 0.454 0.588 0.707 0.809 0.891 0.951 0.988 1.000 0.388 0.951 0.891 0.809 0.707 0.588 0.454 0.309 0.156 0
6| 001 0[0.155]0.306 0.450 0.582 0.700 0.801 0.382 0.942 0.978 0.390 0.573 0.342 0.382 0.301 0.700 0.582 0.450 0.306 0.155 0
7 | 0.02 0 0.153 0.303 0.445 0.576 0.693 0.793 0.874 0.932 0.968 0.980 0.368 0.932 0.874 0.793 0.693 0.576 0.445 0.303 0.153 o
8 | 0.03 0 0.152 0.300 0.441 0.571 0.686 0.785 0.865 0.923 0.959 0.971 0.359 0.923 0.865 0.785 0.686 0.571 0.441 0.300 0.152 0
9| 0.04/ 0 0.150 0.297 0.436 0.565 0.680 0.778 0.856 0.914 0.949 0.961 0.349 0.914 0.856 0.778 0.680 0.565 0.436 0.297 0.150 0
10| 0.05 0 0.143 0.294 0.432 0.559 0.673 0.770 0.848 0.905 0.940 0.952 0.940 0.905 0.848 0.770 0.673 0.559 0.432 0.294 0.149 0
11| 0.06 0 0.147 0.291 0.428 0.554 0.666 0.762 0.840 0.896 0.931 0.942 0.931 0.896 0.840 0.762 0.666 0.554 0.428 0.291 0.147 0O
12| 0.07 0 0.146 0.288 0.424 0.548 0.660 0.755 0.831 0.887 0.922 0.933 0.922 0.887 0.831 0.755 0.660 0.548 0.424 0.288 0.146 0O
13| 0.08) D 0.145 0.285 0.419 0.543 0.653 0.747 0.823 0.879 0.912 0.924 0.912 0.879 0.823 0.747 0.653 0.543 0.419 0.285 0.145 o
14| 0.09 0 0.143 0.283 0.415 0.538 0.647 0.740 0.815 0.870 0.904 0.915 0.904 0.870 0.815 0.740 0.647 0.538 0.415 0.283 0.143 0
15| 0.1 D 0.142 0.280 0.411 0.532 0.640 0.733 0.807 0.861 0.895 0.906 0.895 0.861 0.807 0.733 0.640 0.532 0.411 0.280 0.142, 0O
16| 0.11 0 0.140 0.277 0.407 0.527 0.634 0.726 0.799 0.853 0.886 0.397 0.886 0.853 0.799 0.726 0.634 0.527 0.407 0.277 0.140 0
17| 012 D 0.139 0.274 0.403 0.522 0.628 0.718 0.791 0.845 0.877 0.888 0.877 0.845 0.791 0.718 0.628 0.522 0.403 0.274 0.139 o
18] 0.13 0 0.138 0.272 0.399 0.517 0.622 0.711 0.783 0.336 0.368 0.879 0.868 0.836 0.783 0.711 0.622 0.517 0.399 0.272 0.138 0
19| 0.14 D 0.136 0.269 0.395 0.512 0.616 0.704 0.776 0.828 0.860 0.871 0.860 0.828 0.776 0.704 0.616 0.512 0.395 0.269 0.136 O
20| 0.15 0 0.135 0.266 0.391 0.507 0.610 0.697 0.768 0.320 0.851 0.862 0.851 0.820 0.768 0.697 0.610 0.507 0.391 0.266 0.135 0
21| 0.16 D 0.134 0.264 0.387 0.502 0.604 0.691 0.761 0.812 0.843 0.854 0.843 0.812 0.761 0.691 0.604 0.502 0.387 0.264 0.134, 0O
22| 017 0 0.132 0.261 0.384 0.497 0.598 0.684 0.753 0.804 0.835 0.845 0.835 0.804 0.753 0.684 0.598 0.497 0.384 0.261 0.132] O
23| 0.18 0 0.131 0.259 0.380 0.432 0.592 0.677 0.746 0.796 0.827 0.837 0.827 0.796 0.746 0.677 0.592 0.492 0.380 0.253 0.131 0O
24| 0.19 0 0.130 0.256 0.376 0.487 0.586 0.670 0.738 0.788 0.818 0.829 0.818 0.788 0.738 0.670 0.586 0.487 0.376 0.256 0.130 0
25| 02 D 0.128 0.254 0.372 0.482 0.580 0.664 0.731 0.780 0.810 0.820 0.810 0.780 0.731 0.664 0.580 0.482 0.372 0.254 0.128, O

Figure 8.3. Excel sheet prepared for solving Example 8-1 with the FTCS scheme

Figure 8.3 shows the temperatures determined by the FD formula at different nodes and
time levels. Figure 8.4 shows the initial temperature profile and the temperature profiles
at time t=0.2 s as determined by the FTCS scheme and by the exact analytical solution
given by Equation (8.9). A close agreement is achieved between the two solutions
because the time step used is sufficiently small. Figure 8.5 shows the solution at t = 1.0
s with a larger time step At = 0.05. In this case, z = 2 and as the figure show the FTCS
scheme becomes unstable.

1.2
1
0.8
~ 0.6
0.4
— Initial temperature profile
02 4  ----- FD solution att =0.2 s
—*%— Exact solutionatt=0.2 s
0
0 0.2 0.4 0.6 0.8 1
X

Figure 8.4. Comparison of the FTCS solution with the exact analytical solution
(t=0.2s, At =0.01s)
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2.5

1 Initial temperature profile
----- FD solution att =1.0 s
—%— Exact solutionatt=1.0s

X

Figure 8.5. Comparison of the FTCS solution with the exact analytical solution
(t=1.0s,At=0.055)

8.2. Transient 1D conduction: the implicit BTCS formulation
Substituting Equation (8.3) into the left-hand side of Equation (8.1) and substituting
Equation (7.13) into the right-hand side of the equation gives;

To-Tal T 2T +Th 810
At AX? '

Here also, the temperatures at the two neighbouring nodes are evaluated at time level i.
Equation (8.10) can be rearranged as follows:

aT! ,+bT! —cT! =d (8.12)
Where, a=-a/Ax?

b=(1/At + 20/ AX?)

c=—alAx?

d=(/AtT

Unlike Equation (8.5), Equation (8.11) is not a simple algebraic formula for computing
T! from its value at the previous time level, T!™ because T, and its neighbours, T

m+1
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and Tn‘H, are at the same time level. Thus, Equation (8.11) is one equation in a system
of equations for the values of T at the internal nodes of the spatial mesh. Equations
similar to Equation (8.11) can be written for each node, thus, forming a system of

algebraic equations that can be written as [1]:

bl Cl 0 0 0 Tli dl
a, b, c, 0 0 || T, d,
0 a, by ¢ 0 || T, ds

by G _¢ 8.12
o 0 . . .0 : : ¢4
0 0 0 ayy; byy cyy||Tia Ay
0 0 0 0 a, b T dy

The above system of linear equations has to be solved at every time level in order to
determine the temperatures at that time level. Note that the coefficient matrix does not
change with time, but the r.h.s. vector does. Also note that the algebraic system of
equations has only three non-zero diagonals and, therefore, can be solved by using the
tri-diagonal matrix algorithm (TDMA) which is more efficient than the matrix inversion
method [3].

Although the BTCS scheme requires solving the system of linear equations in Equation
(8.12) at each time step, the additional development effort and computer time are
compensated for by the improved stability of the scheme that allows larger time steps to
be used compared to the explicit FTCS scheme. As shown in the previous chapter,
Excel offers two options for solving the system of linear equations one of which
explicitly assembles and then solves the system, while the other uses the iterative-
calculation option of Excel to solve the systems without assembling it. The two
methods are presented below.

8.2.1. Application of the BTCS scheme by assembling the linear system

Figure 8.6 shows the Excel sheet prepared for solving Example 8-1 by using the BTCS
scheme. To make the sheet look like that used for applying the FTCS scheme, the linear
system of Equation (8.12) has to be solved externally for the temperature values shown
at each time level. This has been achieved by writing a custom VBA function called
“FDimplicit” that determines the coefficient matrix given by Equation (8.12) and
solves the resulting system by calling a TDMA solver, called “TDMA”. Both the
“FDimplicit” function and the “TDMA” solver are listed in Appendix F. Figure 8.7
compares the FD solution obtained with At = 0.01 s with the exact solution att = 0.2 s.
The figure shows a close agreement between the two solutions. Figure 8.8, that
compares the temperature values obtained at t = 1.0 s with At = 0.05 s with the exact
solution, does not show any sign of solution instability with this scheme for which the
time step is limited by the required accuracy rather than the scheme’s stability.
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cs ~ £ | {=Fdimplicit{Ax,At,a,N,M,LBA:VA)]

A B |lc|Dp | E|F &6 |H|[I|J|K L|[M|N|O
1 lax | 005 lat | 0.03] o | o4 [n | 2
2 x>
3t D 0.05 01 0I5 02 025 03 035 04 045 05 055 06 065
4 D 0 0.156 0.309 0.454 0.588 0.707 0.809 0.891 0.951 0.98% 1.000 0.98% 0.951 0.891
5| 005 of0.1as]0.295 0.433 0.560 0.672 0.771 0.849 0.906 0.941 0.953 0.941 0.906 0.849
6| 01 00142 0.281 0.412 0.534 0.642 0.735 0.809 0.864 0.897 0.908 0.897 0.864 0.809
7| 015 0 0.135 0.268 0.393 0.509 0.612 0.700 0.771 0.823 0.855 0.866 0.855 0.823 0.771
8| 02 00129 0.255 0.375 0.485 0.583 0.667 0.735 0.785 0.815 0.825 0.815 0.785 0.735
9 0 0.128 0.254 0.372 0.482 0.580 0.564 0.731 0.781 0.811 0.821 0.811 0.781 0.721

-
=]

Figure 8.6. Excel sheet prepared for solving Example 8-1 with the BTCS scheme
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Figure 8.7. Comparison of the BTCS solution with the exact analytical solution
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Figure 8.8. Comparison of the FTCS solution with the exact analytical solution

(t=1.0s,At=0.055)
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8.2.2. Application of the BTCS scheme by using iterative calculations
Mokheimer and Antar [4] applied the BTSC scheme with the alternative method that

does not require the algebraic system to be formed, i.e., by allowing the iterative-
solution option of Excel to solve the nodal equations. To use their method, Equation
(8.10) is rearranged as follows:

T (T 4T

i m+l)
T s 20) (8.13)

Where, 7 is defined by Equation (8.6). Figure 8.9 shows the Excel sheet developed for
this method. The data part at the top of the sheet adds the calculation of the Fourier
number z from Equation (8.6) in cell O1. The formula bar reveals the formula in cell C5
that uses Equation (8.13) to determine the temperature at x = AXx:

C5=(C4+1* (B6+D5)/(1+2*1)

This formula is copied and pasted in cell D5:U5 at the same row. Figure 8.9 shows the
nodal temperatures calculated by this method when the iterative calculation option of
Excel is active. The figure shows that the calculated temperatures are the same as their
corresponding values shown in Figure 8.6.

s - fe || =(ca+T*(B6+DS))/(1+2*T)

A B  c|D|E|F| 6 H | I | J K| L | M N O P |Q|R|sS|T| |u
1 lax | 0.5 lat | o.05] o | o4 N | = | o
2 X =
3 [ty 0 005 01 015 02 025 03 035 04 045 05 055 06 06 07 075 08 085 09 095
4 0 00.156 0.309 0.454 0.588 0.707 0.809 0.891 0.951 0.988 1.000 0.988 0.951 0.891 0.809 0.707 0.588 0.454 0.309 0.156
5| 005 o0[0.129]0.294 0.432 0.56 0.672 0.771 0.84 0.905 0.941 0.952 0.941 0.306 0.849 0.771 0.674 0.56 0.433 0.295 0.149
6/ o1 o

Figure 8.9. Application of the BTCS scheme by allowing Excel’s circular calculations

8.3. Transient 2D heat-conduction: A general formulation
The transient 2D heat-conduction with heat generation and a constant thermal

conductivity is governed by the following equation:

2 21 @
CALISPA R Ry ik (8.14)
oy k «a ot

The FD equations for solving the equation can be developed by following one of the
two schemes described in the previous section for the transient 1D conduction. While
the two special derivatives are approximated by central-differences, either the forward-
difference or the backward-difference can be used for the temporal derivative. This
section presents the formulation part that is common to both schemes.

o9 o =
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Consider the two-dimensional metal plate shown in Figure 8.10 that is initially at a
uniform temperature of 90°C, while its top and right sides are exposed to heat-transfer
by convection and the left side in insulated. Heat is then generated in the plate at a rate

of &, but the temperature at the bottom side of the plate is held constant at 90°C.

Y 2 /\

7 3 Convection

Insulated ;ﬂ =1 —- o
I ©
cI | h
Ay| B ] —
ﬁ AX
7 8 9
Te=90°C

Figure 8.10. Geometry and boundary conditions
For the internal node, node 5, energy balance in the surrounding element gives:

AEelement (8 15)

Qcond, left + Qcond, above + Qcond, right + Qcond, below + Egen,element = At

Substituting for the six terms in Equation (8.15) by relevant expressions:

T|9ft B Tnode 1 KAX Tabove - Tnode i kAy Tright B Tnode KAX Tbelow - Tnode

AX Ay AX Ay

i+l i
+AXAY &, = pC, Toode = Tnode (8.16)

At

kAy

Since Ax =Ay, dividing by k and substituting for Ax and Ay with I

2 i+1 i
19 Thode = Thode

Tiett + Tabove + Tright + Thetow = 4Thoge + ?eg = —fiode . (817)
Sunstituting the numbers of the nodes surrounding node 5, the equation becomes:

I 2 . T i+1 _ T i
Ty Ty +To +To = 4T+ ¢, =5 5 (8.18)

T

From Figure 8.11 that shows the energy transfer in the zone surrounding node 2 energy
balance gives:
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Qconv, above
1 ! 3
Qcond, eft» « Qcond,right
Qr‘nn below.
4 5l 6

Figure 8.11. The energy-balance zone for node 2

Qcond, left + Qconv, above + Qcond, right + Qcond, below + Egen,element = AEelement /At (8'19)

Evaluating the six terms in Equation (8.19) from relevant expressions, we get:

TIeft _Tnode T

T
kAy — hAX(T,, —Tyoge )+ kAY
X

node

right _Tnode KAX Tbelow -
AX Ay
Ti+l _ i

+AXAYE, = pC, W (8.20)

Specifying the relevant temperatures around node 2, the equation becomes:

T,

k(Tl _T2)+ hl(Tw _Tz)"' k(Ts _Tz)"' k(Ts —T2)+I2.ég =pL, AL

(8.21)

Following the same procedure, the FD equations for the other boundary nodes can be
obtained from energy balance around each node. Note that no time level has been
assigned to the temperatures on the left side of Equations (8.18) and (8.21). The
appropriate time level depends on whether the scheme to be used is explicit or implicit
as explained in the following two sections

8.4. The explicit FTCS scheme for 2D conduction

With this scheme, the temperatures in the left side of the nodal equations represented by
Equation (8.20) are taken at the old time-level (i). The example that illustrates
application of the scheme is based on one given by Cengel and Ghajar [5] who also
solved the problem by using the explicit scheme.

Example 8-2. Transient 2D heat-conduction with heat-generation

Two-dimensional transient heat transfer takes place in an L-shaped solid body as shown
in Figure 8.12. The thermal conductivity and diffusivity of the body are k = 15 W/m-°C
and a = 3.2x10° m°/s, respectively. The left surface of the body is insulated, while the
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right surface is subjected to heat flux at a uniform rate of ¢, = 5000 W/m® and the
entire top surface is subjected to convection to ambient air at T.= 25°C with a
convection coefficient of h = 80 W/m’-°C. Heat is generated in the body at a rate of CH

= 2x10° W/m®. The body is initially at a uniform temperature of 90°C, which is then
maintained at the bottom surface at all times.

/3N

Y1 T =25C
B Convection ' )
h =80 W/m
Insulated Ji === o l
Tils | |5 ! 6 7 8 9
] I i g
ny| e Ss-— -
g AX
10 11 12 /I\ 14 15 X
Tz =90°C

Figure 8.12. Geometry and boundary conditions of Example 8-2

Using the FD method with a nodal network consisting of 15 equally spaced nodes,
determine the temperature at the top corner (node 3) of the body after 1, 3, 5, and 10
minutes.

The analytical model
Noting the similarity between Figures 8.10 and 8.12, Equation (8.18) gives:

i i i i |2 3 TSPrl _TSI
Ti T 4Tg + T 4T+ 6y =———= (8.22)
Rearranging:

i+1 é IZ
Tt =4+ T) T, +T¢ +T, +—k (8.23)

Similalrly, for node 2 Equation (8.21) takes the following form:

_ o e’
T, = (1 47 — 27%]T2'+T(T1'+T3'+2T +ZTh'T —k } (8.24)

With appropriate modifications, Equation (8.24) can be applied to nodes 7 and 8:
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k

_ . oo &,1°
T8'+l=(1—4r—27%j'(8'+T£T7'+T9'+2T +2ThIT T} (8.26)

_ . o el
T7'+l=(1—4r—2r%}(7'+T[T6'+T8'+2T +ZTh'T ] (8.25)

The FD equations for the remaining 5 nodes as obtained by energy balance around the
respective node are as follows [5]:

i+1 _ hi i hl _I2

T =|1-4r - 2rk T, +27T)+T) +?T o (8.27)

" hiY i 2l &l

Tt =|1-dr—de g4 20) Ty 4T + = =T — - (8.28)

i+l e._lz

T, =41, 2| T) +2T) + T, + ” (8.29)
38,12

Tot = [1 47 — 41'% 3{2T + AT +2T) + 4T, +4:'T + f( ] (8.30)

" hi, i dal hl_ &’

Ty = 1—41—21? o +2r| Tg + T, +T+?Tm +7 (8.31)

Stability considerations limit the time step for the explicit FTCS scheme by requiring

that the primary coefficient, i.e., the coefficient of Tni] in the respective nodal equation,

to be greater than or equal to zero for all nodes. Since the smallest coefficient is that of
Equation (8.28) for node 3, this requirement leads to [5]:

IZ
At —F——— .
4a(L+hl/K) (832

According to Equation (8.32), the maximum time step for | = 1.2 cm is given by:

<(0.012)° /4x3.12x107°(1+80x 0.012/15) =10.6s

Cengel and Ghajar [5] used At =10 s, which will also be used in the present analysis.
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Excel implementation
The approach adopted for applying the explicit scheme for the 2D transient heat

conduction equation closely follows that described by Mokheimer and Antar [4]. Figure
8.13 that shows the Excel sheet developed for applying the scheme. The data part on the
left side of the sheet stores the given information about the thermal conductivity and
diffusivity of the solid, the rate of heat-generation, the specified boundary temperatures,
etc. The temperatures at nodes 10, 11, 12, 13, 14, and 15 that lie at the bottom surface
are fixed to 90°C. Based on these data, the formula in cell G2 determines the Fourier
number t that appears in the FD equations of the different nodes.

H13 - Feo | =(1-45T-4*T*h*_A/(3%K))*HE+T/3%(2* H5+*GE+2*I6+4*HT+A%h*_A/K*T_==+3%e_g*_A"2/k)
A B C D E F G H I il K L M N o] P Q R

1

2k 15|W/m.oC Solve

3 o 3.20E-06|m2/s

4 eg 2.00E+06|W/m3 time 0s

5 90 90 90

6 |T_bottom| 9.00E+01|oC 90 90 90 90 90 90

7 T == 25(oC 90 90 90 90 90 90

8

9 |h 8.00E+01|W/m2.0C

10 g_R 5.00E+03|W/m2

11 time 10 s

12 A 0.012{m 92.42( 92.42| 90.57

13 |At 10|s 94.27| 94.27| 93.03]| 92.42| 92.42| 54.20

14 90 90 90 90 90 90

15

Figure 8.13. Excel sheet developed for Example 8-2 by the explicit scheme

Figure 8.13 shows two L-shaped cell configurations that represent the 15 nodes in the
FD grid at two consecutive time levels. The top configuration stores the initial solution
(e.g., t = 0), while the bottom configuration stores the solution at the new time level
(e.g., t = At) as obtained by applying Equations (8.23) to (8.31) to the values stored in
the top configuration. The formula bar shows the formula that calculates the
temperature at node 6 using Equation (8.30). To obtain the temperatures at the next
time level, i.e., t = 2At, the values of the temperature in the bottom block are copied and
pasted in the corresponding cells of the top block (use the special “paste-values”
feature). This procedure needs to be repeated until the required time level is reached.

