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DECOMPOSITION OF GAMES: SOME STRATEGIC CONSIDERATIONS

JOSEPH ABDOU, NIKOLAOS PNEVMATIKOS, MARCO SCARSINI, AND XAVIER VENEL

ABsTrACT. Candogan et al. (2011) provide an orthogonal direct-sum decom-
position of finite games into potential, harmonic and non-strategic components.
In this paper we study the issue of decomposing games that are strategically
equivalent from a game-theoretical point of view, for instance games obtained
via duplications of strategies or suitable linear transformations of payoffs. We
consider classes of decompositions and show when two decompositions of equiv-
alent games are coherent.

1. INTRODUCTION

Potential games are an interesting class of games that admit pure Nash equilibria
and behave well with respect to the most common learning procedures. Some
games, although they are not potential games, are close—in a sense to be made
precise—to a potential game. It is therefore interesting to examine whether their
equilibria are close to the equilibria of the potential game, (see Candogan et al.
(2013)). With this in mind, in their seminal paper Candogan et al. (2011) were
able to show that the class of strategic-form games having a fixed set of players and
a fixed set of strategies for each player is a linear space that can be decomposed into
the orthogonal sum of three components, called the potential, harmonic and non-
strategic component. Games in the harmonic component have a completely mixed
equilibrium where all players mix uniformly over their strategies; games in the non-
strategic component are such that the payoff of each player is not affected by her
own strategy, but only by other players’ strategies. To achieve this decomposition
the authors associate to each game a graph where vertices are strategy profiles
and edges connect profiles that differ only for the strategy of one player. The
analysis is then carried out by studying flows on graphs and using the Helmholtz
decomposition theorem.

The decomposition of Candogan et al. (2011) refers to games having all the same
set of players and the same set of strategies for each player. In their construction
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2 J. ABDOU, N. PNEVMATIKOS, M. SCARSINI, AND X. VENEL

nothing connects the decomposition of a specific game g with the decomposition of
another game § that is obtained from g by adding a strategy to the set S* of Player
1’s feasible strategies. One may argue that this is reasonable, since the two games
live in linear spaces of different dimension and the new game with an extra strategy
may have equilibria that are very different from the ones in the original game, so,
in general, the two games may have very little in common. In some situations,
though, the two games are indeed strongly related. For instance, consider the case
where the payoffs corresponding to the new strategy are just a replica of the payoffs
of another strategy. In this case, from a strategic viewpoint, the two games g and
g are actually the same game and every equilibrium in § can be mapped to an
equilibrium in g. It would be reasonable to expect the decomposition of g and g to
be strongly related. Unfortunately this is not the case. Consider for instance the
matching-pennies game g:

L R
Tl1 —1]-1 1
Bi|-1 11 -1
By[-1 1]1 -1
g

This game g admits a continuum of equilibria where the column player mixes
uniformly and the row-player mixes (1/2,a/2,(1 — «)/2) with « € [0,1]. Notice
that in each of these mixed equilibria the mixed strategy of the row-player assigns
probability 1/2 to By u Bs. The decomposition result of Candogan et al. (2011)
(Theorem 4.1) applied to g yields:

L R L R
T[ 415 3/5 | —4/15 —3/5 T [ 16/15 —8/5] —16/15 8/5
By | —2/15 2/10| 2/15 —2/10 By | —8/15 4/5 | 8/15 —4/5
By | —2/15 2/10| 2/15 —2/10 By | —8/15 4/5 | 8/15 —4/5
(9)r (9)n
L R
T[-1/3 0[1/3 0
B[ —1/3 0|13 0],
B:|—1/3 0]1/3 0
(G)ns
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DECOMPOSITION OF GAMES: SOME STRATEGIC CONSIDERATIONS 3

where (§)p, (§)u, and (g)ars are the potential, harmonic, and non-strategic com-
ponents of g, respectively.

The matching-pennies game g admits a unique Nash equilibrium where each
player randomizes uniformly between the two available strategies. This game is
harmonic, so its decomposition has the potential and non-strategic component iden-
tically equal to zero and the harmonic component g,, equal to g.

We see that, although the two games g and g are strategically equivalent in
the sense described before, their decompositions are quite different. In the sequel,
when considering a game g with duplicate strategies, we will call the game where
duplication of strategies have been eliminated the reduced version of g and we will
use the notation g for it.

A similar problem appears in games whose payoffs are suitable affine transfor-
mation of some other game’s payoffs. For instance, given a game g, consider the
game g which is obtained by multiplying the payoffs of each player in g by the
same positive constant. Multiplying the payoff of a player by a positive constant
is innocuous with respect to strategic considerations. To illustrate this, if g is the
matching-pennies game, consider the game g where the payoffs of the row-player
in g have been multiplied by 2.

This game admits a unique equilibrium where each player plays uniformly over
her set of strategies. The decomposition result of Candogan et al. (2011) applied
in g yields the following decomposition:

L R L R
T 12 12 [ -1/2 —1)2 T| 3/2 —3/2|-3/2 3/2
B|-1/2 —1/2| 1/2 12 B|-3/2 3/2 | 32 -3/2
@)r (G)n

Although the games g and g share the same Nash equilibrium set, they admit dif-
ferent decompositions. Notice that g and (g)# are both harmonic games and admit
the same unique mixed equilibrium, since they are related by an affine transforma-
tion that does not affect the harmonic property: one is obtained from the other
by multiplying all payoffs by the same positive constant. In the sequel we will be
interested in affine transformations where payoffs are multiplied by a positive con-
stant which depends not only on the players but also on their strategies. We will
refer to this kind of transformations as dilations.

The question that we want to address in this paper is the following: is it possible
to conceive a procedure such that the decompositions of g and its duplication g and
the decompositions of g and its dilation g are coherent in some sense? To achieve
our goal, instead of considering a unique decomposition and the Euclidean inner
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4 J. ABDOU, N. PNEVMATIKOS, M. SCARSINI, AND X. VENEL

product in the space of games, as it is the case in Candogan et al. (2011), we deal
with a family of decompositions. We use two product measures, p and 7, on the set
of strategy profiles to parametrize a class of inner products that are in turn used to
define the decompositions. The need for two product measures, rather than one, lies
in the fact that duplications and dilations are radically different transformations.
One way to see this difference is that the duplication of a strategy of some player
affects only her own equilibrium strategy, whereas dilation of some player’s payoffs
changes the equilibrium strategies of all the other players, but not her own.

First, we generalize the decomposition result of Candogan et al. (2011) using
several metrics induced in the space of games by the product measures p and 7
on the set of strategy profiles. Then, given a decomposition of the game g having
duplicate strategies based on the two product measures p and 7, we show that
there exists a new measure fi, which only depends on p, such that the (u,n)-
decomposition of g is coherent with the (i, n)-decomposition of g. Similarly, the
introduced family of decompositions further allows to bridge decompositions for
dilations. Given a decomposition of the game g based on the two product measures
1 and n, we prove that there exists a new measure 7], which only depends on 7,
such that the (u,7)-decomposition of g is coherent with the (p,n)-decomposition
of g.

1.1. Related literature. In the context of non-cooperative game theory, several ap-
proaches have been proposed to decompose a game into simpler games that admit
more flexible and attractive equilibrium analysis. Sandholm (2010) proposes a
method to decompose n-player normal-form games into 2" simultaneously-played
component games. As a by-product, this decomposition provides a characteriza-
tion of normal-form potential games. Kalai and Kalai (2013) introduce a novel
solution concept founded on a decomposition of two-player games into zero-sum
and common-interest games. This decomposition result is based on the fact that
all matrices can be decomposed into the sum of symmetric and antisymmetric ma-
trices. Szabo et al. (2017), in order to study evolutionary dynamic games, refine this
dyadic decomposition by further decomposing the antisymmetric component. In a
different direction, Jessie and Saari (2013) present a strategic-behavioral decompo-
sition of games with two strategies per player and highlight that certain solution
concepts are determined by a game’s strategic part or influenced by the behavioral
portion. More recently, Hwang and Rey-Bellet (2016) study the space of games
as a Hilbert space and prove several decomposition theorems for arbitrary games
identifying components such as potential games and games that are strategically
equivalent—in the sense of sharing the same Nash equilibria—to zero-sum games.
They further extend their results to games with uncountable strategy sets. Us-
ing this decomposition, they also provide an alternative proof for the well-known
characterization of potential games presented by Monderer and Shapley (1996).