The repetitive copy-and-paste action can be automated by recording a macro for these
two steps as explained in Appendix F. Figure 8.13 shows a “Solve” button that is linked
to the recorded macro to activate it. Pressing the “Solve” button once will advance the
time by At. In order to keep record of the time, the following formula was entered in
cell K11:

K11 =K4 + At
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The initial value of cell K4 was set to zero as shown in Figure 8.13. Therefore, the
corresponding value calculated in cell K11 is equal to At, which is 10 s. The values in
cells K4 and K11 will be automatically updated after every paste-values step to become
10 and 20 s, respectively. The FD solutions determined by the Excel sheet at time =1,
3, 5, and 10 minutes are shown in Figure 8.14. The calculated temperature values at
node 3 shown in the figure, which are 100.2, 105.9, 106.5, and 106.6°C, agree with the
corresponding values obtained by Cengel and Ghajar [5].

(d)

Figure 8.14. FD solutions by the explicit scheme after time 1, 3, 5, and 10 minutes

8.5. The implicit BTCS scheme for 2D conduction

In the implicit scheme, the temperatures in the left side of the nodal FD equations are
evaluated at the new time level (i+1). As for 1D conduction, the BTCS scheme can
either by applied by assembling and then solving the linear system of equation or by
using iterative calculations to directly solve the equations. Since the first option leads to
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a large system of linear equations to be solved, only the second option will be used in
following analysis. Accordingly, Equation (8.18) for node 5 becomes:

) i i . I 2 T i+l _ T i
T+, + T + T, — 4T + b= =5 (8.33)
T
Rearranging the equation:
i+1 i i+1 i+1 i+1 ég I ?
To = To | T+ T+ T 4 Ty = — 1+ 4r7) (8.34)

The FD equations for the other nodes can also be obtained by rearranging those of the
explicit scheme as follows:

] o &,1?
-I-l|+1 _ Tll +27 T2|+1 +T4'+l _|_mTOO + 9 /(1+ 4t + 27 m} (835)
k 2k K
| o . é,l°
T =|T, +{T1'+1+T;+1+2T;+1+2TNTOO + gk J]/(l+4r+22‘%) (8.36)
. . . . é,l°
AR FPEE S AICLE S 1 |/ R L (8.37)
k 2k K
i+1 | i i+1 i+1 é9|2
T =T T 2T 4 Ty 4 /(L 4) (8:38)
I _ _ _ 3,17
T = | Ty + 2| 2T) +4Td +2T) +4T, +4—thoo +— /(1+4r+4fmj (8.39)
3 k k 3k
i+1 i i+1 i+1 2hl é9|2 hi
T, =T, +7| Tg +Tg ™ +2T4 +TT°° + " / 1+4r+21? (8.40)
i+l i [ i 2hl é9|2 hi
Tet =Ty +7| T, +Tg +2T, +TT°° = / 1+4r+21? (8.41)

_ _ . i é 1?
Ty = T;+2T[T8'*1+TB+qTR+ﬂT +— H/(l+41+21%j (8.42)

k 2k
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Excel implementation

The Excel sheet for the implicit scheme can be devoped from that of the explicit
scheme by modifying the nodal FD equations written in bottom block of cells with
those given by Equations (8.34) to (8.42). Since the right-hand sides of these equations
involve temperatures at the new time level i+1, the iterative-calculations option of
Excel must be active. Figure 8.15 shows the resulting sheet using the same spacial and
time steps | =0.012 m and At = 10 s. The formula bar reveals that for node 6 based on
Equation (8.39). The figure shows slighlly different temperature values from those
obtained with the explicit scheme as shown in Figure 8.13. As for the explicit scheme,
pressing the “Solve” button once will advance the time by At.

H13 - fo | ={HE+T/3*(2*H12+4*G13+42*113+4*H14+4%h*_AJK*T ==+3*e_g* A*2/k))/(1+4*T+4*T*h*_A/(3*k))
A B = D E F G H I J K L 1\ N o] P Q R £

4 e g 2.00E+06|W/m3 time 0s

5 50 50 90

6 T_bottom| S.00E+01|aC 90 90 50 90 90 90

7T == 25|0C 90 50 30 90 30 90

8

9 h 8.00E+01|W/m2.0C

10 g R 5.00E+03[W/m2

11 time 10 s

12 |A 0.012|m 92.6(952.47[91.39

13 |At 10|s 93.32| 93.21|( 92.33| 91.74| 91.76| 92.60

14 90 50 30 90 30 90

15
16

Figure 8.15. Excel sheet developed for Example 8-2 by the implicit scheme

Table 8.2 compares the temperature values at node 3 as determined by the explicit and
the implict schemes after %, 1, 3, 5, and 10 minutes. As the figures show, the
percentage deviation between the values obtained with the two schemes just after %2
minute is more than 4.3%, but decrease with time and diminishes after 10 minutes.

Table 8.2. Comparison of the solutions obtained with the explicit and the implicit
schemes for the temperature at node 3

Time (s) | FTCS (°C) | BTCS(°C) [ Deviation (%)
30 97.2 93.1 4.304
60 100.2 99.02 1.178
180 105.9 105.3 0.567
300 106.5 106.4 0.094
600 106.6 106.6 0.000

Figure 8.16 compares the solution obtained with the implicit scheme for the
temperature at node 3 at different times with those obtained with the explicit scheme
using three values of the time step; 2, 5, and 10 s. The figure shows that the temperature
approaches a steady-state value of about 106.6°C after 6 minutes. Figure 8.16 also
indicates that the solution obtained with explicit scheme depends on the time step and
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approaches that obtained with implicit scheme as the time step is reduced. The effect of
the spatial step I=Ax=Ay can also be investigated.

107

=
o
(o))

//
{// i 10

—o— ExplicitAt=10s | |
J ExplicitAt=5s
—— ExplicitAt=2s

Temperature (°C)
=
o
(0]

-
o
S

103

0 100 200 300 400
Time (s)
Figure 8.16. Values of the temperature at node 3 obtained with the explicit scheme
using three time-steps compared to those obtained with the implicit scheme

8.6. Closure
The chapter showed how Excel can be used to solve the transient 1D and 2D heat-

conduction equations with the FD method. Both explicit and implicit FD formulations
of the method were considered. For the explicit formulations of the FD method, the
chapter highlighted the need for selecting reasonably small time steps in order to ensure
the solution’s stability. For the implicit scheme, the chapter illustrated the usefulness of
Excel’s iterative-calculation option for solving the transient 1D and 2D conduction
equations. Although the schemes discussed in the chapter can be applied to solve the
full 3D conduction equation, application of the FD method for solving 3D heat-
conduction problems with complex geometries and boundary conditions is better done
with dedicated computer programs [6].
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Exercises

1. Figure 8.P1 shows a large uranium plate of thickness L = 4 cm, thermal
conductivity k = 28 W/m-°C, and thermal diffusivity a = 12.5 x 10° m’/s that is
initially at a uniform temperature of 200°C. Heat is generated uniformly in the

plate at a constant rate of €,=5 x10° W/m®. At time t = 0, one side of the plate is

brought into contact with iced water and is maintained at 0°C at all times, while
the other side is subjected to convection to an environment at T,, = 30°C with a
heat transfer coefficient of h = 45 W/m?. °C.

Uranium plate

0°c k =28 W/m.K Iw
é

\ =3210° wW/m®

12.5x10°° m?/s

g

o

L
09 © © © 9
0 1 2 3 4 X
AX < | |
~ ) ~1

Figure 8.P1 Schematic for Problem 8.1 (adapted from Cengel and Ghajar [1])

Considering a total of five equally spaced nodes in the medium, two at the
boundaries and three at the middle, develop three Excel sheets to estimate the
exposed surface temperature of the plate 2.5 min after the start of cooling using:

(a) the explicit method,
(b) the implicit method that uses the iterative-calculation option,
(c) the implicit method that assembles and solves the linear system.

This exercise is based on Example 5-5 in Cengel and Ghajar [1].

2. When time-accurate solutions of the conduction equation are important, the Crank-
Nicolson (C-N) scheme has significant advantages over the FTCS and BTCS
schemes. The C-N scheme is implicit like BTCS and also unconditionally stable.
The scheme is not significantly more difficult to implement than the BTCS
scheme. Develop an Excel sheet for solving Example 8-1 by using the C-N
scheme. For more information about the C-N scheme refer to Recktenwald [1].

3. Develop the general FD equations for node 3 and node 6 in Figure 8.10.
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4. Solve the two-dimensional transient heat transfer in an L-shaped solid body given
in Example 8-2 by using a finer nodal network that consists of equally spaced
nodes with Ax = Ay = 0.6 cm, as shown in Figure 8.P4. Using the explicit FD
method, determine the temperature at the top corner (node 5) of the body after 1, 3,
5, and 10 min. Compare your solution with that obtained with the original grid.

1 5
6 10
1 15 21
22 32
33 43

Figure 8.P4. FD grid for problem 8.4

Hint: You do not have to develop new equations except for nodes 10 and 32. The
equations developed in Example 8-2 can be used for the other nodes, but you have
to use a smaller time step.

5. Repeat the above exercise by using the implicit BTCS scheme. Use either the
iterative-calculation option of Excel or the matrix-inversion method to solve the
resulting system of algebraic equations. Compare your solution with At = 10, 15,
and 20 s with that obtained with the coarser grid for the temperature at node 3.

6. A hot surface is to be cooled by attaching aluminium fins (k = 237 W/m-°C
and a =97.1x10° m’/s) that have triangular cross sections as shown in Figure
9P.6. Each fin has length L= 5 cm, base thickness t = 1 cm, and very large width
w. The temperature of the surrounding medium is 15°C, and the heat
transfer coefficient on the surfaces is 35 W/m?-°C. Initially, the fins are at a
uniform temperature of 30°C, and at time t = O, the temperature of the hot
surface is suddenly raised to 120°C. Assuming one-dimensional heat
conduction along the fin, use the finite difference method with six equally
spaced nodes to determine the nodal temperatures after 2 min by using:

(@) The explicit finite-difference formulation
(b) The implicit finite-difference formulation

Also, determine how long it will take for steady conditions to be reached.

Hint. Refer to Appendix E for the solution of the steady heat conduction
equation on the triangular fin with similar boundary conditions.
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T =15C
h =35 W/m’.°’C

Tb,o =
120°C

t=1cm

<——|=5cm

Figure 8.P6. The dimensions and initial and boundary conditions of the triangular fin
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9

Thermodynamic analyses of gas
power cycles
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Energy-conversion cycles that involve phase changes of the working fluid, like the
Rankine cycle, require the determination of fluid properties at different phases of the
fluid. For the analyses of these cycles, computer-aided methods that use property
functions are more convenient than traditional methods that use property tables and
charts. For gas cycles that do not involve phase changes computer-aided methods are
also more accurate because they allow the application of the variable specific-heat
method of analysis instead of the approximate constant specific-heat method. This
chapter shows how Thermax functions can be used to analyse two important gas power-
generation cycles which are the Brayton cycle and the Otto cycle. The results obtained
for the Brayton cycle by using the ideal-gas property functions provided by Thermax
are compared to those obtained by using the ldeal-Gas add-in developed at the
University of Alabama [1]. For the Otto cycle, energy as well as exergy analyses are
presented. The values obtained for the key parameters of the cycles are also verified
against the relevant values given in standard thermodynamics textbooks.

9.1. The ideal Brayton cycle

The Brayton cycle is the ideal cycle for gas-turbines. Unlike real gas-turbine cycle, it is
a closed cycle with a constant mass of the working fluid going through the system’s
components as shown in Figure 9.1. The cycle consists of four processes; compression
in an ideal gas compressor, heat-addition from a high-temperature source, expansion in
an ideal gas turbine, and heat-rejection to a low-temperature sink. Figure 9.2 shows the
cycle on a T-s diagram. Although the working fluid can be any suitable gas, in the
following analysis it is assumed to be air.

3 |

Heat
exchanger

2“

3
g

\
|_— Compressor Turbine —~_|
A

Heat
exchanger

. &

Figure 9.1. Schematic diagram of the closed-cycle gas-turbine

A_'>
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7z

S

Figure 9.2. T-s diagram for the ideal Brayton cycle

Referring to Figure 9.2, the compressor work (w.) and turbine work (w), per unit mass
flow rate of the air, are determined from:

w, =(h,—h,) 9.1)
w, = (h; —h,) 92)

Where hy, hy, hs, and h, are values of the enthalpy at states, 1, 2, 3, and 4, respectively.
The amount of heat addition (q;,) per unit mass flow of the air is given by:

Qi, = (h3 - hz) 9.3)

Therefore, the net work (W), back-work ratio (BWR), and thermal efficiency (7) of the
cycle are determined from:

Whet =W, =W, (9.4)
BWR =w, /w, (9.5)
1=Wnet / Qi (9.6)

Given the compressor’s inlet temperature, T;, and the turbine’s inlet temperature, T3, the
discharge temperature from the compressor (T,) and the discharge temperature from the
turbine (T,) are determined by using the variable specific-heat method of analysis from
the corresponding relative pressures P, and P,4 given by:
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P

I:>r2 - Prl X FZ (9.7)
1
P

P,=P,x P—4 (9.8)

Where P,; and P, are the relative pressures at states 1 and 2, respectively. For the ideal
cycle without pressure losses, P; = P, and P, = P;. The following example, which is
based on Example 9.5 in Cengel and Boles [2], illustrates the procedure of using
Thermax property functions for analysing the cycle with Excel.

Example 9-1. Analysis of the simple ideal Brayton cycle

A gas-turbine power plant that operates on an ideal Brayton cycle with air as the
working fluid has a pressure ratio of 8. The gas temperature at the compressor inlet is
300 K and at the turbine inlet is 1300 K. Determine (a) the net work per unit mass flow
rate of the working fluid, (b) the back work ratio, and (c) the thermal efficiency.

Solution

Figure 9.3 shows the Excel sheet developed for this example using Thermax property
functions. The figure shows the general layout adopted in this book for sheet
arrangement according to which the sheet is divided from left to right into three main
parts: (i) Input data, (i) Intermediate calculations, and (iii) Final results. In the present
case, the input data include the given values of the two temperature values at states 1
and 3 (T_1 and T_3) and the pressure ratio (rp). The middle part of the sheet, which is
reserved for the calculation of intermediate results, shows the calculated values of the
two unknown temperatures T_2and T_4 and the enthalpy values at the four states in the
cycle. The final results are the compressor work (w_c), the turbine work (w_t), the heat
input (Q_in), the back work ratio (BWR), and thermal efficiency (1) as shown on the
right side of the sheet.

n - Ff | =(w_t-w_c)/q_in

A B = D E F G H 1 il K
1 Input Data Intermediate calculations Final results
2 T1 300fK Pr 2 11.06829133 h_ 1 299.8453 wW_C 243.6869
3
4 rp 8| T2 538.1465495 h_2 543.5324 w_t 606.014
5
6 T_3 1300|K Pr 4 41.69167583 h_3 1396.057 g_in 852.5248
7
8 T4 769.2393433 h 4 790.0433 BWR 0.402114
5 |
10 n 0.425005

11

Figure 9.3. The Excel sheet developed for Example 9-1
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Table 9.1 shows the formula entered in each cell of the calculations part using Thermax
functions. Only three Thermax functions from the Gas-group have been used in the
Excel model with air as the gas which are: GasPr_TK, GasTK_Pr,and Gash_TK. For
the purpose of comparison, a similar Excel sheet was developed by using the IdealGas
add-in developed at the University of Alabama [1]. Figure 9.4 shows the Excel sheet

and Figure 9.5 reveals the function used in fit.

Table 9.1. Usage of Thermax functions in the analysis

Cell Parameter | Excel formulae and Thermax functions

E2 Pr 2 =GasPr_TK("Air;T_1) *rp

E4 T2 =GasTK_Pr("Air";Pr_2)

E6 Pr 4 =GasPr_TK("Air;T_3)/rp

ES8 T 4 =GasTK_Pr("Air;Pr_4)

H2 h 1 =Gash_TK("Air;T_1)

H4 h 2 =Gash_TK("Air;T_2)

H6 h 3 =Gash_TK("Air";T_3)

H8 h 4 =Gash_TK("Air";T_4)

n M fe | =(w_t-w_c)/q_in
A B C D E F G H I J K

1 Input Data Intermediate calculations Final results
2 T1 300| K Pr 2 11.01667122] h 1 299.6384 W_C 243.6869
3
4 rp B T2 538.1465495 h_2 543.3253 w_t 606.014
5
6 T 3 1300|K Pr 4 41.49723248 h_3 1395.85 g_in 852.5248§
7
a8 T4 769.2393498 h 4 789.8362] BWR 0.402114
o)
10 n 0.425005

11

Figure 9.4. Excel sheet for Example 9-1 using the IdealGass add-in

Je | =(w_t-w_c)/q_in
C D E F G H
Intermediate calculations
Pr 2 =Prel_air(T_1,"si"}*rp h 1 =h_air(T_1,"si")
T2 =T_Prel_air(Pr_2,"si"} h_2 =h_air(T_2,"si")
Pr 4 =Prel_air(T_3,"si"}/rp h_3 =h_air(T_3,"si")
T 4 =T _Prel_air(Pr_4,"si"} h_4 =h_air(T_4,"si")

Figure 9.5. ldealGas functions used in the Excel sheet of Example 9-1
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Table 9.2 shows the values determined by the two property add-ins for the key cycle
parameters and their corresponding values given by Cengel and Boles [2]. The figure of
the table show only minor differences between the values obtained by the two property
add-ins and those given by Cengel and Boles [2].

Table 9.2. Verification of the two add-ins’ results with those of Cengel and Boles [2]

Parameter | Cengeland Boles [2] | Thermax | IdealGas

We 244.16 243.69 243.69
W 606.60 606.01 606.01
Qin 851.62 852.52 852.52
BWR 0.403 0.402 0.402
U 0.426 0.425 0.425

9.2. The regenerative Brayton Cycle

Gas turbines can sustain higher combustion temperatures than those typically met in
internal-combustion engines, but the high combustion temperatures lead to high exhaust
temperatures as well. By adding a regenerator to the simple gas-turbine system as
shown in Figure 9.6, the energy in the hot exhaust gases that can reach more than 500°C
is utilised to preheat the compressed air before it goes to the combustion chamber; a
process called regeneration. Regeneration reduces the fuel combustion and improves
the plant’s thermal efficiency, but the cost of the heat-exchanger increases that of the
modified system. The economic benefit due to regeneration depends not only on the
cost of the heat-exchanger, but also on the system’s pressure ratio. While the cost of the
heat-exchanger depends on its size and effectiveness, there is a certain value for the
pressure ratio that maximises the system’s thermal efficiency.

Regenerator
6
—F AW
W ee D— 4
5 3
2
1 —
Compressor Turbine \_@

Figure 9.6. Schematic diagram of the regenerative gas-turbine

Figure 9.7 shows the T-s diagram for the regenerative Brayton cycle assuming zero
pressure losses in the combustion chamber and heat-exchanger. Due to friction losses in
both compressor and turbine, the actual exit temperatures from these devices (i.e., T,
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and T,) are different from the ideal values obtainable by the isentropic compression and
expansion processes (T,s and Tys).

Figure 9.7. T-s diagram for the regenerative Brayton cycle

As for the simple Brayton cycle considered earlier, the thermal efficiency (7) is given
by:

1= Wpet /qin (99)

Where, W, is the net output work from the plant and q;, is its heat input. The net output
work for the gas-turbine power plant is the difference between the turbine work output
(wy) and the compressor work input (w.). Using the numbering scheme of Figures 9.6
and 9.7 to indicate the state of the working fluid entering and leaving the compressor
and turbine, the net output work in terms of fluid enthalpies is given by:

Whee = (h3 - h4 )_ (h2 - hl) (9-10)

The heat input to the power plant is given by the difference in enthalpies of the
combustion gases and the preheated air entering the combustion chamber, i.e.:

Oin = (hs - hs) (9.11)

Given the temperature and pressure of air at the compressor inlet, the ideal relative
pressure after the compressor (P, ) is determined from [2]:

_p, 2_p 9.12)

P rlF1 p

r2s
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Where, r, stands for the pressure ratio. P, is then used to find Tp, which is the
temperature after an ideal isentropic compression process. Once T, is found, h,s can be
determined by using the property function. The actual enthalpy (h) is then found from:

h, =h, +(hy, —h)/7, (9.13)

Where, 7. is the compressor’s isentropic efficiency. Similarly, the relative pressure after
the expansion process (P;4s) is determined from:

P
Pr4s = I:)r3 F4 = Pr3 /rp (914)
3

P4 is then used to find the temperature after an ideal expansion process Ty, from
which h,s can be determined. The actual enthalpy (h,) is then found from:

h, =h; - (hs —hys )X T (9.15)

Where, #, is the turbine’s isentropic efficiency. The temperature of the compressed air
entering the combustion chamber (Ts) and, therefore, the saving in fuel consumption,
depends on the effectiveness of the regenerator (&) which is defined as:

e=(Ts -T,)I(T, -T,) (9.16)
Given an estimate for ¢, Equation (9.16) can be rearranged to get:
T, =T,+&(,-T,) (9.17)

Example 9-2. Analysis of the regenerative Brayton cycle

A gas-turbine power plant operates on a regenerative Brayton cycle with air entering
the compressor at 100 kPa, 300 K. Combustion gases leave the combustion chamber at
1400 K. The regenerator effectiveness is 80% and the isentropic efficiency of both the
compressor and the turbine is 80%. Determine the pressure ratio that yields the
maximum net work output and the maximum thermal efficiency of the plant.

Solution

Figure 9.8 shows the Excel sheet prepared for this example using Thermax functions.
The input data shown in the left-side of the sheet includes the air intake temperature
(T_1) and pressure (P_1), the pressure ratio (Pratio), and the combustion temperature
(T_3). The data part also includes the isentropic efficiency of the compressor (Eff c),
the isentropic efficiency of the turbine (Eff_t), and the regenerator effectiveness
(Eff_regen). The middle part of the sheet shows the calculated values of T, and T,. The
figure shows the enthalpy values as obtained by using Thermax functions. The formula
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used in each cell is inserted next to it. The right-side of the sheet shows the main
results, which include values of the input compression work, the output expansion
work, the net work output, the heat input, and the thermal efficiency.

n - fe | =(w_t-w_c)/a_in

B C D E F G H I J K L
1
2 T1 300) h_1 299.8455|=Gash_TK("air",T_1) h_5 890.2033[=h_2+Eff regen*(h_4-h_2)
3 P21 100f Pr 1 1.383536|=GasPr _TK("air",T_1)
4 |pratio 10) Pr_2s 13.83536|=Pr_1*Pratio w_c 349.0347|=(h_2-h_1)
5 T3 1400) T 25 572.0764|=GasTK_Pr("air",Pr_2s) w_t 565.2241|=(h_3-h_4)
6 |Eff c 0.8 h_2s 579.0732|=Gash _TK("air",T_2s) w_net 216.1894|=w_t-w_c
7 Eff t 0.8) h 2 648.8802|=h_1+(h 2s-h 1)/Eff ¢ Q_in 625.5549|=(h_3-h_5)
8 |Eff_regen 0.8] T 2 638.1146|=GasTK_h("air",h_2) n 0.345596 |=(w_t-w_c}/Q_in
<,
10 h 3 1515.758|=Gash _TK({"air",T_3)
11 Pr 3 454,3223|=GasPr _TK("air",T_3)
12 Pr_4s 45.43223|=Pr_3/Pratio
13 T 4s 786.8156|=GasTK_Pr{"air",Pr_4s)
14 h_4s 809.2281|=Gash _TK("air",T_4s)
15 h 4 950.5341|=h_3-(h_3-h_4s)*Eff t
16 T4 914.5512|=GasTK_h{"air",h_4)

-
-

Figure 9.8. The Excel sheet developed for the regenerative Brayton cycle

The sheet shows the results at a pressure ratio of 10 at which the corresponding values
of the net output work and thermal efficiency are 216.19 kJ/kg and 0.346, respectively.
The value of the pressure-ratio (Pratio) in cell C4 was changed from 2 to 16 and Figure
9.9 shows the calculated values for the net specific work and thermal efficiency plotted
against the pressure ratio. The figure shows that the net output work and thermal
efficiency reach their maximum values at different pressure ratios. While the maximum
net work output occurs at a pressure ratio of about 8, the maximum thermal efficiency
occurs much earlier at a pressure ratio of about 5 or less.

250 0.45
[-11] 7 =~ -
£ 200 /7 < - 035
2 / - 03 €
¥ 150 / 3
S / - 025 ¢
o 02 =
Eg 100 g
g = = =w_net - 0.15 5
7]
2 50 a L+ o1 £
z - 0.05

0 T T T 0
0 5 10 15 20

Pressure ratio

Figure 9.9. Variation of the net specific work and thermal efficiency of the regenerative
Brayton cycle with the turbine’s pressure ratio
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9.3. Energy analysis of the Otto cycle

The Otto cycle and the Diesel cycle are two ideal cycles used for modelling the cycles
in internal combustion (1.C.) engines. While the Otto cycle is used for modelling spark-
ignition 1.C. engines, the Diesel cycle is used for modelling compression-ignition 1.C.
engines. Figure 9.10 shows the four processes that constitute the Otto cycle, which are:

Process 1-2: Adiabatic and reversible compression of air
Process 2-3: Constant-volume heat addition
Process 3-4: Adiabatic and reversible expansion of air
Process 4-1: Constant-volume heat rejection

P messteesyyos peoy poens
q i Air §
d a4
@ @® ; :
g | I G
H 1T
A a L k|
1-2: Isentropic 2-3: Heat addition 3-4: lIsentropic
compression at constantv expansion

Qe

’

Air

U

4-1: Heat rejection
at constantv

Figure 9.10. The Otto cycle (Adapted from Cengel and Boles [2])

The P-v diagram of the Otto cycle is shown in Figure 9.11. Processes 1-2 and 3-4 are
isentropic processes because they are both adiabatic and reversible. The following
analysis of the Otto cycle, which is based on the first law of thermodynamics, is called

an “energy analysis” of the cycle.

P| 3
qin
5 4
qout
1
| |
TDC BDC V

Figure 9.11. P-v diagram of the Otto cycle (Adapted from Cengel and Boles [2])
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The analytical model
For the ideal Otto-cycle shown in Figures 9.10 and 9.11 with air as an ideal-gas [3]:

v, =RT, /P, (9.18)
V, =V, /r (9.19)
V, =V, (9.20)
vV, =V, (9.21)

Where, R is the gas constant (for air R= 0.287 kJ/kg.K) and r is the compression ratio of
the cycle (for modern spark-ignition engines 8 < r < 11). For or the isentropic
compression and expansion processes:

vV, V

2 _ 2 _q/y (9.22)
Vrl Vl

Yoo Vo _y (9.23)
Vr3 V3

Where, v, is the relative specific volume. The last two relationships can be used to
determine the two temperatures after the compression and expansion processes. The
amount of heat added in process 2-3 per kg of the working fluid (g;,) is calculated from:

Q= Uy —u,) (9.24)
The amount of heat removed per kg of the working fluid (q;,) is calculated from:

ot = (U, —U,) (9.25)
Applying the first-law of thermodynamics, the net work from the cycle is given by:

Wiet = Uin = Aout (9.26)
Therefore, the thermal efficiency of the Ott cycle (7o) IS given by:

Wne
Moo = q_t (9.27)

in
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The cycle’s mean-effective pressure (MEP) is defined as:

MEP = — et Whet (9.28)
Vo, —Voo V=V,

Although the above model uses the usual air-standard assumptions, Equations (9.22)
and (9.23) take into consideration the variation of the specific heat with temperature.
Therefore, the model yields more realistic results than those obtained by using the
approximate constant specific heat method which is more convenient for hand
calculations.

Example 9-3. Energy analysis of the Otto cycle

An ideal Otto cycle has a compression ratio of 8. At the beginning of the compression
process, air is at 100 kPa and 17°C. During the constant-volume heat-addition process,
800 kJ/kg of heat is transferred to air. Accounting for the variation of specific heats of
air with temperature, conduct an energy analysis of the cycle to determine:

(i) the net work output and thermal efficiency,
(i) the mean effective pressure for the cycle.

This example is based on Examples 9-2 in Cengel and Boles [2].

Solution

Figures 9.12 and 9.13 show the Excel sheets developed for the analysis of the Otto
cycle using property functions for ideal gases provided by Thermax and ldealGAs,
respectively. The sheets show the formulae used in the calculation parts and the formula
window in each sheet reveals the formula used for the calculation of the mean effective
pressure according to Equation (9.28). Since the ldealGas add-in does not provide a
function for determining the gas temperature from its internal energy, the temperature
T_3 in Figure 9.13 has been found by using the Goal-Seek command. Table 9.3
compares the values obtained by the two add-ins to those given by Cengel and Boles
[2]. The figures in the table show good agreement between the three solutions.

L22 - F | =w_netf(v_1-v_32)

B C D E E G H I J K L
15 Energy analysis
16 rc 8 v 0.8323|=R_air*T_1/P 1 u_3 1273.924|=u_2+Q_in qout | 3819115
17|11 290|K u_l 206.5157|=gasu_1TK("air",T_1) |T_3 1572.592|=gasTK_1u("air",u_3)
18 P 1 100{kpa v 1 676.0638|=gasvr_1TK("air",T_1) |P_3 4338.186[=(T_3/T_2)*P 2 w_net | 418.0885|
19 Q_in 800|k)/kg |vr_2 84.50797|=vr_1/rc_ vr_3 6.064618|=gasvr_1TK("air",T_3)
20 T2 648.7274|=GasTK_1vr("air",vr_2) fvr_4 48.51694|=vr_3*rc_ n_l | 0.522611
21 R_air 0.287 u_2 473.9238|=gasu_1TK("air",7_2) [T_4 793.1169|=GasTK_1vr("air",vr_4)
22 P2 1789.593|=(T_2/T D)*rc *P 1 |u 4 588.4273|=gasu_1TK("air",T_4) |MEP [ 574.0003
23 v2 0.104038|=R_air*T_2/P_2 v 4 0.8323|=v_1 Il

24

Figure 9.12. Excel sheet developed for Example 9-3
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L22 - Fe | =w_net/(v_1-v_2)

B C D £ F G H I J K L
15 Energy analysis
16 |rc 3 v 0.8323)=R_air*T_1/P 1 u_3 1273.784|=u_2+Q_in gout | 3819112
17|71 290|K ul 206.3773|= u_air(T_1,"si") T3 1572.595[1572.595
18 |P_1 100|kra |vr 1 680.7629|= vrel_air(T_1,"si") P 3 4338.192|=(T_3/T_2)*P 2 w_net | 418.0888]
19 Q_in 800|k)/kg |vr_2 85.09536|=vr_1/rc_ vr_3 6.106743|= Vrel_air(T_3,"si"}
20 T2 648.7274)=T_vrel_air(vr_2,"si") |vr_4 48.85395|=vr_3*rc_ n_l | 0.522611
21 |R_air 0.287] u? 473.7844|=u_air(T_2,"si") T4 793.1182|=T vrel_air(vr_4,"si")
22 P2 1789.593|=(T_2/T 1)*rc_*P 1 |u 4 588.2885|= u_air(T_4,"si") MEP | 574.0009
23 v2 0.104038|=R_air*T_2/p_2 v 4 0.8323|=v_1 Il

24

Figure 9.13. Excel sheet developed for Example 9-3 using the IdealGas add-in

Table 9.3. Key parameters in the energy analysis

Parameter | Cengel and Boles [2] | Thermax | IdealGas
T, 652.4 648.7 648.7

Ts 1575.1 1572.6 1572.6
Ty 795.6 793.1 793.1

P, 1799.7 1789.6 1789.6
P; 4345.0 4338.2 4338.2
Qout 381.83 381.91 381.91
Wiet 418.17 418.09 418.09
7otto 0.523 0.523 0.523
MEP 574.0 574.1 574.1

Using the approximate method of analysis with fixed values of the specific heat, it can
be shown that the thermal efficiency of the Otto cycle is given by [3]:

Moo =1— /1, ) (9.29)

Where, k is the ratio of specific heats c,/c, for air. Substituting r = 8 and k = 1.4 in
Equation (9.29), the calculated thermal efficiency is 0.565. Although values of the
thermal efficiency obtained by both the exact and the approximate methods are
exaggerated compared to that of actual engines that of the variable specific heat
method, which is 0.523, is more realistic.

9.4. Exergy analysis of the Otto cycle

Energy analyses, such as that presented in the previous section, evaluate the general
performance of energy-conversion systems using overall performance indicators such
as the thermal efficiency for power-producing systems and the coefficient of
performance (COP) for refrigeration systems. By comparison, the analyses based on the
second-law of thermodynamics, which are called exergy analyses, enable the locations,
types, and true magnitudes of waste and loss to be determined. Therefore, exergy
analyses can be used in design analyses of thermofluid systems to further the goal of
achieving more efficient use of resources [4].
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The analytical model
Exergy (¢) is a thermodynamic property that measures the ability of the working fluid

to do useful work. Per unit mass in a closed system like that of the engine shown in
Figure 9.10, exergy is given by [2]:

2

g=(Uu-u,)-T,(s—s,)+ Po(v—v0)+v7+gz (9.30)

Where u is the internal energy and uy, So, and Py, respectively, refer to the values of the
internal energy, entropy and pressure at the dead state which is the surroundings.
Neglecting changes in the kinetic and potential energies, and taking into consideration
that v; = v, in this case, the exergy input in process 2-3 is determined from:

¢input = (¢3 _¢2): (Us _uz)_To (53 - Sz) (9.31)

Exergy of the working fluid can be destroyed in a process because of irreversibilities
such as friction losses and heat-transfer over a finite-temperature difference. In general,
the exergy destruction (Xqest) in @ process is determined from:

Xiest = TOSgen = TO (Assys —Si, + Sou’[)

= TO [(SZ - Sl )sys - -IE:Iin + -IE:IOUt J (932)
b,in b,out

Where, sy, refers to the entropy generated in the process. In the Otto cycle, processes 1-
2 and 3-4 are both adiabatic and reversible. Therefore, for these two processes:

Xgest =0 (9.33)

However, processes 2-3 and 4-1 both involve heat transfer with the surroundings and
that makes them externally irreversible processes. While process 2-3 involves heat
addition only, process 4-1 involves heat rejection only. For these two processes, exergy
destructions are obtained from:

Xgest = To ((53 =3, )_ -?-_mj Process 2-3 (9.34)

H

Xgest = TO((Sl —5,)+ %] Process 4-1 (9.35)
L
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The exergy destruction of the whole Otto cycle is the sum of the exergy destructions in
the heat-addition and heat-rejection processes. Sinces, =s,ands, =s,, the exergy
destruction in the Otto cycle becomes:

Xgest = To {%—?—J (9.36)
L H

Example 9-4. Exergy analyses of the Otto cycle
Accounting for the variation of specific heats of air with temperature, conduct an
exergy analysis for the Otto cycle considered in Example 9-3 to determine:

(i) the exergy destruction associated with the Otto cycle (all four processes as
well as the cycle), assuming that heat is transferred to the working fluid from
a source at 1700 K and heat is rejected to the surroundings at 290 K, and

(i) the exergy of the exhaust gases when they are purged.

This example is based on Example 9-10 in Cengel and Boles [2] and therefore, the
present results can be compared with their calculations for verification of the relevant
Thermax functions.

Solution

The two sheets developed for Example 9-3 were extended for this exergy analysis and
Figure 9.14 shows the extension that is needed in the lower part of the one using
Thermax functions. Table 9.4 shows the functions used in this extension. The sheet
using the ldealGas add-in was extended in a similar way. The additional data needed for
exergy analysis include the temperature and pressure of the surroundings, temperature
of the heat source, and the sink temperature. By obtaining the required entropy values at
the different states from the energy part, the two sheets determine the exergy
destructions in the four processes of the cycle, the total exergy destruction, and the
exergy lost in the heat-rejection process. Table 9.5 compares the calculated values to
those given by Cengel and Boles [2]. The figures in the table show a good agreement
between the results of the two add-ins and those given by Cengel and Boles [2].

2 | —

26 |Exergy analysis

27T O 290 Ed_12 0 Ed_cycle | 245.441]k)/kg
28 PO 100| Ed_34 0
29 v 0 0.8323
30 T _source 1700 Dels23 -0.75607| u_0 206.5157
31 T sink 290) Ed_23 82.78839|kJ/kg Dels40 0.756065
32
EI Dels14 -0.75607 E 4 162.6526 |kJ/kg
34 Ed_41 162.6526|kJ/kg

35
Figure 9.14. Excel sheet developed for Example 9-4 using Thermax
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Table 9.4. Thermax functions used in exergy analysis of the Otto cycle

Cell Formula
F30 =gassO_1TK("aIr",T_2)-gass0_1TK("air",T_3)-
R_air*LN(P_2/P_3)

F31 =T_0*(-Dels23-Q_In/T_source)

F33 =Dels23

F34 =T_0*(Dels14+g_out/T_sink)

127 =Ed 23+Ed 41

129 =v_1

130 =gasu_1TK("air",;T_0)

131 =-Dels14

133 =(u_4-u_0)-T_0*Dels40-P_0*(v_4-v_0)

Table 9.5. Results of the Otto cycle exergy analysis
Cengel and Boles [2] [ Thermax IdealGas

X 82.2 82.8 82.79

dest,2-3
X gest 4.1 163.2 162.7 162.65
X 245.4 245.4 245.44

dest,Otto
b, 163.2 162.6 162.65

The figures in Table 9.5 show that two thirds of the total exergy supplied to the engine
is lost during the heat-rejection process. Therefore, any design efforts that aim to
minimise the loss of exergy in the heat-rejection process can effectively improve the
performance of the Otto cycle. For example, the lost exergy can be used in a
cogeneration system that utilises the heat for producing steam for industrial applications
or for air-conditioning purposes. The figures in Table 9.5 also show that the exergy
destruction in the heat-addition process are about one third of the total exergy
destruction. While increasing the heat-addition temperature improves the thermal
efficiency of the cycle, it increases the rate of exergy destruction in this process.
Therefore, the selection of this temperature requires a careful consideration of the two
factors among other practical considerations.

9.5. Closure

This chapter illustrated the use of the two property add-ins, Thermax and IdealGas [1],
for the analyses of two basic power-generation cycles which are the Brayton cycle and
the Otto cycle. With respect to such gas cycles, property functions enable the excat
variable specific-heat method to be used; which gives more realistic estimations than
the approximate constant-specific heat method. The analyses show that the functions
provided by Thermax and IdealGas give identical results. While the IdealGas functions
have the advantage of allowing the two systems of units to be used, Thermax functions
are more general because the same function can be used for different gases. Thermax
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also provides additional functions not provided by IdealGas such as the GasTK_1u and
GasTK_1h functions that determine the temperature from a given value of internal
energy or enthalpy, respectively.

Although not demonstrated in this chapter, the automation of property calculations by
using property functions also enables Excel to be used for iterative solutions and
optimisation analyses of various types of energy-conversion systems using its two
“What-if analysis” tools; Goal-Seek and Solver. The scope of thermodynamic analyses
with the Excel-based platform can be widened by using a number of other educational
and research-oriented Excel add-ins that have been developed by academic institutions
and individuals [5-7].
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Excersises

1. Figure 9.9 shows that the net output work and thermal efficiency of the regenerative
Brayton cycle reach their maximum values at different pressure ratios; which is
about 8 for the maximum net work output and about 5 or less for the maximum
thermal efficiency. Use Solver to determine the exact values of the pressure ratios.

2. A regenerative gas turbine with intercooling and reheat operates at steady state. Air
enters the compressor at 100 kPa, 300 K with a mass flow rate of 5.8 kg/s. The
pressure ratio across the two-stage compressor is 10. The pressure ratio across the
two-stage turbine is also 10. The intercooler and reheater each operate at 300 kPa.
At the inlets to the turbine stages, the temperature is 1400 K. The temperature at the
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inlet to the second compressor stage is 300 K. The isentropic efficiency of each
compressor and turbine stage is 80%. The regenerator effectiveness is 80%. Figure
9.P2 shows the T-s diagram of the regenerative gas turbine cycle.

Figure 9.P2. T-s diagram for the regenerative gas turbine with intercooling

Develop an Excel sheet to determine: (a) the thermal efficiency, (b) the back work
ratio, (c) the net power developed, in kW. Compare your solution with that of
Example 9-11 in Moran and Shapiro [8].

The air-standard Diesel cycle shown in Figure 9.P3 operates with a compression
ratio of 18. At the beginning of the compression process the temperature is 300 K
and the pressure is 0.1 MPa. The cutoff ratio for the cycle is 2. Using Thermax or
any other property add-in, develop and Excel sheet to determine (a) the temperature
and pressure at the end of each process of the cycle, (b) the thermal efficiency, (c)
the mean effective pressure, in MPa. Compare your solution with that of Example
9-2 in Moran and Shapiro [8].