The paper of Candogan et al. (2011) on the decomposition of finite games into
potential, harmonic, and non-strategic components is a milestone in the field. To
achieve their decomposition, they represent an arbitrary game with an undirected
graph where nodes stand for strategy profiles and edges connect nodes that dif-
fer in the strategy of only one player. In our paper, we follow the same graph
representation for a given game. Liu (2018) uses a different graph representation
for a finite game where nodes stand for players and edges connect players whose
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DECOMPOSITION OF GAMES: SOME STRATEGIC CONSIDERATIONS 5

change of strategies influences the other player’s payoff. Given a finite game, the
author investigates necessary and sufficient conditions for the existence of a pure
Nash equilibrium in terms of the structure of its associated directed graph. The
decomposition in Candogan et al. (2011) is based on the Helmholtz decomposition
theorem.! The Helmholtz theorem—a fundamental tool in vector calculus—states
that any vector field can be decomposed into a divergence-free and a curl-free com-
ponents. Due to the ubiquitous nature of vector fields, this theorem has been
applied by various research communities to a wide range of issues. In the con-
text of discrete vector fields, Jiang et al. (2011) provide an implementation of the
Helmholtz decomposition in statistical ranking. Stern and Tettenhorst (2017) apply
the Helmholtz decomposition to cooperative games and obtain a novel characteri-
zation of the Shapley value in terms of the decomposition’s components. Various
papers related to Candogan et al. (2011) have appeared in the literature. For
instance, Liu et al. (2015), Li et al. (2016) focus on the detailed description of
the decomposition subspaces by providing some geometric and algebraic expres-
sions and present an explicit formula for the decomposition. More recently, Zhang
(2017) provides explicit polynomial expressions for the orthogonal projections onto
the subspaces of potential and harmonic games, respectively.

In the terminology of Govindan and Wilson (2005), two strategies of one player
are equivalents if they yield every player the same expected payoff for each profile
of other players’ strategies. A pure strategy of Player i is redundant if Player i has
another equivalent strategy. In our paper, we study the behavior of the proposed
decomposition with respect to redundant strategies and to suitable transformations
of payoff vectors that do not alter the strategic structure of the game. The issue
of redundant strategies has been dealt with by Govindan and Wilson (1997, 2005,
2008, 2009) in the framework of equilibrium refinement. In particular, the authors
show that the degree of a Nash component is invariant under addition or deletion of
redundant strategies. As shown, for instance, by Osborne and Rubinstein (1998),
some solution concepts are not invariant with respect to addition of redundant
strategies. In the framework of decomposition of games, Kalai and Kalai (2013)
show that their decomposition is invariant to redundant strategies. Cheng et al.
(2016) provide a generalization of the decomposition of Candogan et al. (2011) in
terms of weighted potential and weighted harmonic games. This work is close to ours
but still quite different. Precisely, Candogan et al. (2011) assume that the weight of
each player is equal to the number of her strategies while Cheng et al. (2016) relax
this hypothesis by considering any possible weight. Their approach is coherent with
simple dilations like multiplication of the payoffs of some player by a constant that
depends only on the other players, but not with more general dilations. Moreover,
weighted harmonic games still admit the uniformly strategy profile as equilibrium
and therefore their class is not robust to elimination of duplicate strategies.

1.2. Structure of the paper. In Section 2, we introduce our decomposition results
for games. In Section 3, we deal with the coherence of these decompositions. All
proofs can be found in Appendix A.

1A generalization of the Helmholtz theorem is known in the literature as the Hodge decompo-
sition theorem, which is defined for differentiable forms on Riemannian manifolds.

Documents de travail du Centre d'Economie de la Sorbonne - 2019.06



6 J. ABDOU, N. PNEVMATIKOS, M. SCARSINI, AND X. VENEL

2. DECOMPOSITION OF FINITE GAMES

In this section, we generalize the decomposition of Candogan et al. (2011) as
follows. We first present new classes of games—pu-normalized, n-potential and (,7)-
harmonic—and study their properties. Then, we provide a first decomposition
of games into p-normalized and non-strategic components. We finally establish a
decomposition of the space of finite games into non-strategic games, p-normalized n-
potential and p-normalized (1, n)-harmonic games. In order to obtain orthogonality
between the components, this decomposition requires the choice of a suitable inner
product.

Let n = 2. A finite game consists of a finite set of players, denoted by N =
{1,...,n}, and, for each Player i € N, a finite set of strategies S? and a payoff
function g : S — R, where S = X,_5 S’ is the space of strategy profiles s. The
symbol S~% denotes the set of strategy profiles of all players except Player i. Since,
given N and S, every game is uniquely defined by the set of its payoff functions, we
call g = (¢%)ien a game. Hence, if we denote |A| the cardinality of a set A, the space
G of games with set of players N and set of strategy profiles S can be identified with
R™IS1, Consequently, we have that dim(G) = n[ ],y |S?|. Given a positive finite
measure v* on S* for every ¢ € N, let v be the product measure defined for any
s€ S, by v(s) = [[,y V' (s"). We also use the notation v (s7) = [ v/ (57).
Given any positive finite measure v* on S*, we denote its normalization by:

Ztiesi v (tz)

For the rest of the paper, we associate to each Player i € N, two positive finite
measures on S*, denoted by u’ and n' respectively.

(2.1)

2.1. Special classes of games. In this section, we introduce the different classes of
games that will appear in our decomposition result and we further state their main
properties.

Definition 2.1. A game g € G is non-strategic if, for each ¢ € N, there exists a
function ¢! : S~* — R, such that, for all s€ 9,

gi(st, 87 = Li(s7H).
The set of non-strategic games is denoted by N'S.
Definition 2.2. A game g € G is u-normalized, if for all i € N and for all s~% e S—7,

> i)y (s',57) = 0.
steSt

The set of p-normalized games is denoted by N O.

We will show that any game can be decomposed into the sum of a non-strategic
game and a p-normalized game. Notice that given g € G and £ € N'S, the games g
and g’ = g + £ admit the same best-reply correspondence and hence the same set
of Nash equilibria. Hence, they are strategically equivalent and therefore in some
sense N'O is just a choice of normalization of games.

We now introduce the classes of n-potential and (u, n)-harmonic games. The first
class of games is related to games where the interests of players are aligned with
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DECOMPOSITION OF GAMES: SOME STRATEGIC CONSIDERATIONS 7

a weighted potential function and, hence, always admit a pure Nash equilibrium.
They are a subclass of ordinal potential games. The second class of games reflects
more conflictual situations and we later prove that these games admit a completely
mixed equilibrium.

Definition 2.3. A game g € G is said to be an n-potential game if there exists
¢ : S — R such that for any i € N, for all s*,¢' € S%, and for all s=% € S~¢, we have

nii(sii)(gi(tiu 871‘) - gi(siu 871‘)) = sp(tza Sii) - @(Siu 871‘)'
The function ¢ is referred to as a potential function of the game. We denote P the
set of n-potential games for some 7.

In the terminology of Monderer and Shapley (1996), a weighted potential game
is an n-potential game, which, in turn, is an ordinal potential game. An immediate
consequence of this is the following proposition.

Proposition 2.4. A game g € P admits a pure equilibrium.

Definition 2.5. A game g is a (u,n)-harmonic game if for all s € S,
DU T (s (gi(sh s — gt (t', s7T)) =0
€N tieS?

We denote H the set of (i, n)-harmonic games for some p and 7.

We can now prove that a (u, n)-harmonic game admits a completely mixed strat-
egy equilibrium, characterized by p and 7. For that purpose, we define for any
i€ N,

(um)*(s") = ' (s")n'(s") (2.2)
and denote 7777 its normalized version, as in Eq. (2.1).

Theorem 2.6. Let g be a (1, m)-harmonic game. Then, the completely mized strategy
profile (IM')ien is an equilibrium, i.e., for all i € N and for all r*,t' € S*, we have

TPl s = S TImP(s)g' (¢t s7).

s—ieS—i j#i s—ieS—i j#EL

2.2. A first decomposition result. Our first decomposition states that any game can
be written as the sum of a p-normalized game and a non-strategic game. The proof
follows Candogan et al. (2011) apart from the fact that we choose p-normalized
games instead of the particular case u’(s®) = 1 for each s € S* and i € N. In the
context of games with continuous strategy sets, a similar decomposition result is
proved by Hwang and Rey-Bellet (2016), who view the set of all games as a Hilbert
space.

To present our decomposition results, we first define the space Cy := {f : S — R}
endowed with the following inner product:
Vg€ Co, 9,1 = D, 1(s)9(s)f(5). (2.3)
seS
Notice that the payoff functions of each player can be viewed as elements of Cj,
i.e., g' € Cp for any i € N and so a game g can be seen as an element of CJ. Hence,
G = Cy. Given a function f € Cjy and a product measure n on the strategy profiles,
we denote % f the function in Cy defined for any s € S by:

(™" f)(s) =" (sT)f(s).
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8 J. ABDOU, N. PNEVMATIKOS, M. SCARSINI, AND X. VENEL

Our next step is to endow the space of games with a suitable inner product. For
any g,,9gs € G, using Eq. (2.3), we define:

(G1:92), = 2 1 (S) 7"l gh), (2.4)
ieN
and we denote @, the direct orthogonal sum with respect to the above inner
product.

Proposition 2.7. The space of games G is the direct orthogonal-sum of the u-
normalized and non-strategic subspaces, i.e.,

gzNO@H,'qNS.