P in
N 3

4
qout
1
| | |
TDC Cut-off BDC V

Figure 9.P3. P-v diagram of the Diesel cycle
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10

Analyses of simple and multi-stage
compression VCR cycles
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The vapour-compression refrigeration (VCR) refrigeration systems used in various
residential, commercial, and industrial applications are the main contributor to the
ozone-layer depletion problem and a major contributor to the global-warming problem.
Therefore, improving the performance of these systems is a critical matter. The
performance of the simple single-stage VCR system deteriorates when there is a large
difference between the evaporator and condenser temperatures. In this case, multi-stage
compression VCR systems that split the refrigeration cycle into low-pressure and high-
pressure stages become more attractive. However, these systems are more expensive
and, in order to get their best performance, their stages have to be optimised. The
chapter presents optimisation analyses of two-stage and three-stage compression cycles
using refrigerant R134a. The results obtained by the property functions provided by
Thermax and by the add-in developed for R134a at the University of Alabama (UA) [1]
are verified against the relevant values given by Moran and Shapiro [2] and Cengel and
Boles [3].

10.1. The ideal vapour-compression refrigeration cycle

Figure 10.1 shows a schematic diagram of the basic VCR system and Figure 10.2
shows the T-s diagram for the ideal VCR cycle that consists of the following four
processes:

Process 1-2: reversible adiabatic compression process

Process 2-3: constant-pressure heat-rejection process in the condenser
Process 3-4: expansion in an expansion value or a capillary tube
Process 4-1: constant-pressure heat-addition process in the evaporator

tqout

Condenser

HpwpdpE

A

Expansion
Compressor
valve

2
/
—~

Evaporator

T

Figure 10.1. Schematic diagram of the single-stage vapour-compression
refrigeration system
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S
Figure 10.2. T-s diagram for the ideal vapour-compression refrigeration cycle

The ideal cycle does not account for the irreversibility and pressure losses in the system
components and the compressor is assumed to be adiabatic and reversible. Therefore,
the compression process is isentropic as shown in Figure 10.2. Assuming steady
operation of all the system components and neglecting changes in kinetic and potential
energy across each component, the energy interactions with the surroundings in the
different components per unit mass flow rate of the refrigerant in the system are
described by the following relationships.

Compressor input work:

w, =(h, —h,) (10.1)
Heat rejection in the condenser:

Goue = (n; —h5) (10.2)
Heat input in the evaporator:

din =(h, —hy) (10.3)

Adiabatic process in the expansion valve or capillary tube:

h, =h, (10.4)
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Three parameters measure the performance of the VCR systems; which are its
coefficient of performance (COP), cooling capacity (CC) in ton of refrigeration, and the

compressor power (W, ):

cop=Jn (10.5)
WC

cc = oM (10.6)
211

W, =m(h, —h,) (10.7)

Where m is the mass flow rate of the refrigerant in the system in kg/s. The following
example, which is based on Example 10-1 in Moran and Shapiro [2], illustrates the use
of Thermax and the UA add-in “R134a” for analysing the cycle.

Example 10-1. Analysis of the ideal vapour-compression refrigeration cycle

An ideal VCR cycle thermally connected to a cold region at 0°C and a warm region at
26°C uses refrigerant R134a as the working fluid. The refrigerant enters the compressor
as saturated vapour at 0°C and leaves the condenser as saturated liquid at 26°C. The
mass flow rate of the refrigerant is 0.08 kg/s. Determine (a) the compressor power, in
kW, (b) the refrigeration capacity, in tons, and (c) the coefficient of performance.

Solution

Figure 10.3 shows the Excel sheet developed for this example using Thermax. The
given data for the evaporator and condenser temperatures and refrigerant mass flow rate
are shown on the left side of the sheet as T_e, T_c, and m_ref, respectively. The middle
part of the sheet shows the formulae used for determining the different enthalpy values
using functions from Thermax. The enthalpy at state 1, h_1, is determined by using the
function Refh_Tx that returns the enthalpy of saturated vapour (h,) at a given
temperature. The entropy at this point (s_1) is found by using another function,
Rehs_Tx, that determines the entropy of saturated vapour at a given temperature (T)
and quality (x).

The right-hand side of the sheet calculates the compressor power, w_c, according to
Equation (10.7), the cooling capacity, CC, according to Equation (10.6), and the
coefficient of performance (COP) according to Equation (10.5). A similar sheet was
developed by using property functions from the R134a add-in provided by the
University of Alabama [1]. Table 10.1 that compares the calculated values for the key
cycle parameters by the two add-ins shows a good agreement between the add-in results
with their corresponding values given by Moran and Shapiro [2].
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cop - fe | =g_infw _c

A B C D E F G H 1
1
2 Te 0]oc h1 398.600 |=Refh Tx("R134a"T e,1) |w c 1.409| kw
3 5.1 1.727 =Refs_Tx("R134a",T_e,1)
4 Tc 26|oc g_in 13.010) kW
5 Pc 685.430 |=RefPsat_T("R134a",T c}
6 m_ref 0.08|kg/s cC 3.700|Ton
7 h 2 416.207 |=Refh Ps{"R134a",P c,s 1)
8 COP 9.237
9 h 3 235.970 |=Refh_Tx("R134a",T c,0) 1
10
11 h 4 235.970 |=h_3

=
P

Figure 10.3. Excel sheet developed for the ideal VCR cycle of Example 10-1

Table 10.1. Comparison of the ideal VCR cycle key parameters given by the two add-
ins with their values given by Moran and Shapiro [2]

Parameter Moran & Thermax [ UA Add-in
Shapiro [2] R134a

Compressor work [kW] 1.40 1.409 1.409

Refrigeration capacity (ton) | 3.67 3.700 3.700

COP 9.24 9.237 9.235

10.2. The actual vapour-compression refrigeration cycle

In actual VCR cycles, all four processes are irreversible because of friction losses in the
compressor and heat-transfer with finite temperature differences in the evaporator and
condenser. Some degree of subcooling also occurs at the condenser discharge. These
modifications to the ideal cycle affect both the cooling capacity and COP of the VCR
system. Figure 10.4 shows the T-s diagram for the actual VCR cycle.

N

S

Figure 10.4. T-s diagram for the actual VCR cycle
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For simplification, it is assumed that saturated vapour refrigerant enters the compressor
where it is compressed to a pressure that matches the required condenser temperature.
The actual exit temperature at state 2 is higher than the corresponding temperature in
the ideal cycle at state 2s, while the actual exit temperature from the condenser at state
3 is lower than the corresponding temperature in the ideal cycle, which is T.. Referring
to Figure 10.4, the relationships that determine the specific compressor work and heat-
rejection in the condenser become:

w, =(h, —h,) (10.8)

Qout = (h2 - hs) (109)

The enthalpy at state 2 can be determined from:

h, =h, + (hy —hy )/ 7, (10.10)

Where 7. is the isentropic efficiency of the compressor. The enthalpy at state 3 is
approximately taken as the enthalpy of the saturated refrigerant at the given
temperature. The following example, which illustrates the use of the Thermax and
R134a add-ins for analysing the actual VCR cycle, is based on Example 10-3 in Moran
and Shapiro [2].

Example 10-2. Analysis of the actual vapour-compression refrigeration cycle

A VCR system thermally connected to a cold region at 0°C and a warm region at 26°C
uses refrigerant R134a as the working fluid. The refrigerant temperature in the
evaporator is -10°C, while the condenser pressure is 9 bars, which corresponds to a
saturation temperature of 36°C for R134a. The refrigerant exits the condenser as
subcooled liquid at 30°C. Analyse the cycle to determine its COP and cooling capacity
taking the isentropic efficiency of the compressor as 80%.

Solution

Figure 10.5 shows the Excel sheet developed for analysing the cycle with Thermax.
Note the additional entries in the data and calculations parts. In the data part, the
condenser pressure is entered instead of the condenser temperature. The data part also
added the subcooled fluid temperature, T 3, and the compressor efficiency (n_c). The
calculations part adds a new formula for determining the compressor discharge
enthalpy, h_2. Also, note that the enthalpy at state 3 is now evaluated at 30°C and not at
the saturation temperature corresponding to the condenser pressure, which is 36°C.

A similar Excel sheet was developed using the UA add-in for R134a. Table 10.2
compares values of the three cycle parameters w,, CC, and COP as determined by the
two add-ins with their corresponding values given by Moran and Shapiro [2]. The
figures in the table show that the results obtained by the two add-ins are slightly
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different from those given by Moran and Shapiro [2]. It should be noted that the work
input in the actual cycle is more than that of the ideal cycle of Example 10-1, while the
cooling capacity is lower. Therefore, the COP dropped from 9.235 in the ideal cycle to
3.83 in the actual cycle, which is more realistic.

cop - B | =0_in/w_c

A B c D E F G H 1
1
2 Te -10{oc h 1 392.660|=Refh_Tx({"R134a".T e,1) |w c 3.154{kw
3 5 1 1.733|=Refs_Tx("R134a",T_e,1)
4 Pc 911.88|kPa Q_in 12.075|kw
5 Tc 36.001|=RefTsat_P({"R134a",P_c)
6 m_ref 0.08| kg/s cC 3.434|Ton
7 T3 30.001]=T c-6
8 [n_comp 0.8| h_2s 424.201]|=Refh_Ps("R134a3",P_c,s_1) |COP 3.828
9 h_2 432.087|=h_1+(h_2s-h_1)/n_comp
10 h 3 241.722|=Refh_Tx{"R134a".T 3,0}
11 h_4 241.722|=h_3

Figure 10.5. Excel sheet developed for the actual VCR cycle of Example 10-2

Table 10.2. Comparison of the actual VCR cycle key parameters with their values given
by Moran and Shapiro [2]

Parameter Moran & [ Thermax UA add-in
Shapiro [2] R134a

Compressor work [KW] 3.10 3.154 3.153

Refrigeration capacity (ton) 341 3.434 3.433

COP 3.86 3.828 3.830

10.3. Optimisation analysis of the ideal two-stage compression cycle
A number of industrial refrigeration applications have very low evaporator

temperatures. Insuch cases, the two-stage cascade refrigeration system shown in Figure
10.6 becomes more feasible. In this system, a flash-chamber is added at an intermediate
pressure. Part of the refrigerant evaporates during the flashing process and mixed with
the refrigerant leaving the low-pressure compressor. The mixture is then compressed to
the condenser pressure by the high-pressure compressor. The liquid in the flash
chamber is throttled to the evaporator pressure to cool the refrigerated space as it
vaporizes in the evaporator. Figure 10.7 shows the T-s diagram for the ideal cycle.

10.3.1. The analytical model
The refrigerant is assumed to leave the evaporator as a saturated vapour and both

compression processes are assumed to be isentropic. The refrigerant leaves the
condenser as a saturated liquid and is throttled to a flash chamber pressure.
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Figure 10.6. Schematic diagram for a two-stage compression VCR system

Figure 10.7. T-s diagram for a two-stage compression VCR system
Taking the mass flow rate of the refrigerant in the condenser as m, the fractions of this

flow rate that are separated after the flash chamber as saturated vapour rm, and saturated
liquid , are given by:

M, = XM (10.12)
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M, = (L—x,)m (10.12)

Where X is the quality at state 6. Therefore, the rates of heat removal in the evaporator
Q. and heat rejection in the condenser Q, are given by:

Qe =riy(hy —hy) (10.13)
Q. =i, —hs) (10.14)

The compression work \/\'/C which has two parts one in the low-temperature cycle and
another in the high-temperature cycle, is given by.

W, =iy (h, —hy )+r(hy —hg) (10.15)

The COP of the system is then given by:
Q. (L—xg Xy —hg)
W, (=g )h, =hy)+(h, —hg)

10.3.2. The optimisation analysis

Cengel and Boles [3] considered a two-stage VCR system with refrigerant R134a as the
working fluid. In what follows, their data and analysis results will be used to verify the
results obtained by using Excel and property functions provided by Thermax and the
add-in developed at the University of Alabama (UA) for refrigerant R134a [1].

Example 10-3. Optimisation of the ideal two-stage compression cycle

An ideal two-stage compression VCR system operates between evaporator and
condenser pressures of 0.14 and 0.8 MPa, respectively, and its flash chamber has a
pressure of 0.32 MPa.

Solution

Figure 10.8 shows the Excel sheet developed for analysing the two-stage compression
cycle using property functions. The three values of the evaporator, condenser, and
flash-chamber pressures are stored in the data part that occupies the left side of the
sheet. Calculations of the enthalpy values and the quality at state 6 are done in the two
central columns using Thermax functions. Based on the calculated values of state
enthalpies, the sheet determines the amount of heat absorbed in the evaporator (q_E),
the heat rejected in the condenser (g_C), the total compression work (w_comp), and the
cycle’s COP (COP). Figure 10.9 shows the formulae entered in the three columns that
calculate the intermediate and final results and Thermax functions they use. In addition
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to the three Thermax functions shown in Table 10.1, this analysis requires the function
“Refs_Ph(“R134a”,P_flash,h_9)” to determine the entropy s, from the known pressure

and enthalpy values at state 9.

cop

A
1

2 |P_evap

140

3

4 |P_cond

800

5

6 |P_flash

320

7

8

9
10
11

kPa

kPa

kPa

12
13

fe =q_Efw_comp
D E H

h_1 387.3095 5 2 1.740259

5 1 1.740259 h 2 4040627

h_5 243.6307 h_3 400.0385

h_6 243.6307 h_9 403.2381

Xx_6 0.204304 5 9 1.737308

h_7 203.3228 s_4 1.737308
h_4 422.611

h_8 203.3228

J K
g_E 146.287
g C 178.9803
w_comp | 32.69327
CopP 4.47453

Figure 10.8. The Excel sheet developed for the two-stage compression VCR system

fe | =q_E/w_comp
D E F G H J K
h_1 =Refh_Px("R134a",P_evap,1) s 2 =s_1 q_E =(1-x_6)*(h_1-h_8)
s 1 =Refs Px("R134a",P evap,1} h 2 =Refh_Ps{"R134a",P flash,s 2}
g C =h_4-h_5
h_5 =Refh_Px("R134a",P_cond,0) h_3 =Refh_Px("R134a",P_flash,1)
w_comp |=(1-x_6)*(h_2-h_1)+1*(h_4-h_9)
h6 |=hs5 h_9 =x_6*h_3+{1-x_6)*h_2
% 6 =(h_6-h_7)/(h_3-h 7) 59 =Refs Ph("R134a",P flash,h 9) CoP =q_E/w_comp
h_7 =Refh_Px("R134a",P_flash,0) s 4 =5_9
h_4 =Refh_Ps("R134a",P_cond,s_4)
h_8 =h_7

Figure 10.9. Excel formulae and Thermax functions used in the Excel sheet

A similar Excel sheet was also developed using the relevant property functions
provided by the add-in developed at the University of Alabama for refrigerant R134a
[1]. Table 10.4 compares the values of various cycle parameters obtained by the two
Excel sheets with their corresponding values given by Cengel and Boles [3]. The
figures in the table show that the values of Q,, W, , and COP given by both add-ins are
very close to those given by Cengel and Boles [3]. The COP of the two-stage
compression cycle can be improved by suitably adjusting the pressure at the flash-
chamber. The results obtained by changing the value of this pressure are shown in

Figure 10.10. The figure shows that the cycle’s COP can reach 5.49 at a flash-chamber
pressure of around 400 kPa.
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Table 10.4. Analysis results for the two-stage compression cycle

Cengel and Thermax UA add-in Error (%)

Boles [3] R134a
h, 239.16 387.3095 387.3244 -0.0038
Sy 1.740259 1.740194 0.0037
h, 255.93 404.0627 404.0133 0.0122
hs 251.88 400.0385 400.0513 -0.0032
h, 274.48 422.611 422.6194 -0.0020
hg 95.47 243.6307 243.6611 -0.0125
he 95.47 243.6307 243.6611 -0.0125
Xg 0.2049 0.204904 0.204879 0.0122
h, 55.16 203.3228 203.364 -0.0203
hg 55.16 203.3228 203.364 -0.0203
hg 255.10 403.2381 403.2016 0.0091
Sg 1.737308 1.737218 0.0052
Q, 146.3 146.287 146.2708 0.0111
W, 32.71 32.69327 32.68758 0.0174
COP 4.47 4.47453 4.474811 -0.0063

4.6

4.5

4.4

5

4.3

4.2

4.1

0 200 400 600 800

Flach-chamber pressure (kPa)

Figure 10.10. Variation of the COP with the flash-chamber pressure in the two-stage
compression VCR system

The maximum COP and corresponding flash-chamber pressure can be determined more
precisely by using Solver and Figure 10.11 shows the completed Solver Parameters
dialog box for this task.
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Set Objegtive: CQP B

To: (i

) bax ) Migy () wabue O

Ey Changing Variable Cells:

F_flash

"

Subject to the Constraints:

P flazh <= P_tond

add
P flash == P_evap =

Change

Delete

Figure 10.11. Solver Parameters dialog box for optimisation of the two-stage
compression cycle

Two constraints have been imposed so as to keep the value of the flash-chamber
pressure, P_flash between the specified values of the evaporator and condenser
pressures. Figure 10.12 shows that the solution reached by Solver by using the GRG
Nonlinear method. According to this solution the maximum COP is 4.49 and occurs at a
flash-chamber pressure of 375.45 kPa. Further improvement of the system’s COP is
still possible by using more than one flash chamber at different pressure levels as show
in the following section.

~ e =q_E/w_comp
A B = D E F G H I il K

1
2 |p_evap 140|kPa h 1 387.3095 52 1.740259 qE 146.3881
3 s 1 1.740259 h_ 2 A407.4025
4 |P_cond 800|kPa q.C 178.9833
3 h_ 3 243.8307 h_3 402.6593
6 |P_flash 375.4545|kPa w_comp | 32.59521
7 h_6 243.8307 h_9 406.5653
8 %_6 0.176504 5 9 1.737318 cop 4.491092
9
10 h_7 209.5452 s_4 1.737318
11 h_ 4 422.614
12 h 8 209.5452

jury
w

Figure 10.12. Solver solution for optimisation of the two-stage compression cycle

10.4. Optimisation analysis of the three-stage compression cycle

By using two flash chambers instead of one chamber, three-stage compression VCR
systems can be more cost-effective than two-stage compression systems if the
temperature lift is sufficiently high. Figure 10.13 shows a schematic diagram for such a
system and Figure 10.14 shows its ideal T-s diagram.
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Figure 10.13. Scematic of the three-stage compression VCR system
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Figure 10.14. T-s diagram for the ideal three-stage compression VCR cycle

Depending on the refrigerant used in the system, there are certain values of the two
flash-chamber pressures that maximise the system’s COP. However, unlike the two-
stage compression system, the determination of these pressures requires the use of an
optimisation software since it is not as easy to find them by varying the flash-chamber
pressures as in the case of a single flash chamber. In what follows, the optimum flash-

chamber pressures will be determined by using Solver.
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10.4.1. The analytical model

Taking the mass flow rate of the refrigerant in the condenser to be m, the mass flow
rates of the vapour and liquid fractions after the high-pressure flash chamber are given
by:

Myg = Xg3MM (10.17)
M = (L X3 ) (10.18)

Accordingly, the mass flow rates of the vapour and liquid fractions after the low-
pressure flash chamber are given by:

Mg = Xg (L= X3 ) (10.19)
My = (L= Xg JL— X3 ) (10.20)

The total compression work and the rate of heat rejection in the condenser are now
given by:

Wct =m, (hz - h1)+(m3 +My, )(h4 - hg)“‘ m(hn - th)

(10.21)
Q. =mi(hy —hy,) (10.22)
Therefore, the system’s COP is given by:
COP=Q, /W, (10.23)

10.4.2. The optimisation analysis

The advantage of the three-stage compression cycle over the simple and the two-stage
compression cycles is illustrated by the following example in which the evaporator and
condenser pressures in the three systems are identical.

Example 10-4. Optimisation ofthe ideal three-stage compression cycle

The system to be analysed has the same evaporator and condenser pressures as in the
two-stage cycle considered earlier, i.e., 0.14 and 0.8 MPa, respectively. It is required to
determine values of the two flash-chamber pressures that maximise the system’s COP.