2.3. (u,n)-decomposition result. In this section we show that any game can be
decomposed into the direct sum of three component games: an n-potential pu-
normalized game, a (u,n)-harmonic p-normalized game, and a non-strategic game.
Moreover, this decomposition is orthogonal for the inner product in Eq. (2.4).

Theorem 2.8. The space of games is the direct orthogonal-sum of the u-normalized
n-potential, p-normalized (u,n)-harmonic and non-strategic subspaces, ie.,

G=WNONP)®Buy NONH)Du,NS. (2.5)

Theorem 2.8 guarantees that, given a game g and a pair of measures (p,n), we
have

9= NS+ IPun) T I () (2.6)

where gprs(,,) 18 non-strategic, gp(,, ) is n-potential p-normalized, and gy;(, ) is
(1, m)-harmonic p-normalized. For the sake of simplicity, when there is no risk of
confusion, we omit the indication of (p, 7).

The key point in the proof of Theorem 2.8 is to associate a given game to a
flow on a suitable graph, as it is the case in Candogan et al. (2011). We then
characterize n-potential games, non-strategic games, and (u,n)-harmonic games in
terms of their induced flows. Any flow generated by a game can be decomposed
into two particular flows using linear algebra tools. From this decomposition result,
we can obtain a decomposition in terms of games. The definition of the flow and
the decomposition result are built on the gradient operator and the inner product,
respectively. Hence, the decomposition is implicitly related to some notion of metric
induced in the space of games. Candogan et al. (2011) use the same metric for both
the definition of the flow generated by a game and the corresponding decomposition.
We generalize their approach in the following ways: first, we deal with families of
metrics instead of a unique one and, second, we consider different metrics for the
definition of the flow generated by a game and the decomposition.

To prove our decomposition result, we use the Moore-Penrose pseudo-inverse of
the gradient operator (see, e.g., Ben-Israel and Greville, 2003). Precisely, since the
components of the decomposition are orthogonal, the pseudo-inverse operator allows
us to determine the closest n-potential game to an arbitrary game with respect to
the induced distance in the space of games. Candogan et al. (2011) provide in fact
two approaches to obtain their decomposition result. The first approach relies on
the Helmholtz decomposition tool, which becomes a degenerate case when applied
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DECOMPOSITION OF GAMES: SOME STRATEGIC CONSIDERATIONS 9

to flows induced by games.? The second one relies on the Moore-Penrose pseudo-
inverse operator. We choose the second approach since it is better suited to study
the relation between duplicate strategies and decomposition.

Our result states that, given two product measures p and 7 on the set of strat-
egy profiles, the decomposition into p-normalized n-potential, y-normalized (u,n)-
harmonic, and non-strategic games is unique. The map that associates to a given
game its components will be referred to as the (u, n)-decomposition map. The use of
two measures stems from the need to deal simultaneously with duplications and di-
lations, as highlighted in the introduction. Nevertheless, there is some redundancy
by having two product measures as parameters. This gives rise to the following
question: what is the set of product finite measures (u,7) that induce the same
(14, m)-decomposition map?

Proposition 2.9. Let u, i and n,n be four positive product measures. Then, the
(1, m)-decomposition map is identical to the (fi,n)-decomposition map if and only if
there exist a,, 8 > 0 such that, for allie N

1 4

[ =ap' and 1 =By’

3. (¢, m)-DECOMPOSITION AND OPERATIONS ON GAMES

We now discuss consistency of (u,n)-decompositions in games with duplicate
strategies and games generated by dilations.

3.1. Games with duplicate strategies. In this section, we investigate how the (u,7)-
decomposition behaves when we deal with duplications. Concerning this type of
transformations, we will see that p is the key parameter that needs to change when
eliminating a duplicate strategy. In contrast, in this whole section 7 is fixed, apart
from the change of its domain, inherent to the change of strategy space.

To study how our decomposition behaves in games with duplicate strategies, we
first provide an example of a (i, n)-harmonic game with some duplicate strategies
whose reduction is not (u,n)-harmonic. Then, we prove that duplicate strategies
remain duplicate in the components of the decomposition result. That is, given
a game with some duplicate strategy, the components of the (u,n)-decomposition
contain the same duplicate strategy. It follows that, when considering a game
with some duplicate strategies, one can either first decompose it and then reduce
it or vice versa. Each procedure yields a different decomposition. Nevertheless,
our notion of (u,n)-decomposition allows us to obtain a relation between the two
approaches, which is described by the commutativity diagram in Fig. 1.

Definition 3.1. A game g € G is said to be a game with duplicate strategies if there
exist i € N and some strategies si,si € S%, such that for every j € N and every
s '€ 87", we have: ¢g7(sf,s7") = g7(s},s7").

2According to the graph representation of games, curl flows in games are generated only by
consecutive deviations of the same player and hence, they are mapped to 0. As a consequence,
the divergence-free component of the Helmholtz decomposition tool is reduced to harmonic flows.
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10 J. ABDOU, N. PNEVMATIKOS, M. SCARSINI, AND X. VENEL

(1, m)-decomposition

i (g./\fSag’PagH)

reduction reduction

Q) —Q

- (@, @ @) -
(11, n)-decomposition ((gns)s (9p), (gxn))

Figure 1

Definition 3.2. Given a game g with duplicate strategies s}, si for some Player
i € N, the reduced strategy set of Player i is denoted by S = S%\{s%} and

S =35 x <>< Sj>
Jj#i

stands for the reduced strategy profile set. The reduced game is denoted by g =
(§7)jen, where g7 : S — R is such that g’(s) = ¢’(s). If p is a product finite
measure on S, we also define the reduced product measure i as follows:
(i) for every Player j # i, we have i’ (s7) = u/(s%),
(ii) for Player i, we have fi*(sf) = p'(sh) + p'(s}), and fi*(s') = p'(s’) for any
s' # (.

Example 3.3. Let u* = p2 =n* =n? = (1,1,1). Let g be the following game:

L Ry R
71 2 -2|-1 1 |]-1 1
1 2 -2|-1 1 |-1 1
B|—-4 4 2 =2 2 =2
g

The game g is (,n)-harmonic and admits a unique equilibrium that is the
uniform profile. By eliminating the duplicate strategy of the row-player, we obtain
the reduced game g:

T2 -2|-1 1 |-1 1
-2 2 =2

2
g

The reduced game g admits the profile ((2/3,1/3),(1/3,1/3,1/3)) as unique equi-
librium. Let ! = (2,1), 42 = p? = (1,1,1), ' = (1,1) and ® = (1,1,1). Then,
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DECOMPOSITION OF GAMES: SOME STRATEGIC CONSIDERATIONS 11

g is a (fI, n)-harmonic.® It is possible to further eliminate the duplicate strategy of
the column-player. We then obtain the reduced game g:

Let ﬁl = (2,1), fﬂ = (1,2), n* = (1,1) and n* = (1,1). It follows that ?} is a
(11, m)-harmonic game.

We now focus on the elimination of one duplicate strategy. There are games, such
as the one in Example 3.3, where several players have duplicate strategies—possibly
more than one. In these cases, it is possible to eliminate duplicate strategies one by
one. At each iteration of the procedure, one duplicate strategy is eliminated and
the measure fi is updated. The order of elimination does not influence the measure
and the game obtained at the end of the iterated procedure.

In the sequel, without loss of generality we always consider a game where Player
¢ has two duplicate strategies sf and sj.

Lemma 3.4. Let g € G be a game with duplicate strategies sb,si for some i € N.
Then, gnrs, gp and g4, are games with duplicate strategies s, st .

We then obtain the following relation between a game with duplicate strategies
g and the reduced game g.
Lemma 3.5. Let g be a game with duplicate strategies si, st € S*. Then,

(i) if g is n-potential, then g is n-potential,

(i) if g is non-strategic, then g is non-strategic,
(iil) if g is u-normalized, then g is [i-normalized,
(iv) if g is (u,n)-harmonic, then g is (fi,n)-harmonic.
The following theorem is an immediate consequence of the two previous lemmas.

Theorem 3.6. Let g be a game with duplicate strategies. Then
(9/\/5(#,7;)) = (?J)/\/sm,n),
GPuny) = @,

(gH(u,n)) = (@@
i.e., the reduced games of the components are the components of the ([i, n)-decomposition
of g.
The following remarks complete the scope of Theorem 3.6. The first remark
presents the reverse operation, i.e., transforming a game into a game with duplicate

strategies, whereas the second one replaces the notion of duplication with the more
general notion of redundancy.

31t would be more proper to define 771 as the restriction of ' to the reduced strategy set of
the row-player but for convenience we keep the same notation.
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12 J. ABDOU, N. PNEVMATIKOS, M. SCARSINI, AND X. VENEL

Remark 3.7. An immediate consequence of Theorem 3.6 and of the uniqueness of
the decomposition result of Theorem 2.8 is the following. Let g be a (u, n)-harmonic
game and g the game where the strategy s of Player i has been duplicated into s
and s%. Then the game g is (fi,7)-harmonic for

(s"),

7= forj#d, () =n'(t') fort'#s', i(sh)=17(sp) =10
= forj A, () = pi(E) for s, Ji(sh) + i (sky) = pi(s)
(3.1)
Notice that i is not uniquely defined.