Solution
Figure 10.15 shows the Excel sheet prepared for this example by extending that of the
two-stage compression cycle shown in Figure 10.6. The data part now includes two
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flash-chamber pressures, P_fcl and P_fc2 instead of one. The two flash-chamber
pressures are initially assigned values of 320 kPa and 520 kPa. A third column has also

been added to the calculations part to determine the enthalpy and entropy values in the

high-pressure stage.

cop Fx =q_E/w_comp
A B c D E F G H 1 K L M N
1
2 [p_evap 1a0lkpa  [h 1 387.3095 s 2 1.740259 [h1a [ 20s.1266] qE 147.1226
3 s1 1.740259 h 2 404.0627
4 p_cond 800|kPa [h12 | 243.6307] q.C 178.7782
5 h s 223.2044 h 3 400.0385
6 |p fcl 320|kpa h 13 243.6307 w _comp | 31.6556
7 h 6 223.2044 h 9 403.656 x_13 0.110459
glpfa |  soofkpa |x6 0.101068 s 9 1.738802 cop 4.647602
9 h 10 413.2285
10 h 7 203.3228 s 4 1.738802 s 10 1.736658
1 ha 413.8621
12 h 8 203.3228 s 11 1.736658
12 h_ 11 422.4089

14

Figure 10.15. Excel sheet for analysing the three-stage compressipon VCR cycle

Figure 10.15 shows that at the specified values of the pressures at the two flash
chambers, the COP is 4.65. Although this COP is higher than the optimum pressure
obtained earlier for the two-stage compression cycle, which is 4.49, it is still not the
maximum possible value for the COP of the three-stage cycle. The maximum COP can
be determined by optimising the two flash-chamber pressures by using Solver. Solver

Parameters dialog box is show in Figure 10.16.

St Objedtive: cOP

To: (i

.
[
e

| Max ) Migy () Wabue O

Ey Changing Variabde Cells:

P 1cl P fe2

Subject to the Constraints:
P el <m P fe2

P11l == F_evap

P 1e2 <m P_cond

!

Add

Change

Delete

Figure 10.16. Solver Parameters box for the optimisation of the three-stage cycle
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As Figure 10.16 shows, three constraints have been imposed so as to keep the value of
the two flash-chamber pressures, P_fc, and P_fc, between the specified values of the
evaporator pressure P_evap, and the condenser pressure, P_cond, i.e.:

P _evap<P_fcl
P fcl<P fc2
P fc2<P_cond

Figure 10.17 shows the solution determined by Solver according to which the
maximum COP is reached when the flash-chamber pressures are 283.465 kPa and
498.434 kPa. Comparison of the cycle’s overall parameters shown in Figure 10.17 with
those shown in Figure 10.12 indicates that the cooling rate per unit flow rate of the
refrigerant (q_E) has increased from 146.388 kJ for the two-stage system to 147.158 kJ
for the three-stage system, while the corresponding compressors work decreased from
32.595 kJ to 31.579 kJ. As a result, the COP of the three-stage system reached 4.66;
which is higher than that of the two-stage compression cycle (COP=4.49) by about
3.23% and higher than that of the simple VCR cycle (COP=3.97) by about 14.44%. The
advantage of the three-stage system over the simple and the two-stage compression
systems becomes more profound as the temperature lift increases.

= I =q_E/w_comp

A B C D E F G H I J K L M N
1
2 [P evap 140/kPa  |h 1 387.3095 52 1.740259 [h1a | 207.4008] q_E 147.1581
3 s 1 1.740259 h2 401.5401
4 |pP_cond 800|kPa [h12 [ 243.6307] q.C 178.7373
5 h s 221.3546 h3 398.0706
6 |P fcl | 283.465/kPa h 13 2436307 w_comp | 31.57926
7 h 6 221.3546 h o 401.1472 x 13 0.119729
8 |pfca  [assa3alkpa |x6 0.113242 5 9 1.738787 coP 4,659953
3 h 10 412.2944
10 h 7 198.7873 s 4 1.738787 s 10 1736527
11 ha 412.9587
12 h s 198.7873 s 11 1736527
13 h 11 422.368

=
=y

Figure 10.17. Solution determined by Solver for the three-stage compression VCR
cycle

10.5. Closure
This chapter illustrated the use of Thermax functions for the analyses of basic

refrigeration cyclesincluding the ideal VCR cycle and the actual VCR cycle. The results
obtained by using Thermax functions for refrigerant R134a were verified with those
given in standard textbooks or determined by another property add-in developed at the
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Mechanical Engineering Department at the University of Alabama [1]. The chapter also
showed how the Excel-based modelling platform can be used for analysing and
optimising two-stage cascade and multi-stage compression VCR systems.

Most of the fluid states in the analysed VCR analyses lie in the compressed liquid or
saturated mixture regions and, therefore, the accuracy of Thermax functions for these
states is not questionable because they calculate the refrigerants properties using the
data provided by ASHRAE. Regarding the accuracy of estimating the fluid properties in
the superheated region by the relevant Thermax functions, the analyses presented in this
chapter showed that the accuracy of these functions has a minor effect on the accuracy
of estimating the overall cycle parameters determined by Thermax. Therefore, Thermax
function can be used to analyse the effects of other improvements to the simple VCR
cycle such as adding a suction-line heat excahnger to the system [4].

A number of Excel add-ins have been developed by academic and research institutions
that can be used to widen the scope of analyses of VCR systems by using the Excel-
based platform. A good example of these add-ins is the REFPROP add-in developed by
the National Institute of Standards and Technology (NIST). REFPROP provides
properties of a large number of conventional and alternative refrigerants including
refrigerants mixtures [5]. A free-source alternative to REFPROP is the CoolProp
software developed by Bell [6].
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Exercises

1. It is required to compare the performance of refrigerant R134a as an alternative
fluid to refrigerant R22 for air-conditioning (air-cooling) applications. By suitably
modifying the Excel sheet developed for Example 10-1, compare the compressor
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power (kW), refrigeration capacity (ton), and coefficient of performance of the
vapour-compression refrigeration cycle with both refrigerants for an evaporator
temperature of 10°C and various condenser temperatures typical to your
environment.

It is required to compare the performance of refrigerant R134a as an alternative
fluid to refrigerant R22 for air-conditioning (air-heating) applications. By suitably
modifying the Excel sheet developed for Example 10-1, compare the compressor
power (kW), heating capacity (kW), and coefficient of performance of the vapour-
compression refrigeration cycle with both refrigerants for a condenser temperature
of 40°C and various evaporator temperatures typical to your environment.

Modify the Excel sheet developed for Example 10-2 to model the performance of
the actual VCR cycle with R22 as refrigerant. Take the evaporator temperature as -
10°C, the condenser pressure as 1390 kPa (at which the saturation temperature is
36°C), the compressor exit temperature as 30°C, and the compressor isentropic
efficiency as 80%.

Repeat Exercise 10.3 with R410A or R717 as the refrigerant.

By making suitable extensions to the Excel sheet developed for Example 10-2,
determine the rates of exergy destruction within the compressor and expansion
valve, in kW, for T, = 299K (26°C). (Answer: 0.58 KW and 0.39 kW).
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Appendices



Mohamed M. EI-Awad (UTAS)

Appendix A: Properties of air and water at atmospheric pressure

Table A.1. Properties of air at at various temperatures’

p Cp U v k a Pr
°C | kg/m® | kilkg.K | kg/ms ne/s W/m-°C | mfls

-150 | 2.866 0.983 8.636x10° | 3.013x10° [ 0.01171 4.158x10° | 0.7246

-100 | 2.038 0.966 1.189x10° | 5.837x10° | 0.01582 8.036x10° | 0.7263

50 | 1.582 0.999 1.474x10° | 9.319x10° | 0.01979 1.252x10° | 0.7440

-40 | 1.514 1.002 1.527x10° | 1.008x10° | 0.02057 1.356x10° | 0.7436

-30 | 1.451 1.004 1579x10° | 1.087x10° | 0.02134 1.465x10° | 0.7425

-20 | 1.394 1.005 1.630x10° | 1.169x10° [ 0.02211 1578x10° | 0.7408

-10 | 1.341 1.006 1.680x10° | 1.252x10° 0.02288 1.696x10° 0.7387

0] 1.292 1.006 1.729x10” | 1.338x10™ 0.02364 1.818x10” 0.7362

5] 1.269 1.006 1.754x10° | 1.382x10° | 0.02401 1.880x10> | 0.7350

10 [ 1.246 1.006 1.778x10” | 1.426x10” 0.02439 1.944x107 0.7336

15 [ 1.225 1.007 1.802x10° | 1.470x10° 0.02476 2.009x10° 0.7323

20 | 1.204 1.007 1.825x10” | 1.516x10™ 0.02514 2.074x10° 0.7309

25| 1.184 1.007 1.849x10” | 1.562x10™ 0.02551 2.141x10” 0.7296

30 | 1.164 1.007 1.872x10° | 1.608x10° | 0.02588 2.208x10° | 0.7282

35 [ 1.145 1.007 1.895x10° | 1.655x10” 0.02625 2.277X10° 0.7268

40 | 1.127 1.007 1.918x10° | 1.702x10° | 0.02662 2.346x10° | 0.7255

45 | 1.109 1.007 1.941x10° | 1.750x10° | 0.02699 2.416x10° | 0.7241

50 [ 1.092 1.007 1.963x10° | 1.798x10° 0.02735 2.487x10” 0.7228

60 [ 1.059 1.007 2.008x10° | 1.896x107 0.02808 2.632x10° 0.7202

70 | 1.028 1.007 2.052x10° | 1.995x10° | 0.02881 2.780x10° | 0.7177

80 | 0.9994 | 1.008 2.096x10° | 2.097x10° | 0.02953 2.931x10° | 0.7154

90 | 09718 | 1.008 2.139x10° | 2.201x10° | 0.03024 3.086x10° | 0.7132

100 | 0.9458 | 1.009 2.181x10° | 2.306x10° | 0.03095 3.243x10° | 0.7111

120 | 0.8977 | 1011 2.264x10° | 2.522x10° | 0.03235 3565x10° | 0.7073

140 | 0.8542 | 1.013 2.345x10° | 2.745x10° | 0.03374 3.898x10° | 0.7041

160 | 0.8148 | 1.016 2.420x10° | 2.975x10° | 0.03511 4241x10° | 0.7014

180 | 0.7788 | 1.019 2.504x10° | 3.212x10° | 0.03646 4593x10° | 0.6992

200 | 0.7459 | 1.023 2577x10° | 3.455x107 0.03779 4.954x10” 0.6974

250 | 0.6746 | 1.033 2.760x10” | 4.091x10” 0.04104 5.890x10™ 0.6946

300 | 0.6158 | 1.044 2.934x10° | 4.765x10” 0.04418 6.871x10° 0.6935

350 | 0.5664 | 1.056 3.101x10° [ 5.475x10” 0.04721 7.892x10° 0.6937

400 | 0.5243 | 1.069 3.261x10° [ 6.219x10” 0.05015 8.951x10” 0.6948

450 | 04880 | 1.081 3.415x10° [ 6.997x10” 0.05298 1.004x10™ 0.6965

500 | 0.4565 | 1.093 3.563x10” [ 7.806x10” 0.05572 1.117x10™ 0.6986

600 | 04042 | 1.115 3.846x10° [ 9.515x10” 0.06093 1.352x10™ 0.7037

700 | 0.3627 | 1.135 4111x10° [ 1.133x10™ 0.06581 1.598x10™ 0.7092

800 | 0.3289 | 1.153 4.362x10° [ 1.326x10™ 0.07037 1.855x10™ 0.7149

900 | 0.3008 | 1.169 4.600x10° [ 1.529x10™ 0.07465 2.122x10" 0.7206

1000 | 0.2772 | 1.184 4.826x10° [ 1.741x10™ 0.07868 2.398x10" 0.7260

1500 | 0.1990 | 1.234 5.817x10° | 2.922x10* | 0.09599 3.908x10°% | 0.7478

2000 | 0.1553 | 1.264 6.630x10° | 4.270x10* | 0.11113 5.664x10% | 0.7539

" Adopted from Y. A. Cengel and A. J. Ghajar, Heat and Mass Transfer:
Fundamentals and Applications. 5™ edition, McGraw-Hill, 2015.
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Table A.2: Properties of water (saturated liquid) at various temperatures

oc |G P, u %10 k . Pr
ki/kg.”C | kg/m kg/m.s W/m-°C

0 4.225 999.8 17.90 0.566 13.25

5 4.207 999.7 15.26 0.576 11.15
10 4.195 999.2 13.10 0.585 9.40
15 4.187 998.7 11.39 0.594 8.03
20 4.180 997.6 10.08 0.602 7.00
25 4.179 996.3 8.96 0.611 6.13
30 4.176 995.3 8.03 0.619 5.41
35 4.174 994.0 7.24 0.627 4.83
40 4.174 992.0 6.56 0.633 4.33
45 4.174 990.1 6.00 0.639 3.92
50 4.175 988.2 5.52 0.645 3.57
55 4.179 985.5 5.09 0.650 3.27
60 4.179 983.3 471 0.654 3.01
65 4.183 980.6 4.34 0.659 2.76
70 4.185 977.9 4.07 0.664 2.57
75 4.189 974.8 3.81 0.667 2.39
80 4.193 971.6 3.57 0.671 2.23
90 4.201 965.3 3.19 0.676 1.98
100 4.211 958.3 2.83 0.682 1.76
110 4.223 950.9 2.56 0.685 1.59
120 4.237 942.9 2.34 0.685 1.45
140 4.276 926.1 1.96 0.685 1.23
160 4.326 907.0 1.74 0.681 111
180 4.382 886.7 1.54 0.676 1.02
200 4.452 864.3 1.39 0.667 1.00
230 4.576 828.4 121 0.648 0.86
260 4.731 785.2 1.07 0.616 0.83
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Appendix B: The numerical tools provided by Thermax

The Thermax add-in provides, in addition to its functions for fluid properties, a
Newton-Raphson solver for non-linear equations and two interpolation functions for
tabulated data. This appendix shows why these numerical tools are needed in
thermofluid analyses and how they are used with the help of relevant examples.

B.1. The Newton-Raphson solver “NRM?”

Excel’s cell formulae become too restrictive and inconvenient to use when dealing with
iterative solutions and optimisation analyses that involve implicit equations. This
occurs, for example, when dealing with type-2 or type-3 pipe-flow problems, which
themselves require iterative solutions, by using the following Colebrook-White (C-W)
equation that determines the Darcy friction factor () in a turbulent pipe flow:

1 elD 251
/— =-20log, | =—+ "= 1.25
f 10{ 37 Re\/T} ( )

In this case, Excel has to deal with two nested iterations; an inner iteration to determine
f and an outer iteration to determine the pipe’s diameter or the flow rate.

Another nonlinear equation in thermofluid analyses is the following Benedict-Webb-
Rubin (BWR) equation of state [1]:

- RT C,)1 DbRT-a aa c o2
P=_"u LIBRT-A 2|+ 4574 1+ L 7" (B.1)
v ( oRT = A T?)V? Ve ve VT’ v?

Where R, is the universal gas constant, P is the absolute pressure, T is the absolute
temperature, and V is the molar specific volume. The BWR equation is one of the most

accurate equations of state, but it is implicit in V and requires an iterative solution to
determine the molar specific volume. Therefore, its use in thermodynamic optimisation
analyses faces a similar problem to that of the C-W equation in type-2 or type-3 flow
problems.

The Newton-Raphson solver provided by Thermax is a custom function developed with
VBA for solving nonlinear equations such as the C-W equation and the BWR equation.
To illustrate the use of this “NRM?” solver, let us use it to determine the error of the
ideal-gas law compared to the BWR equation of state by calculating the specific
volume of carbon dioxide (CO,) at 0.2 MPa and temperatures in the range 273 — 373K.
Figure B.1 shows the Excel sheet developed for this purpose and Table B.1 reveals the
formulae used in the sheet.
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F3 - Je | =NRM["BWR",E3,P,D3)

A E C D E F G H
1
2 T v_ideal v BWR  error v _ideal
3 |P_ 200000 Pa 273 11.34361] 11.29304143] 0.44759
4 233 11.76431 11.71375345  0.43155
5 Ru 8314 Jkmol-K 293 12.18001 12.12947677  0.41662
6 303 12.59571 12.54519338  0.40268
7 313 13.01141 12.96090923  (.38964
8 323 13.42711 13.37662453  0.37742
9 333 13.84281 13.79233913  0.36593
10 343 14.25851 14.2080531  0.35513
11 353 14.67421 14.62376648  (.34494
12 363 15.08991 15.0394793  0.33532
13 373 15.50561 15.45519157  0.32622
14

Figure B.1. Excel sheet for determining the specific volume by the ideal-gas law
compared to the BWR equation of state

Table B.1. The formulae used in the Excel sheet using the NRM solver

T v_ideal v_BWR error_v_ideal
273  [FRu*D3/P |[=NRM("BWR",E3,P,D3) =ABS(F3-E3)/F3*100
283 [=Ru*D4/P |=NRM("BWR",E4,P,D4) =ABS(F4-E4)/F4*100
293  |=Ru*D5/P |[=NRM("BWR",E5,P,D5) =ABS(F5-E5)/F5*100
303 [=Ru*D6/P |[=NRM("BWR",E6,P,D6) =ABS(F6-E6)/F6%100
313 [|=Ru*D7/P |=NRM("BWR",E7,P,D7) =ABS(F7-E7)/F7*100
323 |=Ru*D8/P |[=NRM("BWR",E8,P,D8) =ABS(F8-E8)/F8*100
333  [=Ru*D9/P |[=NRM("BWR",E9,P,D9) =ABS(F9-E9)/F9*100
343 |=Ru*D10/P |=NRM("BWR",E10,P,D10) [|=ABS(F10-E10)/F10*100
353 [|=Ru*D11/P |=NRM("BWR",E11,P,D11) [=ABS(F11-E11)/F11*100
363 [FRu*D12/P [=NRM("BWR",E12,P,D12) [|FABS(F12-E12)/F12*100
373 |=Ru*D13/P |=NRM("BWR",E13,P,D13) [|=ABS(F13-E13)/F13*100

The formula bar in Figure B.1 reveals the following Excel formula in cell F3 that uses

the NRM solver to calculate V at 273K:

=NRM("BWR™,E3,P,D3)

Note that the function NRM requires four input arguments: "BWR", E3, P, and D3. The
first argument, “BWR”, is the name of another user-defined VBA function for the
particular nonlinear equation to be solved; which in this case is the BWR equation. The
second argument, E3, is an initial guess for the dependent variable in the nonlinear
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equation; i.e., Vin Equation (B.1). The third and fourth arguments, P and D3, are
values of two independent variables in the nonlinear equation; which are P and T in
Equation (B.1). For the C-W equation, they are the values of &/D and Re. The function
“BWR?” that applies the BWR equation is listed below:

Function BWR(x, P, T)

Dim Ru, a, A0, b, BO, ¢, CO, alfa, gama

‘Carbon dioxide, CO2

Ru = 8314

a=13.86

A0 =277.3

b =0.00721

B0 = 0.04991

¢ =1511000.0

CO0 = 14040000.0

alfa = 0.0000847

gama = 0.00539
BWR=P-Ru*T/x+(BO*Ru*T-A0-CO/T"2)/(x"2)+(b*Ru*T
-a)/x"3+a*alfa/x"6+c/(x"3*T"2)*(1+gama/x"2)*Exp(-
gama / x”"2)

End Function

The different constants given in the BWR function are those of carbon dioxide (CO5,).
Note that the value determined by the ideal-gas law in cell E3 is used as an initial guess

for the BWR equation. Figure B.2 shows the deviation of the ideal-gas law from the
BWR equation in estimating the specific volume.

0.50

0.45

0.40 \\
0.35

™~

0.30 T T
250 300 350 400

Temperature (K)

Figure B.2. Errors in the specific volume estimations by the ideal-gas law compared to
the BWR equation of state for carbon-dioxide

Error of the ideal gas law(%)
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B.2. The interpolation functions “Interpoll” and “Interpol2”
The two functions provided by Thermax for the interpolation of tabulated data, called

Interpoll and Interpol2, use linear and quadratic equations, respectively. These
functions enable tabulated fluid properties to be used in parametric studies and
optimisation analyses. For example, Figure B.3 shows an Excel sheet in which three
properties of engine oil are given at various temperatures: the density (p), specific heat
(cp), and kinematic viscosity (v).

H7 - J | =Interpl1{T_,B5:813,C5:C13,9)
A B C D E F G H I

1 Engine oil {unused) From Holman p 657
2

ToC | p[ke/m3] P v [m2/s]
3 [klkz.oC]
a T 90 oC
5 0 899 12 1.796 0.00428
6 20 33323 1.88 0.0009 Interpll Interpl2
7 10 87605 |1.964 0.00024 Density @! 246.465
8 60 36404 2047 3 38E03 Sp. Heat 2.175 2.172
g 80 852.02 2151 3.73E-03 Viscosity —2.89E-05 2.92E-05
10 100 340,01 2219 2.03E-03
1 120 82896 2307 124E05
12 140 81694 2395 $.00E-06
13 160 303.89 2483 5.60E-06
14

Figure B.3. Using the interpolation functions for tabulated data

The interpolation functions can be used to calculate the three oil properties at any
temperature within the range of tabulated data. Both Interpoll and Interpol2 require
four input arguments referred to as: X, XX, YY, and Ndata. Their meanings are as
follows:

- X passes the value of the independent property (i.e. temperature) at which the
value of the dependent property (i.e. viscosity) is to be determined.

- XX and YY are vectors that store the tabulated data (in this case, the
temperature, B5:B13, and viscosity values, E5:E13.

- Ndata passes the number of entries in the tabulated data. For the oil properties
shown in Figure B.3, Ndata = 9.

The formula bar in Figure B.3 reveals the formula in which the linear interpolation
function Interpoll is used to determine the viscosity at 90°C. The following example
shows how the interpolation functions can be used in a typical analysis.
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Example B-1. Effect of oil temperature on the drag force over a flat plate
Engine oil at 20°C flows over the upper surface of a 5-m-long flat plate as shown in

Figure B.4. If the oil velocity is 2 m/s, plot the variation of the total drag force (Fp) per
unit width of the entire plate Fp with oil temperatures in the range 40 - 150°C.

T, =40 - 150°C
V=2m/s
—>
oil —>
"2 A Fo T.=20°C
— g v
N |
l\ L=5m l

Figure B.4. Flow of oil over a flat plate (adapted from Cengel and Ghajar [2])

The analytical model
The drag force (Fp) over a flat plate is due to friction, which is given by [2]:

Fo=C;ApV?/2 (B.2)

Where C; is the friction coefficient (not to be confused with the friction factor f), A is
the surface area of the plate, and p and V are the density and velocity of oil,
respectively.

The value of the friction coefficient depends on whether is flow is laminar or turbulent
as indicated by the Reynolds number (Re.). For the flow over a flat plate, the critical

Reynolds number above which the flow becomes turbulent is about 5x10°. For laminar
flows, the friction coefficient is given by:

C, =1.328Re** Re, <5x10° (B.3)
For turbulent flows, it is given by:
C, =0.074Re[*®>  5x10° <Re <10’ (B.4)

Note that fluid properties are evaluated at the average temperature (Ts+T..)/2, e.g., if the
oil temperature is 60°C, the oil viscosity and density are evaluated at 40°C.
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Solution with Excel

Figure B.5 shows the Excel sheet developed for this example. The data part shows the
given information concerning the oil temperature (T_oil), plate temperature (T_plate),
oil velocity (Velocity), and plate length (Length). Based on the specified oil
temperature, the sheet calculates the average temperature (T _average) and the
corresponding oil density (p oil) and kinematic viscosity (v_oil). The sheet then
calculates the Reynolds number (Re) and friction coefficient (Cf). The single final
result, which is the drag force (F_D), is shown on the right-side of the sheet. The figure
reveals the formulae entered in each cell in the calculations part and the formula bar
reveals that used for determining the drag force in cell 12.

F_D - Jfe | =Cf*(Length*1)*p_oil*(Velocity~2)/2

B C D E F G H I
T oil a0loc T averagd 30|=(T_oil+T plate)/2 [F o | ss.aas)n
T plate 20]oC p_oil 882.14|=Interpll(T_awverage,Data!l5:113,Datall5:113,9)

Velocity 2| m/s v_oil 0.00057|=Interpll(T_average,Datall5:113,DatalL5:L13,9)
Length 5|m

Re 17543.86|=Velocity*Length/v_oil

cf 0.010026|=IF(Re<500000,1.328*Re"-0.5,0.074*Re"-0.2)

0O | = | LN | W pa |

Figure B.5. The Excel sheet developed for Example B-1

The friction coefficient is calculated depending on the value of the Reynolds number by
using the following nested-If formula in cell F7:

Cf=1F(Re<500000,1.328*Re”*-0.5,0.074*Re”-0.2)

The above formula determines whether to use Equation (B.3) or Equation (B.4) to
calculate the friction coefficient depending on the value of the Reynolds number.

Figure B.5 shows the calculations at an oil temperature of 40°C, which is the initial oil
temperature in the required range. At the average temperature, which is 30°C, the sheet
uses the linear interpolation function linterpoll to determine the values of the oil
density and viscosity. At this temperature the calculated drag force, F_D, is 88.445 N.
By inserting a different value for the oil temperature, say 50°C, the sheet automatically
updates its calculations. Figure B.6 shows a plot of the drag force determined at
different oil temperatures in the range 40°C to 150°C.

The linear and quadratic interpolation functions are useful in thermofluid analyses not
only for determining fluid properties, but also for the interpolation of other types of
tabulated data that is required by such analyses. Table B.2 shows the cost per metre of
galvanised-steel air-conditioning ducts for different diameters of the duct. By
permitting automatic determination of the duct diameter from the tabulated data, the
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interpolation functions are useful for optimisation analyses that aim to determine the

optimum duct diameter.

100

80 \

60

Drag force (N)
/

40

20

0 T

0 50

100 150 200

Oil temperature (oC)

Figure B.6. Variation of the drag force with oil temperature

Table B.2. Cost of galvanised-steel air-conditioning ducts

Duct diameter | Cost per linear

(m) metre ($)

0.10 9.0

0.15 11.5

0.20 14.5

0.25 17.0

0.30 225

0.35 29.0

0.40 34.0

0.45 40.0

0.50 50.0
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Exercises

10. Using the data for properties of air at atmospheric pressure given in Appendix A,
develop an Excel sheet that can be used to determine the kinematic viscosity of air
at any given temperature in the range 200 — 1000K by using:

a. The trendline feature of Excel
b. The linear-interpolation function (Interpl) provided by Thermax.

11. Develop a VBA function to determine the friction factor from the Colebrook-
White equation and use it with the NRM solver to determine the frictional losses
(hy) ina circular pipe that carries air at 20°C with the following data:

D=25cm,L=150m, V =7 m/s, ks = 0.045 mm.
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Appendix C: Application of the Hardy-Cross method with Excel

This appendix supplements Chapter 6 by presenting the Hardy Cross (H-C) method for
the analyses of looped pipe-networks. The appendix shows how the method can be
applied by using Excel. To illustrate the method, consider the single-loop network
shown in Figure C.1. There is one source at node A and three discharge points at the
other three nodes B, C, and D. It is required to determine the magnitudes and directions
of the four pipe flows that satisfy both the conservation of mass and the conservation of
energy.

L=200m

L=400m
D=0.20m

10 1/s

Figure C.1. A pipe network with a single-loop

The Hardy-Cross method
For steady, incompressible flow in a looped pipe-network, the two principles can be
expressed by the following equations:

NPipes

ZQi =0 (C.1)
MPipes
> he;=0 (C.2)

1

Where NPipes is the number of pipes connected to the particular node (2 in the present
case) and MPipes is the number of pipes in each loop (4 in the present case).

The solution procedure starts by assuming the flow rates and directions in the pipes
such that they satisfy the continuity equation, Equation (C.1), at all the pipe-junctions.
Suppose that we assume the flow directions to be as shown in Figure C.2 and we
assume that the flow rate in pipe AB to be 50 litre/s. Then the flow rates in the other
pipes can be determined by the continuity equation as shown in the figure.
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50

10 1/s

Figure C.2. Assumed flow rates in the network

The assumed pipe flows are unlikely to satisfy the energy equation. Therefore, they are
corrected in steps until they practically satisfy the energy equation as follows:

Qnew = Qold + AQ (C3)
Where Q. and Q,q, refer to the initial and the adjusted flow rates, respectively, and
AQ is a correction term that depends on the energy equation. The correction procedure
has to be repeated a number of times until the energy equation is satisfied. It remains to
show how the correction term AQ is determined.

The Darcy-Weisbach equation for the friction head, Equation (1.21), can be written as:
h, =KQ? (C.4)
Where K is given by:

= ZglE;cA2 B gilz_lst (€3

Applying Equation (C.4) to the corrected flow rate given by Equation (C.3), we get:
he =K(Q+AQ)’ (C6)

Expanding the right-hand side of Equation (C.6):
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h, =K(Q? +2Q.AQ +AQ?) C.7)
Neglecting the term (AQ?), the equation becomes:

h, =K(Q? +2Q.4Q) (C9)
Applied to all four pipes in the loop, Equation (C.2) leads to:

3 K(Q? +204Q)=0 (C.9)
Rearranging the equation, it becomes:

D KQ?+AQ) 2KQ=0 (C.10)

Or,

~ D KQ? ~ h,
AQ——ZZKQ =-> h, /[ZZEJ (C.11)

When applying Equation (C.11), a sign convention must be adopted to take into
consideration the flow direction in the particular pipe. In the following discussion, the
friction losses in the clockwise direction are taken as positive while those in the
counter-clockwise direction are taken as negative. In general, this sign convention
means that the friction loss in a pipe that is common to two loops (or more) will be
given a negative sign with one loop but a positive sign with the other loop(s).

The steps of applying the H-C method are as follows:

1. Make a guess for the flow rate (magnitude and direction) in one pipe of each loop
and calculate the flow rates in the other pipes in the network by applying the
continuity equation at the respective nodes.

2. Calculate the friction loss h; in each pipe of the network and determine the net
friction loss in each loop according to the flow direction in the relevant pipes
(clockwise positive and counter-clockwise negative). Most likely, these will not
be zeros at the initially guessed pipe flows.

3. Calculate a correction increment AQ; for the flows in loop i from Equation
(C.11). The summations in Equation (C.11) are performed over the number of
pipes in each loop.

4. Obtain new pipe flows in each loop by modifying the old ones according to
Equation (C.3).
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5. Repeat steps 2, 3, and 4 until the correction increments become small and the
variations in the flow rates become negligible.

A number of articles and videos in the internet explain how the H-C method can be
implemented in Excel [1,2]. The following example demonstrates its application to
analyse the single-loop pipe-network shown in Figure C.1.

Example C-1. Analysis of a simple pipe-network by the H-C method

Figure C.1 shows a pipe network that distributes water to three consumption points as
shown in the figure. Determine the flow rates in the four pipes if a friction factor for all
pipes can be taken as 0.025.

Solution

Step 1: The first step is to assume flow rates in the four pipes that satisfy continuity. It
is enough to assume the value of the flow rate in one pipe since the other flow rates
must follow the continuity equation. Let us assume that the flow in pipe AB is 50 l/s in
the direction shown in Figure C.2. The magnitudes and directions of other flow rates
are automatically determined by applying the continuity equation at the four nodes.
Figure C.2 shows the magnitudes and directions of the flow rates in the network that
satisfy the continuity equation at all the nodes based on the assumed flow in pipe AB.

Step 2: The second step is to determine the resulting velocities and friction head losses
in the different pipes. Figure C.3 shows the sheet developed for these calculations. The
given information about the network pipes, i.e., their lengths and diameters, are entered
on the left side of the sheet. Values of the gravity acceleration (gc) and friction factor
(F) are entered at the top left-side of the sheet. These two parameters are labelled.

| 023 - fe |

A B C D E F G H J K
1 gc 981
2 f 0.025
3
4 Ppe Lm)  dm) A Q v hf hIQ AQ Qnew
5 AB 200 0.2 0.031416 0.050 1591549 32276116 64.55223 0.015748 0.066
6 BC 300 0.15 0.017671 -0.010 -0.56588 -0.816068 8160677 0.006
T |CD 500 0.15 0.017671 -0.040 -2.26354 -21.76181 5440452 -0.024
8 AD 400 0.2 0.031416 -0.050 -1.59155 -6.455223 1291045 -0.034
9

Figure C.3. Excel sheet developed for Example C-1

The cross-sectional areas of the different pipes are calculated in column E so as to
determine the fluid velocities in column G. Based on these velocities the friction losses
are determined in column G. Table C.1 shows the formulae in columns G and H that
calculate the pipe velocities and friction head losses. Note that in the formula for the
friction head loss (hf), the head loss is multiplied by SIGN(Q) so as to account for the
direction of the flow in the pipe — which can change during the iteration process.
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Table C.1. Formulae in columns G to K

V Hf hf/Q AQ Qnew

=F5/E5 | =f*(B5/C5)* G5"2/(2*gc)*SIGN(F5) | =H5/F5 | =-SUM(H5:H8)/SUM(15:18)/2 | =F5+$J$5
=F6/E6 | =f*(B6/CB)* G6°2/(2*gc)*SIGN(F6) | =H6/F6 =F6+$I$5
=F7/E7 | =f*(B7/C7)*G72/(2*gc)*SIGN(F7) | =H7/F7 =F7+$J$5
=F8/E8 | =f*(B8/C8)*G8"2/(2*gc)*SIGN(F8) | =H8/F8 =F8+$I$5

Step 3: The third step is to determine AQ according to Equation (C.11) which requires
the determination of hf/Q. Table C.1 also reveals the formulae that calculate hf/Q in
column I and AQ in column J. Since AQ is the same for all pipes, it is calculated for
pipe AB only but used for the other pipes as well as shown in the last column of Table
C.1. As shown in Figure C.3, the value obtained for this first iteration is AQ =0.0157.

Step 4: New values for the flow rates in the four pipes according to Equation (C.3).
Column K in the sheet shown in Figure C.3 shows the new values of the flow rates.

Step 5: The adjusted flow rates obtained in step 4 can now be used as initial values for
the second iteration. Table C.2 shows the calculations in the second iteration which are
based on the new values of the flow rates following the same steps described for the
first iteration. Note that the AQ has dropped to 0.0047. Table C.2 also shows the new
values of the flow rates after the second iteration. These new values of the flow rates
can now be used as initial values for the third iteration. As shown in Table C.3,
calculations of the third iteration yield a very small value for AQ of 0.0001.

Table C.2. Results of the second iteration

Pipe Q V hf hf/Q AQ Qnew

AB 0.066 | 2.092834 | 5.5809832 | 84.88403 | 0.004707 0.070
BC 0.006 | 0.325289 | 0.2696557 | 46.91027 0.010
CD -0.024 | -1.37236 | -7.999415 | 329.8501 -0.020
AD -0.034 | -1.09026 | -3.029247 | 88.44087 -0.030

Table C.3. Results of the third iteration

Pipe Q V hf hf/Q AQ Qnew

AB 0.070 | 2.242649 | 6.4086065 | 90.96041 | 0.000144 0.071
BC 0.010 | 0.591626 | 0.8920015 | 85.31902 0.011
CD -0.020 | -1.10603 | -5.195783 | 265.8355 -0.019
AD -0.030 | -0.94045 -2.25394 76.2881 -0.029

Figure C.4 shows the variation of AQ with the iteration number. The figure indicates
that the change in the flow rates after the third iteration is small and, therefore, the flow
rates obtained after the third iteration can be taken as the final solution. The plus sign
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with the flows in AB and BC means that their direction is clockwise, while the minus
sign with the flows in CD and AD means that their direction is counter-clockwise. Note
that the flow in pipe BC was initially assumed to be in the counter-clockwise direction,
but the final solution showed that it is clockwise.

0.02
0.016 A\
g 0.012 \
0.008

0.004 \
0 T \; *

0 p 4 6
Iteration number

Figure C.4. Variation of AQ with iteration number

Example C-2. Application of the H-C method to pipe -networks with multiple loops
Determine the flow rates in the pipe-network shown in Figure C.5. The valve in pipe
BC is partially closed, which produces a local head loss of 10.0 V?/2g. The roughness of
all pipes is 0.06 mm.

C
200 l/sy W 5 M —
Valve
D
E
F
v

Figure C.5. The two-loop pipe network of Example C-2
This case is based on Example 5-2 in Nalluri and Feather [3].

Solution

Pipe networks with multiple loops will have pipes that are common to two or more
loops such as Pipe BE in Figure C.5. In this case, the pipe will have a different AQ in
each loop. Suppose that the two values of AQ are AQ, for loop 1 and AQ, for loop 2.
The effective AQ for pipe BE is calculated from [1]:



Mohamed M. EI-Awad (UTAS)

AQge 1 =AQ, — AQ, Loop 1 (C.12.a)
AQge , =AQ, — AQ, Loop 2 (C.12.b)
Note that the two values of AQ have the same magnitude but opposite signs.

Figure C.6 shows the Excel sheet developed for this example. As usual, the left side of
the sheet shows the problem data that consist of the pipes lengths (L) and diameters
(D), the roughness factor of the pipe material (¢), and the viscosity of the fluid (visc).
Column E shows the flow rates in the pipes; two of which are guessed (Qag and Qgc)
and the rest are calculated by applying the continuity equation at the different nodes.

F | =SIGN(E7)*(H7*(B7/C7)*F772/(2*gc)+10*F7%2/2/gc)

A B C E F G H I ] K L M N
1 [ . D QoA Re f htf _ 5(hflQ)  AQ  AQother AQeffeclive New Q
2 AB 500 0.25 0.12| 2.4446| 540845.1| 0.015779| 9.612204| 80.101703| -0.005725 -0.0057251|  0.114275
3 |BE 200 0.15 0.01| 0.5659| 75117.38| 0.020825| 0.453191) 45.319088| -0.005723| -0.011222 0.0054965 0.015497)
4 EF 600 0.2] -0.04| -1.2732| 225352.1| 0.017557| -4.35196| 108.79894 -0.005725 -0.0057251| -0.045725
5 AF 300 0.25 -0.08| -1.6297| 360563.4| 0.016325| -2.65202( 33.150193( -0.005725 -0.0057251| -0.085725
6 3.061422( 267.36993| -0.005725
7 |BC 400| 0.15 0.05| 2.8294| 375586.9| 0.017431] 23.0472| 460.94393| -0.011222 -0.0112216|  0.038773
8 |CD 200] 0.1 0.01] 1.2732| 112676.1| 0.02055| 3.396039) 339.60388| -0.011222 -0.0112216( -0.001222]
S |DE 400 0.15 -0.02| -1.1318| 150234.8| 0.018963| -3.30142| 165.07109| -0.011222 -0.0112216( -0.031222]
10 |BE 200 0.15 -0.01] -0.5659| 75117.38| 0.020825| -0.45319| 45.319088( -0.011222 -0.005725| -0.0054965| -0.015497
11 22.68863 1010.938 -0.011222
12 | 0.00006|
13 |visc 1.13E-06)
14 gc 9.81}

15
Figure C.6. Excel sheet developed for solving Example C-2 by the Hardy Cross method

Based on these initial flow rates, the sheet determines the Reynolds numbers, friction
factors, and friction losses. The friction factors are determined by using the Swamee-
Jain formula (Equation (1.25)). The formula bar reveals the formula that applies
Equation (1.25). The flow rate adjustment (AQ) in each loop is determined according to
Equation (C.11). For loop 1, AQ =-0.0057251 and for loop 2, AQ =-0.011222. For pipe
BE, which is common to both loops, the effective values of AQ have the same
magnitude for both loops, which is 0.0054965. The new flow rates in the different pipes
are obtained according to Equation (C.3).

To avoid repetition of the whole procedure for the following iterations, the new Q
values in column (N) can be copied and pasted (using the "Paste Values™ option) in
column (E) that stores the old values. This is to be repeated until AQ became reasonably
small so that there was no significant change in Q in all the network pipes. Figure C.7
shows the result after 5 iterations when AQ dropped to small values in both loops. The
minus sign before the flow rates in pipes EF, AF, CD, DE, and BE means that their
directions are counter-clockwise relative to the respective loop. Note that, the flow in
pipe BE, which is common to the two loops, has the same magnitude (0.01645 m®/s)
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but opposite directions. While its direction is clockwise (+) in loop 1, it becomes
counter-clockwise (-) in loop 2.

\ N25 - A
A B C_|D E F G H I J K L M N

1 e L D Q QA Re f hf 5(hflQ) AQ AQ other  AQ effective New Q
2 AB 500 025 0.111503] 22715] 502547 4] 0.015867] 8.345708] 74.847586] -2.27E-06 -0.0000023] 0111500
3 BE 200 015 0016451 09309] 123575 5] 0019418| 1 143608 69 516101| -2 27E-06] -1 58E-06] -0 0000007 0 016450
4 [EF 600 0.2 -0.0485] -1.5437| 273224.2] 0.017214| -6.27233[ 129.33363| -2 27E-06 -0.0000023] -0.048500)
5 AF 300 025 -0.0885] -1.8029] 298861.1] 0.016175| -3.21558( 36.335332| -2 27E-06 -0.0000023] -0.088500)
6 Loop2y| 0.001407] 310.03265| -2 27E-06

7 BC 400 015 0.035052] 19835] 263209.3] 0.01792[ 11.58803] 330.59789| -1.58E-06 -0.0000016] _ 0.025050
8 [cD 200 01 -0.00495] -063| 55755 26| 0022564] -091301[ 184 51087| -1 58E-06 -0.0000016] -0 004950
9 DE 400 015 -0.03495] -1.9777| 262522.3] 0.017925] -95287[ 272.65157| -1.58E-06 -0.0000016] -0.034950)
10 BE 200] 015 -0.01645] -0.9200] 123575.5| 0.019418| 1.14361] 69.516101| -1.58E-06] -2.27E-06|  0.0000007| -0.016450]
11 =) 0002702 857.27643 -158E-06

12 e 0.00006

13 |visc 1.13E-06

14 |gc 9.81

15

Figure C.7. The Excel sheet for Example C-2 with the adjusted flows after five

iterations

Table C.4 compares the present pipe flows, in m*/s, with those given by Nalluri and
Feather [3]. The table shows a good agreement between the two solutions. The same
problem was solved in Example 6.2 by using the Excel-Solver method and the solution

obtained is also shown in the table.