Remark 3.8. The notion of redundant strategy was introduced by Govindan and
Wilson (2009). A pure strategy t* of Player i € N is redundant if, for all players,
its payoffs are a mixture of the payoffs of her other strategies, i.e., the payoff vector
(¢7(t%,.))jen is a convex combination « of the payoff vectors of the other pure
strategies S%\{t'}, i.e.,
Vsie ST, VjeN, g/t sT) = > als)gl(s’s7).
sieSi\{ti}

Concerning this transformation, one can eliminate the strategy ¢’ and consider
the reduced game, as it was the case in duplications. Considering the (u,n)-
decomposition and then eliminating the redundant strategy is equivalent to first
eliminating and then considering the (u4,n) decomposition, where

(i) for every player j # i, we have u; (83) = yj (s7),
(ii) for Player ¢ and every strategy s* € S*\{t'}, we have

L (s) = i (sh) + als )l (£).

3.2. Affine transformation and decomposition. We now investigate then behavior
of our decompositions when we deal with affine transformations. We first focus on
translations and then on dilations. When dealing with translations, measures u
and 1 do not change. For dilations we will see that y is fixed, whereas n changes.

3.2.1. Translations. First, we look at translations of the payoffs by a function that
depends on the strategies of the other players. We show that, as it is the case in
Candogan et al. (2011), there is a natural relation between the (u, n)-decomposition
of a game g and the (u,n)-decomposition of the translated game.

For any i € N, let ¢! : S~ — R. Then, we can define the translation of a game

g by £ = ({');en as follows:
Vie N, Vse S, gi(s)=g'(s)+(s™). (3.2)
It is clear that the non-strategic component of g, is the translation by £ of the
non-strategic component of g. It follows that the (u,n)-decomposition of g and

the (u,n)-decomposition of g, share the same (u,n)-harmonic p-normalized, and
n-potential p-normalized components.

Proposition 3.9. Let g be a game and let g, be its translation by £ = (£%);en. Then,
the (u,n)-decompositions of g and g, are related as follows:

* (ge)r =9p
* (9% =9y
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® (ge)Ns =gns+ 2L

Proof. Given Eq. (3.2) and the fact that ¢ € NS’ for any i € N, the result follows
from Theorem 2.8. ]

3.2.2. Product dilations. We now consider a particular type of dilations, called
product dilations and study their effects on the decomposition of games.

Definition 3.10. For every i € N, let 3*: S~ — (0, +00). The dilation 3 of a game
g is given by

Vie N, VseS, (B-9)(s) =pB"(s"")g'(s).
We call (3 - g) the B-dilated game.

Definition 3.11. A dilation 8 is a product dilation if for every j € N, there exists
b 1S9 — (0,00) such that

Vie N, Vs~'e S Bi(s™") = [/ (s), (3.3)
J#i
We say that 3 is generated by b.

Although these types of dilation may change the Nash equilibrium set, they do
it in a very structured way, as the following proposition shows.

Proposition 3.12. Let 3 be a product dilation generated by b. If £(g) is the set of
Nash equilibria of the game g, then the set of Nash equilibria of (B - g) is given by:
—i Qi a’(s") i
EB-g) =T )ien 1 y'(s") = b (s) and (x')ien € £(9) ¢ -

In particular, when 3 is a product dilation, if « is a pure Nash equilibrium of g
then x is also a pure Nash equilibrium of (3 - g). If one knows the set of equilibria
of some game g, one can compute the set of equilibria of (3 - g) without knowing
g. In the particular case when, for every i € N, b'(s%) does not depend on s?, the
Nash equilibrium sets of both games coincide.

Given positive product measures 77 and b on the strategy profiles, we define the
product measure 7/b pointwise as follows:

Wie N,Vs' e 5, (%) (s) = Z((z;

Theorem 3.13. Let p,n and b be positive product measures on S. Let g be a finite
game. If B is the product dilation generated by b, then
(B ansqm) = (B 9INSunpb)
(B 9pum) = (B 9)P(unm)
(ﬁ : g’H(u,n)) = (/3 : g)'H(u,n/b)'
The result of Theorem 3.13 can be represented by the diagram in Fig. 2, where,

for the sake of simplicity, we have omitted the reference to the pairs of measures
used in the decomposition.
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14 J. ABDOU, N. PNEVMATIKOS, M. SCARSINI, AND X. VENEL

(1, m)-decomposition

Y

(g./\/S7g737.q7-L)

product dilation product dilation

(B-9)

(B-9)rs:(B-9)p,(B-9)y)

Y

(1, m/b)-decomposition

Figure 2

The following two facts are easy consequences of Theorem 3.13. First, in the
context of two-player games, any 3-dilation is a product dilation since there is only
one adversary player. Therefore, in this case Theorem 3.13 covers in fact any type
of dilation. Second, consider 3 a dilation such that for every i € N, #° does not
depend on s~% but only on i. Then, there exists a vector (bi)ieN such that

vie N, g =] ]V
J#i
Hence, 3 is a product dilation. Therefore, Theorem 3.13 can be applied. Notice
that in this particular case, g and (3 - g) share the same set of Nash equilibria.

Cheng et al. (2016) introduced a decomposition of games into two types of games
called weighted harmonic and weighted potential games. When restricting to these
two classes of games, it is possible to prove a weaker version of Theorem 3.13 with
dilations that depend only on the players.

We now provide two examples of product-dilations and a final example combining
dilation and duplication. In Example 3.14 the dilation depends only on the players,
whereas in Example 3.15 the dilation depends also on the strategy that the players

play.

Ezample 3.14. Let put = p? = nt = n? = (1,1), Bt =2, B2 = 4. Consider the
following p-normalized game g (on the left) and its B-dilation (3-g) (on the right):

L R L R
T|4 -1]-31 r|{8 -4)-6 4
B|—-4 0 3 0 B|-8 0 6 0

L R L R
T| 2 1 (-1 -1 T 2 -2|-2 2
B|-2 -2|1 2 B| -2 2 2 =2
gr 9u

and the B-dilation of g and g4, are given respectively by:
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L R L R

T4 4 ]-2 —4 T4 —8[-4 8

Bl -4 —8| 2 8 B|l-4 8|4 -8
(B-gp) B-9x)

Let ij* = 1/4 and 72 = 1/2. It is easy to check that (3-gp) is an 7-potential game
and that (3 - g4) is a (u,77)-harmonic game. On one hand g, and (8- gp) share
the same pure Nash equilibria, i.e., (T, L) and (B, R), and the same mixed Nash
equilibrium (2!, 2?), where 2 = (2/3,1/3) and 2? = (1/3,2/3); as a consequence,
E(gp) = E(B-gp). On the other hand, there is no pure Nash equilibrium either
in g, or in (B - g4 ) and the mixed strategy profile (z!,2?) given by 2! = 22 =
(1/2,1/2) is a mixed Nash equilibrium in both g, and (8- g4). It follows that

5(9%) =&(B- 9u)-

Next, we consider a dilation that depends on the strategy of the other player
and we show how mixed Nash equilibria vary in the transformed game.
Ezample 3.15. Let u! = p? = nt =n? = (1,1), B = b? = (2,1) and B2 = b* =
(1,3). Consider the u-normalized game g (appeared also in Example 3.14) (on the
left) and its B-dilation (3 - g) (on the right):

L R L R
T|4 -1|-3 1 T8 -1]-3 1
Bl-4 0|3 0 B|-8 0|3 0

In view of the (u-n)-decomposition of g (see Example 3.14), the B-dilation of gp
and g4, are

L R L R

T4 1]-1 -1 T[4 —2]-2 2

B|l-4 6|1 &6 Bl-4 6|2 —6
(B-gp) B-gx)

Let 7' = (17 %) and 72 = (%, 1). It is easy to check that (8- gp) is an 7j-potential
game and that (8-g4,) is a (i, 77)-harmonic game. Notice that gp and (3-gp) share
the same pure Nash equilibria, however the mixed Nash equilibrium of g, has been
transformed, according to Proposition 3.12, into the mixed strategy profile (z!, z?),
where 2! = (6/7,1/7) and 2% = (1/5,4/5), which is a mixed Nash equilibrium in
(B-gp). Likewise, the mixed Nash equilibrium of g4, has been transformed into the
mixed strategy profile (z!,2?), where z! = (3/4,1/4) and 22 = (2/3,1/3), which is
the unique mixed Nash equilibrium in (3 - g4).

Finally, we describe an example with both dilation and duplication.

Example 3.16. Let pu' = p2 =nt =02 = (1,1), p* =b? = (2,1) and B2 = b =
(1,3). Consider the following p-normalized game g (on the left) and let (3-g) (on
the right) be its B-dilation where, moreover, the strategy T is duplicated:
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16 J. ABDOU, N. PNEVMATIKOS, M. SCARSINI, AND X. VENEL

L R

L R nl8 —1]-3 1
T[4 —1]-3 1 s
Bl—4 03 0 [ T R

In view of the (u-n)-decomposition of g (see Example 3.14), if we apply the same
pair of transformations to g, and g4, we get

L R L R
T4 1]-1 1 T4 —2]-2
|4 1|-1 -1 To| 4 —2|-2
B|-4 6|1 6 Bl-4 6|2 -6

(B-(9)r) (B-(9)n)

Let 775 = (1,1,3), 73 = (3,1), fig = (1 — o, 1), a € (0,1) and i3 = (1,1).
It is easy to check that (3 - (g)p) is an 7jg-potential game and (8 - (§)x) is a
(fig, N3)-harmonic game. Notice that the mixed Nash equilibrium of g» has been
transformed, according to Proposition 3.12, into the mixed strategy profile (z!, z?),
where 2! = (3/7,3/7,1/7) and 22 = (1/5,4/5), which is a mixed Nash equilibrium
in (B-(g)p). Likewise, the mixed Nash equilibrium of g, has been transformed into
the mixed strategy profile (z!,2?), where ! = (3/8,3/8,1/4) and 2% = (2/3,1/3),

~

which is a mixed Nash equilibrium in (8- (g)#).

3.2.3. General dilations. We focused in the previous paragraph on product dila-
tions. When dealing with general dilations, it is impossible to obtain a commuta-
tive property such as the one that holds for duplications, translations, and product
dilations.

Informally, a dilation that is not a product dilation preserves the set of pure Nash-
equilibria but it operates on the set of mixed Nash-equilibria in a non structured
way, hence Proposition 3.12 cannot be applied. In Theorem 2.6, we proved that if
g is (u,n)-harmonic, then (77');cn is a Nash equilibrium. The two facts yield an
incompatibility. We illustrate this incompatibility with a counter-example.

Ezample 3.17. We present two games g, g’, which are (u, n)-harmonic for pu! = p? =
w?=nt =n?=n3=(1,1), and a dilation B such that there exists no pair (i, )
that makes both games (3-g) and (8- g’) (&, 7)-harmonic. Consider the following
3-player games. Player 1 chooses the row, Player 2 chooses the column, and Player
3 chooses the matrix. In the first game g, Player 3 is dummy and Players 1 and 2
play a matching pennies game, where Player 2 wants to match and Player 1 wants
to mismatch:

H, T H, T

H[-1 1 o]1 -1 0 H[-1 1 o]1 -1 0

i1 -1 ol-1 1 o0 i1 -1 o0ol-1 1 o0
H, Ts
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In the second game g’, Player 1 is a dummy and Players 2 and 3 play a matching
pennies game, where Player 2 wants to match and Player 3 wants to mismatch:

Hs Ty H, Ty
Hy —-170 -1 1 H |0 -1 1|0 1 -1
7710 1 —-1]0 -1 1 7710 -1 1]0 1 -1
Hj3 T3

It is easy to check that these two games are indeed (u,n)-harmonic. Consider
now the following dilation:

° ﬂQ(-, ) =1.

e (3% only depends on player 2: 3(Ha, H3) = 31 (Hs,T3) = 1 and 5% (Tk, H3) =
ﬁl(T27T3) = 23

e 33 only depends on player 2: 33(Hy, Hy) = 83(T1, Hz) = 1 and $3(Hy,Tz) =
ﬂg(TlvTQ) =3

We obtain the new game (3 - g) given by

Ho T3 H> 15
H|-1 1 02 -1 0 H|-1 1 02 -1 0
T 1 -1 0]-2 1 O T -1 0}—-2 1 0
Hj T3
and (3 - g’) given by
Hg Tg H2 T2
Hy 1 -1/0 -1 3 H |0 -1 10 1 -3
T —-1({0 -1 3 7710 -1 1({0 1 -3
H3 T3

On one hand, we see that Player 2 has to play (2/3,1/3) at the equilibrium in
(B-g) and (3/4,1/4) in (B -g’). On the other hand, if there existed a unique
pair (f,7) such that both (8- g) and (8-g’) are (fi, 7j)-harmonic, then both games
would admit (ﬁ_ﬁz) N as an equilibrium, i.e., there would exist one strategy of

1€
Player 2 that is both an equilibrium in (3 - g) and in (8 -g’). We saw that the
equilibrium strategies of Player 2 in (3-g) and (3-g’) are different, which produces
a contradiction.

APPENDIX A. PROOFS

To prove the characterization of equilibrium in (p,n)-harmonic game (Theo-
rem 2.6), we need some notation which is naturally introduced in the proof of the
decomposition result. Hence, the proofs of Section 2.1 are postponed after the
proofs of Sections 2.2 and 2.3.
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A.1. Proofs of Section 2.2. We prove Proposition 2.7 by describing NO and N'S
through orthogonal projection operators. The notation Ix stands for the identity
operator over a set X. First, we define for any i € N, the linear operators A’ :
Cop — Cy and II* : Cy — Cj as follows:

Al(gh)(s' 87 = Y, (g (57, (A.1)
tieS?
' = I, — A" (A.2)
We call NS* < Cp the set of functions f for which there exists £: S~% — R such
that

Vst e S Vs e ST f(s',sTh) = 4(s7"). (A.3)
We call NO! < Cp the set of functions f such that
VsThe ST D pi(sh)f(sh s = 0. (A.4)
siesi
Lemma A.1.  (a) IT* and A® are projections onto Cy.

(b) For every fi € Ker(A?) and for every fr € Im(A?),
<777if1<,777if1>0 =0.
(c) We have NO' = Ker(A?) and NS* = Tm(A?).
Proof. (a) In view of Egs. (A.1) and (A.2), we have
Ker(IT") = Im(A?) and Ker(A") = Im(IT%). (A.5)
Thus, we only need to prove that A’ o A* = A?. Indeed,

Mo N(g)(s' s = 3 () (N(g)(#,57)

tieSi

= YA D) A (s
tieS? rieSi

NG ( )y ﬂi(ti)> g'(r's)
rteS? tieSt

= 3 s ),
rigSt

where the last equality stems from the fact that 7' is probability distribution.
Hence, A? is a projection operator.

(b) Let fx € Ker(A*) and fr € Im(A*). By definition of A*, any function in Tm(A’)
does not depend on s¢, i.e., Im(A?) = N'S'. Hence, there exists £ : S~ — R such
that £(s™%) = fr(s*, s7%). Therefore,

' freon™ g = Y, n(s) ™ (57 fr () fr(s)

ses
= (S Y s (s ( > ni(sw(s%si))
sTieS—i sieSi
=0,

since fx € Ker(A?).
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(¢) In view of Egs. (A.1) and (A.4),

D (s f(s s = pi(SY) ( > ﬁi(si)f(sias_i)) = u'(S)A(s).

steSt steSt

Hence, we have Ker(A?) = NO'. We saw in the previous paragraph that Im(A?)
NS'. Reciprocally, if f a function in Cy does not depend on s?, an immediate
computation yields A?(f) = f and the equality between the two sets. [ ]

We now define A : Cf — Cf and 11 : Cff — Cf as
Ag) = (A g, A"(g"). (A.6)
I(g) = (I'(g")..... " (g")) , (A7)
with g = (¢%)ien-
Lemma A.2.  (a) We have
NO={geG:Vie N, g'e NO'} = Ker(A), (A.8)
NS={geG:VieN,g'e NS’} = Im(A). (A.9)
(b) II and A are orthogonal projections onto G for (:,-),, .

Proof. (a) This follows immediately from Lemma A.1(c).

(b) We have Ker(A) = NO and Im(A) = NS, where A is defined as in Eq. (A.6).
Let gno € NO and g-g € NS. Then, using the definition of the scalar product of
Eq. (2.4) and Lemma A.1(b), we obtain

N0 TN = 2 (S g0 Givs e = 0.
iEN

since g € Ker(AY) and gjg € Im(A?) for every i € N. [

Proof of Proposition 2.7. This is an immediate corollary of Lemma A.2. We showed
that AO and N'S are orthogonal subspaces and further that any game g can be
decomposed into A(g) € NS and (Ig — A)(g) e NO. [

We first give the definition of the flow associated to a game and, in Proposi-
tion A.5, characterize the different classes of games. Then, from these character-
izations and from the properties of the Moore-Penrose pseudo-inverse, we deduce
the proof of Theorem 2.8.

Let C; :={X :S%x S > R|X(s,t) = —X(t,s),Vs,t € S} be the set of flows. We

endow C7 with the following inner product:
VXY €Oy, (X,Y), = % ST u(s)u(®) X (s, )Y (s,1). (A.10)

s,teS

To any game g, we associate an undirected graph as follows. Given a pair of
strategy profiles (s,t) € S x S, if there exists a unique i € N, such that s® # ¢’ then
(s,t) will be referred to as an i-comparable profile pair. We denote E' < S x S
the set of i-comparable profile pairs. For any two different players ¢ and j we
have: E* n BV = (. We call E the set of comparable profile pairs, i.e., E = U;E;.
Following Candogan et al. (2011), for any given game g, we associate to Player i
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an undirected graph defined as I'* := (S, E') and we further associate to the game
g the disjoint union of the graphs I'* defined as I := (S, E).