Table C.4. Comparison of the pipe flow rates obtained by the H-C method with those

obtained by Nalluri and Feather [3]

Pipe | Nalluriand Feather [3]  H-C solution Excel-Solver
AB 0.11152 0.11150 0.1115
BC 0.03505 0.03505 0.0350
CD 0.00495 0.00495 0.0050
DE 0.03495 0.03495 0.0350
EF 0.04848 0.04850 0.0485
AF 0.08848 0.08850 0.0885
BE 0.01648 0.01645 0.0165
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Appendix D: Analyses of a gravity-driven network with eight loops

This appendix applyies the Excel-Solver method presented in Chapter 6 for hydraulic
analyses of pipe-networks to a network of practical complexity. The case considered is
the gravity-driven network presented by Brkic [1] shown in Figure D.1. The network
distributes water from two reservoirs to four demand points via 19 cast iron pipes (¢ =

0.00026 m) that are laid on a flat area with no variation in elevation. Table D.1 shows
the lengths of the 19 network pipes.

R-1
373.32 m*h
A C
> >

B
* Loop 1 Loop 3 ' Loop 5
126.36 m*/h
I .: J , K :‘ . L
‘ Loop 2 / Loop 8
3 3
13644m’h 159.12m’h B opops
Loop 4
J . —
H G 90.72 m’/h

Figure D.1. A pipe-network with eight loops (adopted from Brkic [1])

This network will be analysed by using the same initial pipe diameters used by Brkic
[1] so that comparison can be made with his solution for the pipe flow rates shown in
Table D.1. In the present analysis the effect of the method used to evaluate friction
factor on the results obtained by Solver is assessed by using both the Swamee-Jain
formula and the Colebrook-White formula.

D.1. The analytical model

Following the procedure described in Chapter 6 for the analysis of pipe networks using
Excel and Solver, the flow rates in 8 selected pipes were specified and those in the
remaining 11 pipes were determined by applying the continuity equation at each
junction. Solver is then used to adjust the initial flow rates in order to satisfy the energy
equation. The assumed flow-directions for all the pipes are shown in Figure D.1. The
initially assumed flow rates are those for pipes AB, BC, CD, DE, EF, HI, JK, and KL.
The flow rates in the remaining 11 pipes are calculated from continuity as follows:

Qrc = Qak —Qan (D.1)
Qon =Qu +Quy (D.2)
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Table D.1. Pipe data and initial flow rates in the 8-loop network [1]

Brkic [1] Pipe Length (m) | Initial Inttial flow
notation diameter (m) rate (m*/h)
1] AB 457.2 0.305 173.32
12/ BC 304.8 0.203 150
13/ CD 365.8 0.203 130
141 DE 609.6 0.203 6.6
/5/ EF 853.4 0.203 100
16/ FG 335.3 0.203 0.28
il GH 304.8 0.203 16.88
18/ HI 762.0 0.203 13.56
19/ Al 243.8 0.203 200
110/ N 396.2 0.152 50
111/ JK 304.8 0.152 70
112/ KL 335.3 0.254 51.96
113/ EL 304.8 0.254 32.96
114/ HJ 548.6 0.152 3.32
15/ BJ 335.3 0.152 23.32
116/ GK 548.6 0.152 17.16
117/ CK 365.9 0.254 20
118/ FL 548.6 0.152 9

119/ DL 396.2 0.152 10

Q|A = 37332 - QAB

Qu = QAI _136'44_QHI

Qe =126.36+ Qpe — Qgr

Qs =Quy +Qpy —Qu

QBJ = QAB _QBC

QGK = 159'12_QJK _QKL _QCK

QCK = QBC _QCD

QFL = QEF _90'72_QFG
QDL = QCD _113'4_QDE

(D.3)
(D.4)
(D.5)
(D.6)
(D.7)
(D.8)
(D.9)

(D.10)
(D.11)

The energy equation imposes 8 constraints on the iterative solution, one for each loop.
Taking the clockwise flow direction as positive, the constraints are:

h¢ ag +ht gy —hs a

_hf,lJ =0

Loop 1

(D.12)
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hey +hey —hyy =0 Loop 2 (D.13)
h¢ gc + Nt ck = Ng gy —hs 5 =0 Loop 3 (D.14)
hy sk =Nt ek —Nien — Ny =0 Loop 4 (D.15)
ht oo + N o +hi o =D o =0 Loop 5 (D.16)
Nt pg +ht gk =Nt g =Ny =0 Loop 6 (D.17)
N pe +hi g =i =0 Loop 7 (D.18)
Nt ge +hi g =Ny g =0 Loop 8 (D.19)

D.2. The hydraulic analysis

To investigate the effect of the formula for the friction-factor on the analysis results,
two Excel sheets were developed for the hydraulic analyses of this network one of
which applies Darcy-Weisbach equation with the Swamee-Jain (S-J) formula, while the
other applies the Colebrook-White (C-W) formulae. Figure D.2 shows the sheet that
uses the S-J formula.

02 - £ | =ABS{SIGN{H2)*L2+SIGN[H16)*L16-SIGN{H10)*L10-SIGN{H11}*L11)

A B C D E F G H I ] K L M N o
1 pipe L(m) [D(m) |A Q (m3/h} |V (m/s) |Re f hf Errors
2 |p 1000] pipel 457.2] 0.305| 0.073062 173.32( 0.658956| 1.78E+05| 2.03E-02| 0.6886 Loop1 4. 777856
3 visc 1.13E-06] pipe2 304.8 0.203| 0.032365 150 1.28738| 2.31EH05| 2.21E-02| 2.8003 Loop 2 1.850363
4 g 9.81 pipe3 363.8) 0.203| 0.032365 130( 1.115729| 2.00EH05| 2.22E-02| 2.5418 Loop 3 0.368482
5 |e 0.00026] piped 609.6| 0.203| 0.032365 6.6| 0.056645| 1.02E+04| 3.30E-02 0.0162 Loop 4 2.411048
6 pipe5 853.4, 0.203| 0.032365 100( 0.858253| 1.54E+05| 2.26E-02| 3.5610 Loop 5 2.737789
7 pipe6 335.3 0.203| 0.032365 0.28( 0.002403| 4.32E+02| 9.69E-02] 0.0000 Loop 6 0.1119388
8 pipe? 304.8 0.203| 0.032365 16.88| 0.144873| 2.60E+04| 2.74E-02 0.0440 Loop 7 0.025513
9 piped 762 0.203| 0.032365 13.56| 0.116379| 2.09E+04| 2.85E-02 0.0738 Loop 8 3.615675
10 pipes 243.8) 0.203| 0.032365 200{ 1.716507| 3.08E+05| 2.18E-02| 3.9349
1 pipelQ 396.2 0.152| 0.018146 50| 0.765404| 1.03E+05| 2.45E-02 1.9068 Maxerror 0.001
12 pipell 304.8) 0.152| 0.018146| 70| 1.071565| 1.44E+05| 2.40E-02 2.8174
13 pipel2 335.3 0.254| 0.050671 51.96| 0.284845| 6.40E+04| 2.35E-02 0.1283
14 pipel3 304.8 0.254| 0.050671 32.96| 0.180687| 4.06E+04| 2.50E-02 0.0499
15 pipeld 548.6| 0.152| 0.018146 3.32( 0.050823| 6.84E+03| 3.69E-02| 0.0175
16 pipels 335.3 0.152| 0.018146 23.32| 0.356984| 4.80E+04| 2.62E-02 0.3753
17 pipelé 548.6| 0.152| 0.018146 17.16| 0.262686| 3.53E+04| 2.72E-02 0.3448
18 pipel? 365.9 0.254| 0.050671 20[ 0.10964| 2.46E+04| 2.71E-02| 0.0239
19 pipeld 548.6| 0.152| 0.018146 9.00( 0.137773| 1.85E+04| 2.99E-02] 0.1046
20 pipeld 396.2 0.152| 0.018146 10{ 0.153081| 2.06E+04| 2.94E-02| 0.0916
21

Figure D.2. The Excel sheet developed for analysing the pipe-network with eight loops
by using the Swamee-Jain formula

The data part stores the water density (p) and viscosity (visc), the gravity constant (g),
and the pipe roughness (). The length and diameter for the 19 pipes are stored in
columns E and F, respectively. The sheet calculates the cross-sectional area for each
pipe in column G. Column H stores the initial flow rates in the pipes. The 8 coloured
(shaded) cells in this column store the assumed flow rates while those determined
according to Equation (D.1) — (D.11) are not coloured. Note that the calculated pipe
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flow rates are the same as those given by Brkic [1] and Table D.1. The calculated pipe
friction losses are stored in column L. The formula bar in Figure D.2 reveals the
formula for determining the error in satisfying the energy equation in loop 1 according
to Equation (D.12).

Since the initially assumed flow rates in the pipes satisfy only the continuity equation
but not the energy equation, most of the errors calculated by Equations (D.12) — (D.19)
in column O are not close to zero. The flow rates that minimise the errors in the energy
equations to sufficiently small values can be found by Solver and the set-up for the task
is shown in Figure D.3.

Solver Parameters >

Set Objective: Bz

To: () Max (®) Min () value OF: 0

By Changing Variable Cells:
§HS2:5HS6,5HS9,5H512:8HE13 e

Subject to the Constraints:

SPE2 == Maxerror
SPE3 == Maxerror
SPE4 == Maxerror
$P55 <= Maxerror Change
SPE5 == Maxerror
SPET == Maxerror
SPS3 <= Maxerror Delete
SPES == Maxerror

Figure D.3. Solver set-up for the analysis of the pipe-network with eight loops

Add

Note that the “Set Objective” slot is left blank and the variables to be changed are the
flow rates in the 8 selected pipes. There are 8 constraints which require the absolute
values of the errors in satisfying Equations (D.12) — (D.19) to be reduced to a maximum
tolerance (Maxerror) of 0.001. Attempts were made to use the Evolutionary method of
Solver for the present analyses, but the method failed to converge to a solution even
with the different numerical options offered by Solver. The GRG Nonlinear method
also failed to converge to a solution with automatic-scaling. Figure D.4 shows the
solution found with GRG Nonlinear method but without automatic-scaling. Note that
all the 8 constraints are now satisfied. Figure D.5 compares the flow rates with Solver
with those obtained by Brkic [1]. The figure shows that the values calculated by the S-J
formula agree well with those obtained by Brkic [1] who used the node-loop method
and solved the resulting linear system with Excel matrix functions.
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J | =ABS(SIGN(H2)*L2+SIGN{H16)*L16-SIGN{H10)*L10-SIGN{H11)*L11)

A B C D E F G H 1 J K L N Q
1 pipe Lim) [D(m) |A Q (m3/h) |V (m/s) |Re f hf Errors
2 p 1000 pipel 457.2 0.305| 0.073062| 200.62176| 0.762757| 2.06E+05| 2.06E-02 0.9135 Loop 1 0.001]
3 visc 1.13E-06| pipe2 304.8 0.203| 0.032365| 144.16286| 1.237283| 2.22E+05| 2.21E-02 2.5914 Loop 2 0.001
4 g 9.81 pipe3 365.8 0.203| 0.032365| 59.347935| 0.509356| 9.15E+04| 2.34E-02 0.5587| Loop 3 0.001
5 & 0.00026| piped 609.6 0.203| 0.032365| -37.20848| -0.31933( 5.74E+04| 2.46E-02 0.3834) Loop 4 0.001
6 pipes 853.4 0.203| 0.032365| 31.289558| 0.268544| 4.82E+04| 2.51E-02 0.3875 Loop 5 0.001
7 pipef 335.3 0.203| 0.032365 -45.19( -0.38781( 6.97E+04| 2.41E-02 0.3046 Loop 6 0.001
8 pipe7 304.8 0.203| 0.032365 53.84| 0.462086| 8.30E+04| 2.37E-02 0.3865 Loop 7 2.3E-05
9 pipe8 762 0.203| 0.032365| 34.808201| 0.298743| 5.37E+04| 2.4BE-02 0.4227| Loop 8 0.001
10 pipe9 243.8 0.203| 0.032365| 172.69824| 1.482189| 2.66E+05| 2.19E-02 2.9508
11 pipel0d 396.2 0.152| 0.018146| 1.4500347| 0.022197| 2.99E+03| 4.63E-02 0.0030 Maxerror 0.001
12 pipell 304.8 0.152| 0.018146| 38.876822| 0.595129| 8.01E+04| 2.50E-02 0.9035
13 pipel2 335.3 0.254| 0.050671| 26.774444| 0.146778| 3.30E+04| 2.58E-02 0.0374
14 pipell 304.8 0.254| 0.050671 57.86| 0.317211] 7.13E+04| 2.32E-02 0.1429
15 pipeld 548.6 0.152| 0.018146 19.03| 0.291345| 3.92E+04| 2.68E-02 0.4187|
16 pipels 335.3 0.152| 0.018146| 56.458906| 0.864277| 1.16E+05| 2.43E-02 2.0414
17 pipel6 548.6 0.152| 0.018146| 8.6538103| 0.132473( 1.78E+04| 3.01E-02 0.0973
18 pipel? 365.9 0.254| 0.050671| 84.814923| 0.464957| 1.05E+05| 2.23E-02 0.3545
19 pipeld 548.6 0.152| 0.018146| -14.24| -0.21805( 2.93E+04| 2.79E-02 0.2436|
20 pipels 396.2 0.152| 0.018146| -16.84559| -0.25787| 3.47E+04| 2.72E-02 0.2406|
21

Figure D.4. Solver solution for the pipe-network using the Swamee-Jain formula

The second sheet that uses the Colebrook-White formula was developed following a
similar procedure and Solver was used to determine the flow rates that satisfy the
energy equations. Figure D.6 shows the solution obtained with the GRG Nonlinear
method of Solver with this formula. Figure D.5 that also shows the flow rates calculated
by this formula shows that their values are close to those obtained with the Swamee-
Jain formula and agree well with those obtained by Brkic [1].
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Figure D.5. Comparison of the flow rates obtained by the present analyses for the eight-
loop pipe-network with those given by Brkic [1]
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- Je | =IF()20,0,IF(J2<2000,64/12,NRM("colebrook”,0.01,K2,12)))

A B C D E F G H 1 J K L M o] P
1 pipe L{m) |[D(m) |A Q (m3/h) |V (m/s) |Re /D £ hf Errors
2 p 1000 pipel 457.2 0.305( 0.073062| 200.62382| 0.762764| 2.06E+05| 8.52E-04| 2.04E-02| 0.9068 Loop 1 0.001]
3 |visc 1.13E-06] pipe2 304.8| 0.203| 0.032365| 144.11712| 1.23689| 2.22E+05| 1.28E-03| 2.20E-02| 2.5707 Loop 2 0.001]
4 g 9.81] pipe3 365.8) 0.203| 0.032365| 59.340834| 0.509295| 9.15E+04| 1.28E-03| 2.33E-02 0.5539 Loop 3 0.001]
5 e 0.00026| piped 609.6) 0.203( 0.032365| -37.20728| -0.31933| 5.74E+04| 1.28E-03| 2.44E-02 0.3803 Loop 4 0.001]
[ pipe5 833.4 0.203| 0.032365| 31.203839| 0.2068600| 4.83E+04| 1.28E-03| 2.48E-02 0.3847 Loop 5 0.001]
7 pipe6 335.3 0.203| 0.032365 -45.15| -0.38752| 6.96E+04| 1.28E-03| 2.39E-02| 0.3017 Loop & 0.001]
8 pipe? 304.8) 0.203| 0.032365 53.87| 0.462343| 8.31E+04| 1.28E-03| 2.35E-02 0.3837 Loop 7 7.79E-05
9 piped 762 0.203| 0.032365| 34.817515| 0.298823| 5.37e+04| 1.28E-03| 2.46E-02 0.4195 Loop 8 0.001]
10 piped 243.8 0.203| 0.032365| 172.69618| 1.482171| 2.66E+05| 1.28E-03| 2.1BE-02 2.9302
11 pipeld 396.2 0.152( 0.018146| 1.438666| 0.022023| 2.96E+03| 1.71E-03| 4.52E-02 0.0029 Maxerror 0.001]
12 pipell 304.8| 0.152( 0.018146| 38.892649| 0.595371| 8.01E+04| 1.71E-03| 2.47E-02| 0.8960
13 pipel2 335.3 0.254| 0.050671| 26.732946| 0.14655| 3.29E+04| 1.02E-03| 2.56E-02 0.0370|
14 pipel3d 304.8 0.254| 0.050671 57.85| 0.317128| 7.13e+04| 1.02E-03| 2.30E-02 0.1418
15 pipeld 548.6) 0.152| 0.018146 19.05| 0.29166| 3.92E+04| 1.71E-03| 2.66E-02] 0.4156
16 pipels 335.3 0.152( 0.018146| 56.506696| 0.865008| 1.16E+05| 1.71E-03| 2.41E-02 2.0273
17 pipeles 548.6) 0.152| 0.018146| 8.7181161| 0.133458| 1.80E+04| 1.71E-03| 2.98E-02 0.0977
18 pipel? 365.9 0.254| 0.050671| 84.776288| 0.464745| 1.04E+05| 1.02E-03| 2.22E-02 0.3515
19 pipeld 548.6) 0.152( 0.018146 -14.26| -0.21836| 2.94E+04| 1.71E-03| 2.76E-02| 0.2420
20 pipeld 396.2| 0.152| 0.018146| -16.85189| -0.25797| 3.47E+04| 1.71E-03| 2.70E-02| 0.2385
21

Figure D.6. Hydraulic solution found with Solver using the Colebrook-White formula

References
[1] D. Brkic, Spreadsheet-Based Pipe Networks Analysis for Teaching and Learning
Purpose, Spreadsheets in Education (eJSIE): Vol. 9: Iss. 2, Article 4, 2016.
Available at: http://epublications.bond.edu.au/ejsie/vol9/iss2/4
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Appendix E: Finite-difference analysis of the heat transfer from a triangular fin

This appendix supplements Chapter 7 that deals with the numerical solution of the
steady conduction equation using the finite-difference (FD) method. The appendix
demonstrates the application of the FD method for solving the conduction equation in
complex geometries by considering the case of the heat-conduction in a triangular fin
given by Cengel and Ghajar [1] in Example 5-2.

Case description

An aluminium alloy fin (k=180 W/m.K) has a triangular cross section as shown in
Figure E.1. The fin has length L=5 cm, base thickness t = 1 cm, and very large width w.
The base of the fin is maintained at a temperature of T,=200°C. The fin losses heat to
the surrounding medium at T,, = 25°C with a heat transfer coefficient of h = 15 W/m’.K.
Using the finite difference method with six equally spaced nodes along the fin in the x-
direction, determine the temperature variation in the fin along its length.

<—— L=5cm
Figure E.1. The dimensions and boundary conditions of the triangular fin

Developing the FD equations
As discussed in Chapter 7, for steady one-dimensional conduction heat-transfer in a
medium without heat generation, the conduction equation reduces to:

d’T
—=0 E.1
dx? ED

Two boundary conditions are given, which are: (i) specified temperature at the base and
(i) convection boundary condition at the top and bottom surfaces as shown in Figure
E.1. To develop the relevant FD equations, the fin is divided into five segments of equal
length (AXx) as shown in Figure E.2.
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T T, T, T, T,
\r‘\
T=200C | + e—l—e1 ¢ =9 T=05C
me0 - m=1 I&Z/wm—s/rﬁ- mES
/L’—,—i—

0 AX 2AX  3AX  4AX 5Ax

Figure E.2. Numerical mesh of nodes for the triangular fin

At steady state, the rate of heat transfer by conduction entering each segment from its
left side is balanced by the rate of heat transfer leaving the segment by conduction
through its right side and by convection through the top and bottom surface areas, i.e.