For any i € N, let W?: S x S — R be the non-negative symmetric function
defined as

. — if (S, t) € Ei,
Wits, 1) = { Vi (s ) (A1)

0 otherwise.

Recalling that any pair of strategy profiles cannot be comparable for more than one
player, we have:

Wi(s,t)WI(s,t) =0, forall j#iands,teS. (A.12)

To any Player i, we associate the partial gradient operator &% : Co — C1, defined
for any f € Cy as follows:

56(f)(s:t) = W'(s,t) (f(t) — f(9)). (A.13)
The gradient operator dy on I' is defined as 6y = >, 0.

We now introduce the adjoint operators. Recall that we have considered the
following inner product on Cjy:

Vg, feCo (g, =Y, 1u(s)g(s)f(s).
seS

The adjoint of &3, denoted by 65 : C; — Cy is the unique linear operator satisfying:

6f, X ), = {f,06°X), (A.14)
for any f € Cy, X € Cy. By linearity of the dual operations, we obtain that the dual
of &y satisfies 6F = Y. 05¥. Moreover, we have the following explicit expression
for §3*.

Proposition A.3. The adjoint of the gradient operator, 58* : C1 — Cy s given for
any X € C1 by

VseS, 0FX(s)=— > ut)W'(s,t)X(s,t) (A.15)
teS
== >, H(EWE(sT)X (s, t). (A.16)
t:(s,t)eEi

Proof. We introduce the basis (¢;),.g of Co, defined as

1 .
— ifs=r7,
er(s) = 4 Vu(r) (A.17)
0 otherwise.

This basis is orthonormal with respect to the inner product in Eq. (2.3). For any
X € (1, we have

65X = Z <€r,56*X>0 Ep
resS

and thus,

55 X (s0) = 53*X>0 )

_ (e
Vu(so) N
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By using the relation between 65* and &y in Eq. (A.14) and then the definition of
Jo in Eq. (A.13), we get

55 X (s0) = {005y, X )y

1
VAR DM ) 3050

- #(80) (S;:S w(8) (@)W (s, t)es, (£)X (s, 1)

= > ()W (s, t)es, (s )X(s,t)).

s,tesS

Using the definition of €5, (Eq. (A.17)), we obtain

56X (s0) = #(80) (Z 1(s)p(80) - W'(s,50)X(s,50)

seS /1*(30)

=3 u®)u(so) 1( )W%so,t)X(so,t))

i (50
- <§SN(8)Wi(s,so)X(s,so) E ;ua)wi(so,t) X(So,t)>
2 Z; (50,8)X (80, 8) - %tZSmt)Wi(so,t)X(so,t)
- —tZS: YW(s0,t) X (s0,t), )

where the third equality is due to the skew-symmetric structure of X and the last
equality is simply obtained by merging the two summations. [ ]

To I' we associate the joint embedding operator D : C§ — C. The operator D
maps a game g into a flow D(g). It is defined for any g € CJ as

= > 5" (A.18)
ieN
Lemma A.4. The following hold:
5“‘58 =0, for all i # j, (A.19)
Z 55k6h(n~"g"), for all g€ CY, (A.20)
ieN
86*05(n " f) = 0653 (f),  for all f € Co. (A21)
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Proof. To prove Eq. (A.19), let f € Cy. By the explicit formula of Eq. (A.15), for
all s € S, we have

SHGL)(8) = = > W' (s,8)(55f) (s, )

teS

= = D HOW (s, )W (5,8) (f(2) — f(5))
teS
=0,
since for i # j, we have W'(s,t)W/(s,t) = 0.
To prove Eq. (A.20), let g € G. We then get

= > 5 (Z 58(77j9j)) = > se(n'g),
ieN jeN iEN

since, by Eq. (A.19), all cross-products are equal to 0.
To prove Eq. (A.21), let f € Cy. We have, for all s € S,

565 (o~ f)(8) = = X, n(®)W'(s,)(5m " f)(s, P)

teS
= D W s W s W (s )y (s ) (f(sT ) — F(Es7)
tiesSt
= n_i(s_i) ( Z /Li(tia S_i)Wi(sa t)Wi(S,t) (f(siv s_i) - f(tia S_i)))
tieS?
=" (s7)8* (85.1)(s)- u

At this point, we can relate the classes of games presented in Section 2.1 to the
previously defined operators.

Proposition A.5. We have:

(a) NS ={geg,D(g) =0}
(b) P ={geg,D(g) e mdy} = (D)~ (Im(d))-
(c) H={g <G, D(g)eKerd}}.

Proof. (a) Let g € G. Eq. (A.18) implies that D(g) € 0 if and only if, for all i € N
and for all s,t € S, we have

Wi(s,t) (7" (s7)g'(s) =" (s7)g'(t)) = 0. (A.22)
Since W(s, t) is strictly positive on E* and n~¢ is strictly positive, Eq. (A.22) holds
if and only if, for all i € IV, for all s~% € S7%, and for all s, ¢’ € S?, we have

gi(sia S_i) - gi(tia S_i) = 0.

Hence ¢’ does not depend on Player i’s strategy, which, by Definition 2.1, means
that the game is non-strategic.
(b) Let g € G. Then, by Eq. (A.18), D(g) € Im(d) if and only if there exists ¢
such that for every i € N, and s,t € S,

Wi(s,t) (17 (s7)g'(8) =" (s7)g'(¢) = W'(s,t) (2(s) — (1)) -
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We equivalently have, for any s?,t' € S* and any s~% € S¢,
(p(siv S_i) - (p(tiu S_i) = n_i(s_i) (gi(siu S_i) - gi(tiv S_i)) .
Hence, the result follows from Definition 2.3 of an n-potential game.

(c) Let g € H be a (p,n)-harmonic game. In view of Eq. (A.20) we can write the
condition in terms of gradient and adjoint operator. By replacing them with their
explicit expression, we obtain that, for any s € S,

55(D(9))(s) = 3 86*85(n~"g")(s)

€N

> ( D W (s, )W (s.8) (09" )(5) — (nigi)(t)))

iEN teS
P(pt o—i 1 —ifomi (i h o T
=—Z Z pi(t' s )mﬁ (s )(g(s,s )—g'(t,s ))
ieEN tieSi 1
== H ) (g s ) — gt s )
€N tieSt
and the result follows from Definition 2.5 of a (u,n)-harmonic game. [

The aim of the next results is to prove that the space of games is the orthogonal
sum of potential p-normalized games, (p,n)-harmonic p-normalized games, and
non-strategic games. We first introduce the Moore-Penrose pseudo-inverse. Then,
we prove several results leading to the above-mentioned orthogonality. Finally, we
prove that any game can be decomposed in such a triple by providing an explicit
formula that uses the pseudo-inverse. These results yield Theorem 2.8.

Let 5?;‘ : C1 — Cy be defined as follows:
e On Im(&)), 58T is the inverse of the restriction of 6% on NO, i.e.,
5! M) = [0 f/\/oi]_l-
e on Im(8})+, 6 = 0.
e on (1, (58T is defined linearly, i.e.,
00 (X) = 0 (X1 + X1) = & (X1),
where X7 € Im(6)).

The operator 58T is in fact the Moore-Penrose pseudo-inverse of §j. In particular,
55[53 is the orthogonal projection onto NO" and thus,

5utsl = 11, (A.23)

Moreover, 5655{66 = 6. Furthermore, (I¢, —(5?66) is the orthogonal projection onto
NS* and thus, (I¢, 75556) = A'. Moreover, 5658T is the orthogonal projection onto
Im(6) and (I, — 6404 is the orthogonal projection onto Ker(6i*).