Qcond,L = Qcond,R + Qconv (E-Z)

Where, Qcond'L and Qcond'R refer to the heat transfer by conduction through left and

right sides of the fin segment, respectively, while Qconv refers to the heat transfer by
convection from the top and bottom sides of the segment. Applying Fourier law for

conduction for QcondL and QcondRand Newton’s law of cooling for Qconv, the
following equation is obtained based on Equation (E.2):
dT dT
-Ak— =-Ak—| +h T-T E.3
o, o], AT T) (E3)

The temperature derivatives in Equation (E.3) are now replaced by the respective finite
temperature differences across the segment. For node 1, these are given by:

T, -T
d_T ~ ( 1 0) (E.4)
dx|,. AX
T,-T
ary (T,-T.) (E.5)
dX|.g AX
Substituting in Equation (E.3), the resulting FD equation for node 1 is:
(T, -T,) (T,-T,)
—A koA kE _Lh T, -T, E.6
AX R AX A\:onv( ) ( )



Where the three areas A, Az and A, are calculated from:

(L—Ax/2)wt

AsTr

A = (L—3A|i(/2)vvt
WAX

Aconv =2 COS(@)
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(E.7)

(E.8)

(E.9)

Where L, w, and t are the three dimensions of the fin shown in Figure E.1 and & is the
fin’s angle (@ = tan™(t/2L).

Equations similar to Equation (E.6) can be obtained for nodes 2, 3, and 4 by replacing
the temperature derivatives and side areas with the respective values for each node.
However, node 5 requires a slightly different treatment because there is no heat transfer
by conduction from its right side and also because its convection area is half the value
at the other segments. Table E.1 shows the corresponding terms in Equation (E.6) for
the five nodes as described in more details by Cengel and Ghajar [1].

Table E.1. Terms in Equation (E.3) corresponding to each node

Node 1 Node 2 Node 3 Node 4 Node 5
d_T (Tl_TO) (Tz _Tl) (Ts _Tz) (T4 _Ts) (Ts —T4)
ax|,, AX AX AX AX AX
e [ (W [T |
dx|,s AX AX AX AX
A (L-Ax/2wt | (L-3ax/2wt | (L-5Ax/2)wt | (L—7Ax/2)wt | (L—9Ax/2)wt
) L L L L L
A (L—3Ax/2)wt | (L-5Ax/2wt | (L—7Ax/2wt | (L—9Ax/2)wt 0
i L L L L
AX AX AX AX AX[2
2 2 — 2 2
Acony v cos(@) " cos(@) v cos(@) v cos(@) v cos(@)
The FD equations for the five nodes can be written as:
Cl,m (Tm—l _Tm) + C2,m (Tm+1 - Tm) + C3,m (Too _Tm) =0 (E].O)

Where, m = 1, 2, 3, 4, or 5. For nodes 1 to 4 the constants C,, C,, and Cs, are
obtained from:
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1, AX
Cim {1— (m _E) T} (E.11)
1, Ax
Com = [1— (m+ E) T} (E.12)
_ h(ax)?
Com = kLsin & (E.13)

For node 5, the three constants are obtained from:

Cis=tand (E.14)

Cs =0 (E.15)
hAX

= E.16

%5 Kcos# (E.16)

Substituting for each node the respective values in Equation (E.10) leads to the
following system of linear equations that can be solved to determine the five unknown
temperatures:

Cia(Ty —T)+Cyy (T, -T)) +C5y (T, - T,) =0 (E.17)
Clo(M =Ty)+Cyy (T3 =T,) +Cy,(T, -T,)=0 (E.18)
Cia(Ty =T3) +Cyy (T, = T3) +Cy,5(T, —T5)=0 (E.19)
Cos(M=T,)+Cy (Ts —T,) +C5, (T, -T,)=0 (E.20)
Cis(T, —T5)+0+Cy5(T, -T5)=0 (E.21)

Excel implementation

The algebraic system of Equations (E.17) — (E.21) can be rearranged in a matrix form
and then solved by using the matrix-inversion method as shown in Chapter 2.
Alternatively, the system can be solved by using Solver and Figure E.3 shows the Excel
sheet developed for this method. The left part of the sheet shows the given data for the
fin. Cells C5 stores the base temperature (Th=200°C), while cell C6 stores the ambient
temperature (Too=25°C). Cells H3 to L3 contain guessed values of the temperatures T;
to Ts.
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K10 - Fo || =KE*(J3-K3)J+KT*(L3-K3)+KE*(M3-K3)
A B c D E F G H [ ) K L M
;
2 L n.0sm |8 0.0997 0 1 2 T3 T4 5 Too
3t 0.01m  [sine@ | 0.0995 200 150 100 50 a0 30 25
4
5 |Tb 200(°c m 1 2 3 4 5
6 |Teo 25|°c c1 0.9 0.7 0.5 0.3 0.1 04
7 [k 180 cz 0.7 0.5 0.3 0.1 0
8 |h 15 c3 0.001675| 0.001675] 0.001675| 0.001675] 0.000837| 0.000837|
9
10 [ax 0.01)m r | 9.790628] 9.874377] 2195813 1.974875 0.995813|

Figure E.3. Excel sheet prepared for FD solution of the triangular fin

Cells H5 to L5 store the values of m corresponding to each node. The following three
rows store values of the three constant C, ,, C,, and Cs, that correspond to each node.
The bottom row (cells H10 to L10) stores values of the residuals in the right-hand-sides
of the algebraic equations resulting from the substitution of the guessed values of the
temperatures in Equations (E.17) — (E.21). The formula bar reveals the formula used for
the calculation of R,. Note that, since the guessed temperatures are not correct, the
residuals are not zeros.

Solver can now be used to adjust values of the five temperatures until the five
corresponding residuals become approximately zeros. Figure E.4 shows the set-up of
Solver for this task.

Solver Parameters

Set Objective: | 3.5
To: () Max () Min (®) Value Of: o

By Changing Variable Cells:

SHS3:5L53 55

Subject to the Constraints:
SH510=10

51810=0 4dd
5)510=10

SK510=10 Change
5L810=10

Delete

Figure E.4. Solver set-up for FD solution of the triangular fin

Note that the target cell is left blank. The adjustable cells are the guessed temperature
stored in cells H3 to L3. The constraints added require that values of the residuals
stored in cells H10 to L10 become approximately zeros. In this case, Solver will iterate
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until all the constraints are satisfied. Figure E.5 shows the sheet with Solver solution
which is: T, = 198.6°C, T, = 197.1°C, T, = 195.7°C, T, = 194.3°C, and T, = 192.9°C.
The same solution was given by Cengel and Ghajar [1].

- fe || =K6*(13-K3)+KT*{L3-K3]+KB*(M3-K3)

A B c D E F G H [ ) K L M
1
2 L 0.05)m |8 0.0397 0 T i 3 T4 5 T
3t 0.00m  [sin8 | 0.0995 200 |198.5676 | 197.1412 | 195.7209 | 194.3069 | 192.9008 | 25
4
5 |Tb 200|°C m 1 2 3 4 5
6 |Too 25|°C c1 0.9 0.7 0.5 0.3 0.1 o.1|
7 [k 180 c2 0.7 0.5 0.3 0.1 0
8 [n 15 c3 0.001675| 0.001675] 0.001675| 0.001675 0.000837| 0.000837
9
10 [ax 0.01]m r | 1.48e-06] -2.26-06] -2.26-05] 8.796-07] -2.86-07|
11

Figure E.5. Solver solution of the FD equations of the triangular fin

References
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Appendix F: Macros and VBA functions for applying the finite -difference method
with Excel

This appendix supplements Chapter 8 that deals with the numerical solution of the
transient heat-conduction equation with the finite-difference (FD) method. It describes
the procedure of recording the macro needed for implementing the explicit FTCS
scheme in Example 8-2 and provides the two VBA functions, Fdimplicit and TDMA,
needed for implementing the implicit BTCS scheme in Example 8-1. A macro is a
useful feature for performing parametric analyses and repetitive calcaulations. It allows
Excel to record the sequence of actions for the initial value of the targetted parameter
and then repeat them for other values by a push of a button. The TDMA solver is also
useful for solving systems of linear equations that arise in other types of thermofluid
analyses.

F.1. Recording a macro

The procedure of creating the macro can be demonstrated by describing that needed for
applying the explicit finite-difference scheme (FTCS) in Example 8-2. Figure F.1
shows the Excel sheet developed for this example.

F4 - I

A B C D E F G H | J K L M M
1
2 k 15/wW/m.oC Solve
3 |a 3.20E-06|m2/s
4 leg 2.00E+06|wW/m3 time 10)s
5 92.42| 92.42( 90.57
6 |T_bottom| 9.00E+01|oC 94.27) 94.27) 93.03| 2.42| 92.42| 894.2
7T == 25[oC 90 90 0 90 90
8
9 h 8.00E+01|W/m2.0C
10 q_R 5.00e¢03|W/m2 k=]
1 ' time | 20s
12 (A 0.012|m :‘3‘5.59 95.18| 93.02 \
13 at 10s 197.17] s6:3] 95.02] 53.83] 92.09] 95.62
14 [ 90 90 90 90 90 90
15

Figure F.1. Advancing the FD solution by copying the temperature values after one
time-step from the bottom cells and pasting them in the coressponding top cells

Figure F.1 shows the FD solution at two consecutive time levels. The cells in the
bottom block store the temperature values at the current time level i , while those in the
top block calculate the temperatures at the new time level i+1 after one time-step (At).
To update the temperature values in the top block, the values in the bottom cells are
copied and pasted in the coressponding top cells. This procedure is repeated until the
targetted time level is reached. To create the macro for this repetetive procedure:
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1. Go to the Developer tab and select “Record Macro” as shown in Figure F.2.
The form shown in Figure F.3 will appear to you. The first macro will
automatically be given the name “Macro 1”. You can change this name and
give it a description if you like. Press “OK”.

2. Copy the values in the bottom block of cells, i.e. cells F11:K13

Use Paste-special to paste the values in the top cells; F4:K6 (Figure F.1)

4. Go back to the Developer tab and select “Stop Recording” (Figure F.4)

w

File Home Insert Page Layout Formulas Data Review View

Developer
o = |"'5,'] %/Z %P Properties j ¥ Map Properties G Import D
= = (o1 =h | S Q;
ﬁ = i8] Use Relative References ,:JP; XN Gl view Code E 2 Expansion Packs (5] Bxport Il
Visual Macros . Add-Ins COM Insert Design . Source .. - Document
Basic /A1, Macro Security Add-Ins - Mode 1 Run Dialog *¢ Refresh Data Panel
Code Add-Ins Controls XML Modify
K11 hd Jr | =Ka+_At
A B = D E F G H 1 ] K L M N o]
Figure F.2. Initiating the macro by selecting “Record Macro” from the Developer tab
Record Macro | ® ”E:3 |
Macro name:
Macral
Shortout key:
Cirl+
Store macro in:
This Warkbook ~
Description:
Cance
Figure F.3. Form for selecting the macro, adding a description to the macro, and
chaninging its name if needed
Home Insert Page Layout Formulas Data Review View Developer
- |:_1 A =] |"\'T:§_'] Z & Properties # Map Properties  [Ff Import H,.
=l =12 Use Relative References Qf; W % QJ View Code E }'j Expansion Packs (&) Export '923}
Visual Macros Add-Ins  COM Insert Design Source . - Document
Basic A Macro Security Add-Ins - Mode B Run Dialog *¢ Refresh Data Panel
Code Add-Ins Controls XML Modify
K11 - Je | =Ka+_ At
A B = D E F G H 1 ] K L M N o]

Figure F.4. Ending the micro recording by selecting the “Stop Recording” function



Mohamed M. EI-Awad (UTAS)

To create a button for the new macro, go to the Developer tab and insert a “button
form control” as shown in Figure F.5. Place the button in a suitable location in the
sheet and the form shown in Figure F.6 will appear to you. As the figure shows, the
button will automatically be given the name “Buttonl_Click”.

m Home Insert Page Layout Farmulas Data Review View Developer Farmat
p (= ; ) =5
s Record Macro [ < Properties f T Import
= {,5,@@} : '-3«! '@.‘S-‘L b e prop E ] w pme dﬁ
= =1 EUSE Relative References = == Gl View Code &= Expansion Packs =) s
WVisual Macros . Add-Ins  COM Insert |Design . Source . Document
Basic £ Macro Security Add-Ins ~ | Mode B RunDialog Panel
Code Addns Form Controls XML Modify
Button 1 - I =M $EEE
ave ™ 3
A B = D E F[—IA“ = abl 8 (B ] K L M N (0]
1 ActiveX Controls
=AM B 2
2 k 15/W/m.oC T ngVE_‘%
o
3 a 3.20E-06|m2/s S

Figure F.5. Creating a button for the new macro

L ® (=]
Macro name:
Button1_Click s Mew
Macrol

Record...
Macros in: | All Open Workbooks W
Description

Cance

Figure F.6. Assigning ‘“Button 1” to “Macro 17

This button should now be linked to the macro and the form shown in Figure F.6 gives
you a list of the available macros to select from. Since Macrol is the only macro we
have created so far, the list only includes it. Select “Macrol” and press “OK”. The new
button will then appear in the Excel sheet with the name “Button 1“ as shown in
Figure F.7. Your macro is now ready to use and you by pressing the button once, Excel
will automatically advance the explicit solution by one time step.
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A B C D E F G H | ] K L M N

1
2 15|w/m.oc Button1 ?
3 3.20E-06|m2/s

4 egpg 2.00E+06(W/m3 time 10 s

5 92.42] 92.42] 90.57

6 |T_bottom| 9.00E+01]0C 94.27| 94.27] 93.03 92.42] 92.42[ 94.2

7 T = 25|0cC 9] 9o 90 s0] 0] 90

8

Figure F.7. The Excel sheet with the new button “Button 1

To change the button’s name to a more meaningful one like “Solve” as shown in Figure
F.1, or “Run”, “Advance solution”, etc, place the cursor on the button and click the
right side of your mouse. The form shown in Figure F.8 will then appear to you. Select
“Edit Text” and change the name as desired. For more information about this feature,
the reader can refer to specialised references or the internet [1,2].

D E F G H 1 1| K L M|N| O P
0.222 L suttop
(I>—| — b Cut
time 153 Copy
92.42| 92.42 90.57 B Ppaste

94,27| 94.27 93.03| 92.42| 92.42| 94, Edit Text -
50 90| 90| 90| 90| <

Grouping
Qrder

Assign Macro...

time 2%y Format Control...

| 95.59] 95.18] 93.02]
Figure F.8. Changing the name “Button 1” to a more indicative one

F.2. The VBA functions
The function Fdimplicit determines the coefficient matrix given by Equation (9.12),

while the TDMA function applies the tri-diagonal matrix algorithm for solving the
resulting system of linear-equations. The two functions are listed below.

The function Fdimplicit

Function Fdimplicit(Dx, Dt, alfa, N, M, L, Temp)

Dim A As Variant

Dim B As Variant

Dim C As Variant

Dim D As Variant

Dim Sol As Variant

ReDim A(150), B(150), C(150), D(150), Sol(1 To 150)
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Ai = -alfa / (Dx* Dx)
Bi =(1/Dt) + (2 * alfa / Dx/ Dx)
Ci =-alfa/ Dx/ Dx

Foric=1ToN

A(ic) = Ai

B(ic) = Bi

C(ic) = Ci

D(ic) = (1/ Dt) * Temp(ic)
Next ic

B(1) = 1#
C(1) = O#
D(1) = 0#
A(N) = 0#
B(N) = 1#
D(N) = 0#

Temp =tdma(A, B, C, D, N, Sol)
Fdimplicit = Sol
End Function

The function TDMA

Function tdma(A, B, C, X, N, XX) As Variant
With Worksheets(""Sheet1")
Dim AA, BB, CC, DD As Variant

Dim ic As Integer

ReDim AA(1To N)
ReDim BB(1 ToN)
ReDim CC(1 ToN)
ReDim DD(1 To N)
ReDim XX(1 To N)

Foric=1ToN
AA(ic) = A(ic)
BB(ic) = B(ic)

CC(ic) = C(ic)

XX(ic) = X(ic)

Next ic

CC(1) = CC(1) / BB(1)
XX(1) = XX(1) / BB(1)
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"loop from1toN -1

Foric=2To(N-1)

M = 1#/ (BB(ic) - AA(ic) * CC(ic - 1))
CC(ic) =CC(ic) * M

XX(ic) = (XX(ic) - AA(ic) * XX(ic - 1)) * M
Next ic

M = 1#/ (BB(N) - AA(N) * CC(N - 1))
XX(N) = (XX(N) - AA(N) * XX(N - 1)) *M

"loop fromN -1to1

Foric=(N-1) TolStep-1

XX(ic) = XX(ic) - CC(ic) * XX(ic +1)
Next ic

tdma = XX
End With
End Function

References
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Chezy-Manning equation, 9

Coefficient of performance, 220, 230,
245

Colebrook equation, 9, 15, 79, 95, 96,
97, 98, 249

Constrained iterative solutions, 88

continuity equation, 2, 123, 129, 137,
142, 152, 153, 155, 257, 259, 260,
263, 266, 269

convection heat-transfer, 10, 101

Convection heat-transfer analyses, 85

cross-flow, 13, 14

Darcy-Weisbach equation, 8, 9, 31, 79,
90

Diesel cycle, 14, 216, 225, 226

Dittus-Boelter equation, 11, 86

economic diameter, 109

energy equation, 8, 89, 105, 110, 120,
123, 124, 126, 129, 137, 139, 142,
143, 150, 152, 153, 155, 156, 157,
258, 266, 267, 269

Evolutionary method, 54, 57, 58, 59,
62, 63, 64

Excel built-in functions, 29

Excel formula, 24, 31, 41, 68, 69, 96,
211, 249, 250

Exergy, 19, 208, 220, 221, 222, 223,
245

feed-water, 5, 6

Fin, 12, 48, 49, 182, 183, 184, 205,
206, 272, 273, 274, 276, 277
Finite Difference Method, 182
formula bar, 23, 24, 25, 28, 29, 39, 68,
87, 90, 250, 253, 254
forward difference, 63, 168
forward-in-time, 186
Fourier number, 187, 194, 199
friction coefficient, 254, 255
friction factor, 8, 9, 15, 16, 79, 80, 90,
95, 96, 97, 132, 249, 254
Functions for matrix operations, 32
global minimum, 57
Goal Seek
Iterative solution, 18, 19, 23, 38, 39,
40, 41, 43, 44, 47, 50, 52, 79, 80,
81, 82, 84, 85, 87, 88, 93, 97, 98,
100, 101
GRG Nonlinear method, 54, 55, 57, 58,
59, 62, 63, 64, 76
Hardy Cross, 257, 263, 265
Hazen-Williams equation, 9
heat conduction equation, 36, 182, 199,
205
Heat generation, 164, 169, 170, 172,
173, 175, 176, 181, 194, 272
heat-exchanger, 13, 212, 213
heat-exchangers
Optimisation, 13
ideal gas
law, 15, 20, 69, 92
Ideal-gas mixtures, 82
insulation, 11, 12, 16, 55
interpolation functions, 18, 74, 252,
253, 255
iterative solution
Constrained, 80, 82, 88, 91, 93, 98,
100, 101
Iterative solutions
Goal Seek, 16, 95
labelling, 23, 27, 47, 81
linear systems, 23, 33, 36
LMTD method, 100
Logical functions, 31
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macros, 18

major friction, 8

matrix functions, 23, 59

matrix inversion, 18, 33, 36, 177, 191

Mean effective pressure, 219, 225

minor friction, 8, 9

Moody diagram, 8

Multi-stage cycle, 20

Newton-Raphson solver, 18, 74, 79, 98,
249

NTU method, 100

Nusselt number, 10, 11, 86

objective function, 55, 158

optimisation analyses
Solver, 5, 14, 16, 17, 52, 55, 74, 252

Optimisation analyses, 16

Otto cycle, 14, 19, 208, 216, 217, 218,
219, 220, 221, 222, 223, 224

Pipe network, 17, 119, 120, 136, 137,
138, 141, 143, 154, 158, 159, 257,
260, 262

Prandtl number, 11, 86

Pump curve, 10, 113, 117, 129

R134a, 15, 16, 25, 26, 77, 230, 232,
233, 244

R22, 233, 244, 245

Rankine cycle, 16, 208

Raphson, 14, 15, 18, 74, 79, 98, 249

Reynolds number, 8, 11, 16, 31, 80, 86,
90, 97, 254, 255

shell-and-tube, 13, 100

Simplex LP method, 59, 61

Soave-Redlich-Kwong equation, 74

TDMA, 186, 191, 192, 278, 281, 282

Thermal resistance, 12, 85, 87

Thermax, 18, 19, 51, 52, 70, 71, 74, 75,
82, 84, 96, 107, 208, 210, 211, 212,
215, 219, 222, 223, 224, 225, 228,
230, 231, 232, 233, 236, 237, 243,
244, 249, 252, 256

Tri-diagonal matrix algorithm, 186,
191, 281

vapour-compression refrigeration
Cycle, 228, 229, 230, 231, 232, 245

VBA, 18, 64, 65, 66, 67, 69, 74, 75, 77,
96, 224