We further define 6] : C; — Cp as 6§ = .y 06

Lemma A.6. Let p € NO" and @ € Cy and assume that Sy = 65@. Then, for all
1 e NO" we have: {p, 1), ={P,¢),.
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Proof. Since ¢ € NO' and 5353 is the identity operator on NO°, we have:
(o = (Saip vy = (53.0) ,

where the last equality follows from the initial assumption. Using the fact that 65 58
is self-adjoint, that the operator 8, &) is the identity on N'O’, and that ¢ € N'O',
we get

G = (5,815 ) = @ ¥ .
Lemma A.7. For any i€ N, we have

56% 0 0 = pt(SHIT". (A.24)

Proof. Using the explicit formula for §7* of Eq. (A.15) and replacing W* with its
value, for all f € Cy and all s € S, we have

(66% (80£)) (8) = D &)W (5, )W (5,8) (f(5) — f(2))

teS
= 3 K (£ 57 — (e, 57).
tieSt
By introducing the probability distribution & associated to u, we obtain
(06* (95.1)) (8) = () D () (F(s',57) = f(t',57)
tieSt

= (8% (IT(f)) (s),

which concludes the proof. [ ]

Proposition A.8. A game g is a u-normalized (p,n)-harmonic game if and only if

DI (SITig' =0 and Ti(g) =g
ieN

Proof. Let g € NO. By Lemma A.1(c), this holds if and only if A(g) = 0, which is
equivalent to II(g) = g. Therefore, for all s € S, we get

DTS (sT)g (8) = Y p (S (s (g")(s)
ieN ieN
= D 0 (5755 5hg  (s)
€N
= Y665 g")(s)
ieN
=45 (D(g)) (s),
where the second equality follows from Lemma A.7, the third from Eq. (A.21), and

the last from Eq. (A.20). This, together with Proposition A.5(c), completes the
proof. [ |

Proposition A.9. The sets of games NO nH, NO n P, and NS are orthogonal
with respect to the inner product in Eq. (2.4).
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Proof. We know by Proposition 2.7 that /O and N'S are orthogonal spaces. It is
sufficient to prove that NO n H and NO n P are also orthogonal spaces.

To prove orthogonality between p-normalized potential games and p-normalized
(u,m)-harmonic games, let gp € NO n P and gy € NO n H. In view of Eq. (2.4),
we get

Gpr 930y = 2, 1 (S gp g5,
iEN

= 2 g 1 (ST g5,

iEN

Since gp € NO n P, there exists ¢ such that for any i € N, 65(n~"gh) = djp.
Hence using first Lemma A.6 and then Proposition A.8, we obtain

Gpr 930 = 2, (o1 (SN g5y,
ieN

0, ui(Si)ni9§1>
€N 0

= <907 O>0

= 0. |

The following lemma states that the flow induced by a game g and the flow
induced by its projection II(g) on normalized games are equal.
Lemma A.10. Let g € G, then D(Il(g)) = D(g).

Proof. The proof relies on two properties of the pseudo-inverse. Let g € G. By
Eq. (A.23), we have 6,163 = IT¢. Hence,

= >, (")

ieN

3 s st
ieN

= > s (53T569i) :
ieN

By definition of the pseudo-inverse, (586?68 = 6%, hence we can simplify the right-

hand side to obtain
= Y n'shg' = > 66(n""g") = D(g). u

ieN ieN
Lemma A.11. Given a game g, let gp, gy, 9 s be the games defined as follows:
gp =1(f), gx=1(g—f), gns=~MAg), (A.25)
where
= (am18iD(g), .. (1) ™)5D(g) ) - (A.26)

Then, gp is n-potential p-normalized, g, is (u,n)-harmonic p-normalized, and
gns is non-strategic. Hence, gp,g4,, and gy s are the components of the (u,n)-
decomposition of g.
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Proof. 1t is clear that gp + g4 + gnrs = g. By Lemma A.2, we know that g, s is
non-strategic whereas g and g4, are p-normalized. Then, we need to verify that
gp and g4, are potential and harmonic, respectively.

Let ¢ : S — R be such that ¢ = 5§)D(g). We start with the n-potential compo-
nent. By using Lemma A.10, we obtain

D(gp) = DI(f)) = D(f).
It follows from Eq. (A.18) that
5 ,
=5 (1 7)

= > 5(9)

ieN
= do(p).
We get for the (4, n)-harmonic component the same simplification of II:
55 (D(gw)) = 65 (D(IL(g — £)))
=45 (D(g) — D(f))

S CORME=EET)

=0t (Ie, — 006)D(g)
=0,

where the third equality is obtained by replacing f with its definition, as in Eq. (A.26),
and the last one is due to the fact that (Io, — 5058) is the orthogonal projection
onto Ker(dg). [ |

We now characterize the set of measures which yield the same (u, )-decomposition.

Proof of Proposition 2.9. Let o, 3 > 0. For every i € N, let uf, = apu’ and n}; = Bn.
Clearly, (i, ns) yields the same decomposition as (i, 7). We now check that there
is no other pair of measures which induces the same decomposition.

Let p, 2 and 7,1 be four product measures such that the (p,n)-decomposition
and the (1, 7)-decomposition coincide. Equivalently, the particular classes of games
that appear as components of each decomposition are the same: any n-potential
game is 7-potential, any p-normalized game is also fi-normalized, and any (u,n)-
harmonic game is also (fi, 77)-harmonic.

We now consider suitable games to obtain the relation between p, [, n, and 7.
We first focus on p-normalized games. Fix i € N and t*,r" € S* and consider the
game g € G such that, for all s7% e S7¢,

o . 1 o . 1
Ztl, -t = < d ¢ Z, -t = -
R A T
Let the payoffs for every other player and the payoffs of Player ¢ in any other profile
be equal to 0. The game g is p-normalized and therefore, it is also fi-normalized:
) )
per) ()
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and thus,

) _ At

p () ()
By changing the game, it follows that all the quotients are equal to some positive
real number and thus, for every i € N, there exists a; > 0 such that 1" = a;u’.

We now consider n-potential games. We construct a game where we focus only
on two players and two strategies for each player. Let 4,5 € N, t* € S* and t7 € S7.
Define the potential function ¢ on S as follows:

n~ ) (s=(3)) if s =t and 87 = 7,

0 otherwise,

Vse S, ¢o(s) = {

where 1~ () (s700)) = T, .0l (s'). Fix s7(+) € S=0). Let r* # t and 7 # /.
We focus on the profiles (r, 77, ), (ri,¢7,-), (t',#7,-) and (¢,r7,-) where - is a short
notation for s~(7). The following matrices represent the potential function ¢ and
an 7n-potential game g associated to ¢:

ti rd tJ 7
ti | @9 (s () 0 t 0 0| 0 —1/n(t"
ri 0 0 rt| =) 0 | 0 0
@ g

Player ¢ chooses the row and her payoff is the first coordinate whereas Player j
chooses the column and her payoff is the second coordinate. By assumption, g is
an 7-potential game and so we have

ﬁ_i(t‘jv ')(gi(rivtjv ) - gi(tivtjv )) + ﬁ_j(riv ')(g‘j(riv rjv ) - gj(rivtjv ))
+ 707—1’(70]'7 ')(gi(tiv rjv ) - gi(rivrjv )) + ﬁ_j(tiv ')(gj(tivtjv ) - gj(tiu rju )) = 0.

Dividing by ﬁ_(i’j)(s) and replacing the corresponding payoff in g, we get:

i (L 40 (1) (0 — 53 (1) (0 — s (4 Ly
P (=i —0) 60 -0+ )0 0) +i () (04 ) =0

Hence, for every strategy t* € S* and every strategy t/ € S7, we obtain

7)) _qt(t)

() i)
By changing the game, we obtain that the equality is true for every pair of players
and for every pair of strategies. In particular, it is also true for two strategies of
a player since they have to be equal to the same quotient for another player. It
follows that there exists 8 > 0, such that for every i € N, /' = Bn’.

Finally, we consider (u,n)-harmonic games. Let i, € N, t* € S* and t/ € S7.
We construct a particular (u,n)-harmonic game g. The payoff of player i € N is
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defined as follows:

0 if s' = ¢,

1 — (7 ) ) ; ;
p w if s* #t' and s/ =7,
9'(8) = ni(s)

—ud(H ) . . .

_’L,Li(_.) lf S’L # tl and SJ #* tj.

n*(s™7)

Likewise, for player j € NV, we have

0 if 7 =17,
1— pi(t o o
j & if 7 #t) and s* = t*,
g (S) = 77_](3_])
i(fi ‘ . . ‘
M if 7 #t7 and s' # t".
nI(s79)

The payoff of all the other players is assumed to be 0.

This game could be reduced to a game with two strategies for each player, where
a player chooses either her strategy labeled by ¢t or any other strategy. This yields
the following representation:

i sh £t
g 0 o] 0 —(l—ui)
St | (- w@) 0| W) W)
n~tg" (left) and n=7¢7 (right)

One can check that g is indeed (u, n)-harmonic. Therefore, g is also (f, 77)-harmonic.
We have seen previously that 7 is a multiple of 1, hence g is also (i, n)-harmonic.
Let 7' # t', 7 # ¢/ and s~(»7) e §=(49) Since all actions different from t* (resp.
t7) are duplicate, the (ji,n)-harmonicity of g at (r?,77,) yields, by Definition 2.5,

ﬁj(tj)nij(riv ) (gj(riv tjv ) - gj(riv ij )) +
ﬁi(ti)nii(rjv ) (gi(tiv ij ) - gi(riv rjv )) =0,

where - is a short notation for s~(»7). Replacing n~"g* and 77 ¢’ with their defini-
tions, we obtain

7 (7)(0 = p' (1) + @' (1) (0 — (=1 (7)) = 0
and, hence,
) ()
W) p(t)
By changing the game, we obtain that the equality is true for every pair of players

and for every pair of strategies. It follows that there exists a unique a > 0, such
that for every i € N, i* = au®. This concludes the proof. [ |
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A.2. Proofs of Section 2.1. The following lemma states that the global flow around
a set T only depends on the flow on T := S\T since the flows inside T compensate
each others.

Lemma A.12. Let X € Cy and T be a subset of S. Then,

S S ueuX(s,) = 33 pls)u(t)X(s.t).

seT teS seT teT*

Proof. We have:

3 S uuOX(s,6) = 3 3 pl)u®)X (s,6) + D) Y uls)ut) X (s,

seT teS seT teT seT teTe
and due to the skew-symmetric structure of X for any s,t € S, X (s,t)+ X (t,8) =0
and thus the first term of the right hand side is equal to 0. [ ]

Proof of Theorem 2.6. Let g be a (u,n)-harmonic game. Then, §§D(g)(s) = 0
for all s € S. Let i € N and r* € S*. Call T the subset of strategy profiles
{(r*,s7")|s~ € S7'}. Then, multiplying by p(r’, s~%) and summing over s~ € 5~
we get

0= >, u(r' s™)5D(g)(r', s™)

s—ieS—t

=N ) S ) )

reT jeN
= > > ulr)u(s) D W (r,8)8 (7 g7)(r, s).
rel seS JEN

Thus, in view of Lemma A.12, we can eliminate some terms of the summation and
then notice that s € T and t € T° are not j-comparable if j # ¢, hence

0= 3 ulryuls) 3 Wir, )57 g)(r,5)

reT seTe JeEN

= > >l (WZ(T 8)55(n"9")(s,8) + >, W (r, )8 (n 7 g’) (s, t))

reTl seT* VED)

— Z Z s)W'(r,8)55(n"g")(r,s) + 0.

reT seT*
We can now replace 66 and W' with their definitions to obtain

0= >} ulr)u(s)Wi(r,s)*((n"g")(s) — (n"g")(r))

rel seT'c

Z Z u(rivs—i)‘u(si,s—i)n_z‘(s_l.) (gi(ri,s77) — gi(s',s71))

s—teS—t sieSt

=p'(r)y D s (s < D(s') (gt s —gi(siasi))> :

s—ieS—? steS?

Dividing by pf(r?), which is strictly positive, we obtain

0= > n‘i(s_i)u‘i(s_i)<2 ' (s) (gi(ri=8‘i)—gi(si,8‘i))>-

s—ieS—t steSt
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It follows that, for all v € %,
Do sT T (s D) pi(sN)g' (s
s—ieS—t steS?
DI G C I A CO VI CI R
s—ieS—i stesS?t

and thus, equivalently,

(E ui(si)> > T (s YT (s g (s
steSt s—ieS—t
= D i sTHuTH(sTY) D) pis)g (st sT).

s—ieS—i sieSi
Define
()" (ST =11 X W ().
J#i sieSi
Then, dividing by p*(S?)(un)~*(S~*), we have
D m (st s = Y I (s D) B(sN)g'(sh s,
s—teS—t s—teS—t steS?t
Notice that the right-hand side is independent of r*. This concludes the proof since
r’ is arbitrary. [ ]

A.3. Proofs of Section 3.1. To prove Theorem 3.6, it is sufficient to establish both
Lemmas 3.4 and 3.5. Uniqueness of the decomposition then implies the theorem.

Proof of Lemma 5.4. Let g € G be a game with duplicate strategies s, si € S?. It
is easy to see that s} and s¢ remain duplicate in II(g) and in A(g). For the rest
of the proof, we will use the explicit formulas for the decomposition introduced in
Eq. (A.25). Recall that

gPZH(f)u gH=H(g_f)7 gN8=A(g)7
where f = ((1/77‘1)58D(g), o (1/77‘")58D(g))-
Using Eq. (A.18), for any i € N, we have
' (f) =10 (Z 5?56(771'91')) = 1T (Z ni5éT5égi> = 1T (Z niHi(gi)> :
ieN ieN ieN
where the last equality holds true since 58)W50 is the orthogonal projection onto
NO. Moreover, for any s~ € S§77,

N (sTOI (g ) (s, 871) = (s (g") (s, s77),
and, thus, sp and s; are duplicate in the n-potential component. Since g, =

II(g) — TI(f), it follows that so and s; are also duplicate in the (u,n)-harmonic
component. |

Proof of Lemma 3.5. (i) Assume that g is n-potential. By Proposition A.5, there
exists ¢ : S — R such that D(g) = do(p).
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The restriction of ¢ to S is still a potential function for g and hence g is 7-
potential.

(ii) Assume now that g is non-strategic. We know that D(g) = 0. The flow
of g is equal to the restriction of the flow of g to S hence D(g) = 0 and g is
non-strategic.

(iii) For the rest, assume that g is p-normalized. By definition, we know that
for all j € N and for all s77 € S77,

) (g (s, 579) = 0.

sieSI

We need to distinguish two cases. If j # i, then, for all s77 € S S77, we have

Y W) = Y W) (s ) =0

sieSi sieSi

If j = 4, then, for all s7% € S, we have

DA (5T 8T = ish)g (sh, s+ DL Ai(sN)g(sh,sTY)
sie§i Siegi\{s[i)}
= 1'(s0)9" (50, 87") + ' (s1)g" (51,87
Y aEe s
steSH\{s},s1}
_ Z /Li(si)gj(si,sii)
sieSt

=0.

Therefore, g is (fi, n)-normalized.

(iv) Finally, assume that g is (u,n)-harmonic. Let s = (s7)en and for all j € N
and ¢/ € S7, put g7, (s) = g7(s7,s77) — g7(t/,s77). Then, since g is assumed to be
(1, m)-harmonic, for any s € S, we have

5ED(g)(s) = >, D, W (s)gi;(s)
JjeN tieSi
= D HE T (s gh(s) + Y Y (s7)gl,(s)
tieSt J#itieSI
=0.

Since g’ (s) = g, (s), it follows that
0 1

(i (s) + i (sD) 7 (5 gl () + D0 0 (s () g (s)

t 7&50,51

+20 2 (sl (P)gl (s) = 0.

JFitieSi
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Likewise, in the reduced game g = (¢7);jen we get:

55D(@)(s) = A'(sp)n(s™)gls (s) + Y, A ()0 (s )gli(s)
titsy
+ 37 D) W()n(s )l (s). (A27)

J#LtieST

We obtain that 63 D(g)(s) = 0 and it thus follows that g is (f,n)-harmonic. [ |
A.4. Proofs of Section 3.2.2.

Proof of Proposition 3.12. Let g € G and let * = (2%);en be a Nash equilibrium
of g. Let supp(z’) = {s° € S* : 2%(s") > 0}. By definition of y’, we have that
supp(z®) = supp(y?). Then, for any i € N and any s’,t' € supp(z’), we have
27 (s gl (s, s7) = 274 (s7)g'(t?, s7%). By Definition 3.10 and Eq. (3.3), we get

s B0 (s ) = (B ()
=2 (s g (sh s
— (s g (187
_a(sT) ifpi i
- qugibj(sj)( g) (t S )

G i(gi i
—m(ﬁ'g) (t',s™)

=y (s T)B 9) (Fs 7).
The same equality holds for the normalized strategy 7° and it thus follows that

Y= (gl)ieN is a Nash equilibrium. |

Proof of Theorem 3.13. Let u,n and b be three product measures on S and g a finite
game. By Theorem 2.8, there exist gp, g4, and g g such that g = gp + 94 +9gprss
where gp is n-potential y-normalized, g4, is (i, n)-harmonic p-normalized and g /s
is non-strategic. For any i € N, s*,t' € §* and s~* € §~%, we have:

ot s = (s’ 87 =0 (s )gp(t', s ) — (s )gp (s’ s,

Documents de travail du Centre d'Economie de la Sorbonne - 2019.06



DECOMPOSITION OF GAMES: SOME STRATEGIC CONSIDERATIONS 33

therefore,
Sﬁ(tivs*i) _ (p(si,sfi) _ nﬁ;((ss :)) (ﬂz( 1) i ( ) ﬂz( z) (S s 1))
) (H e ) (B-gp)'(t'.57) = (B-gp)'(s'.57)
J#T

= (1) (s (B-gp) (57 — (B-gp)(sh57)

Hence (8- gp) is n/b-potential. Moreover one can check easily that (3 - gp) is still
p-normalized.

Moreover, we also have

0= N W) (s7) (ghlss57%) — ghy(t', 7))

€N tieSt
= Z Z M tl z l) (BZ( l) i ( i,s—i) _ﬁi(s_i)g'i[(ti,s_i))
i€EN tieSt
- Z Z ( ) (57 ((B-g2)(s',87) — (B-gy)'(t',s71).
ieN tieSi

Hence, (8- g4) is (1, n/b)-harmonic. Moreover one can check easily that (3-g4) is
still p-normalized. Since (B-g) = (B-gp) + (B-gy) + (B-9gus), the result follows
from uniqueness of the (u,7/b)-decomposition. [ ]
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