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Conditionals and Legal Reasoning.
Elements of a Logic of Law

Shahid RAHMAN

Université de Lille

& Bernadette DANGO
Université Alassane Ouattara de Bouaké

Abstract: The main aim of this paper is to study the notion of condi-
tional right by means of a dialogical approach to constructive type the-
ory (CTT). We will develop this idea in a framework where the dis-
tinction between local-reason and strategic-reason leads to the further
distinction between two basic kinds of pieces of evidence, factual and
logical. The present paper is based on Rahman (2015). However,
though the underlying CTT-analysis is the same, the dialogical recon-
struction makes use of a new way of linking dialogical logic and CTT.

Keywords: conditional right, CCT, dialogical Logic, Logic of Law.

Résumé : L'objectif principal de cet article est d'étudier la notion de
droit conditionnel au moyen d'une approche dialogique de la théorie
des types constructifs (TCT). Nous développerons cette idée dans un
cadre ou la distinction entre "raison locale’ et "raison stratégique’ con-
duit a une distinction plus poussée entre deux types élémentaires de
preuves : factuelles et logiques. La présente étude est basée sur Rahman
(2015). Cependant, bien que l'analyse TCT sous-jacente soit la méme,
la reconstruction dialogique utilise une nouvelle maniere de relier lalo-
gique dialogique et la TCT.

Mots-clés : droit conditionnel, Logique dialogique, Logique juridique,
TCT.
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Introduction

Sébastien Magnier (2013) provides a remarkable analysis of
the notion of conditional right! that he generalizes for the
logical study of legal norms. The main idea of Magnier, moti-
vated by the exhaustive precedent textual and systematic
work of Matthias Armgardt (2001, 2008, 2010)? and the sub-
sequent studies carried out by Alexandre Thiercelin (2001,
2008, 2010) 3, involves Leibniz’ notion of certification, which
has a central role in the famous De conditionibus. According to
Magnier, the certification of the antecedent of a sentence ex-
pressing a conditional right such as in If a ship arrives, Primus
must pay 100 dinar to Secundus, is linked to an epistemic under-
standing of evidence: in our example, the certification of the ar-
rival of a ship amounts to there is public evidence for the arrival of a
ship and this amounts to being in possession of the knowledge re-
quired to produce a piece of evidence for the arrival of a ship. Moreo-
ver, inspired by Kelsen’s conception of legal norms Magnier
generalizes his own approach and this leads him to both re-
ject a material-implication-approach* and to reconstruct
conditional right and legal norms in the frame of a dialogical
formulation of dynamic epistemic logic that includes sen-
tences where a public announcement operator occur. In other
words, Magnier’s contribution consists in a shift of perspec-
tive on the semantics of truth-dependence underlying the
meaning of conditional rights: the main idea is to identify the
epistemic dynamics involved in the fulfilment of the

! The terminology used in the present paper follows the one of Leibniz
rather than the one in use in nowadays Law-contexts.

2 The work of Matthias Armgardt launched and influenced a host of
new researches on the bearings of Leibniz’s approach to nowadays
studies in legal rationality.

3 In fact, Thiercelin researches have been triggered by the work of Arm-
gardt.

#1In fact, Magnier (2013, pp. 151-157, 261-292) rejects other forms of im-
plication readings too including strict implication or connexive impli-
cation.



S. Rahman ¢ B. Dango, Conditionals and Legal Reasoning... / 7

condition as constituting the core of the meaning of depend-
ence specific to the notion of conditional right. He imple-
ments this shift by the means of a dynamic epistemic logic
called Public Announcement Logic (PAL).

The dialogical frame furnishes a further development of
this dynamic by furnishing a dynamic theory of meaning In a
nutshell: the meaning of If a ship arrives, Primus must pay 100 di-
nar to Secundus boils down to fixing the conditions of a legal
debate where Secundus claims the 100 dinar, given that the ar-
rival of a ship has been certified (i.e. given that it is known that a
ship arrived, or given that there is evidence of the arrival of a ship) -
rather than rendering this meaning by the means of a model-
theoretic semantics. More generally, the meaning of the no-
tions of conditional right and legal norm is fixed by means of
identifying the main logical features of those argumentative
interactions that are deployed in legal trials. This leads Mag-
nier to design specific logical language games (dialogues)
that yield a theory of meaning rooted in the legal practice it-
self.

We certainly endorse the idea that a theory of meaning
involving legal reasoning should be based on an argumenta-
tive-based-semantics, that an epistemic approach to the no-
tion legal evidence should have a central role in a theory of
legal reasoning, and that implication is not really at stake in
the logical analysis of conditional right. However, we think
that the role of evidence should be pushed forward and de-
veloped to a general epistemic theory of meaning where evi-
dence is understood as an object that makes a proposition
true. More precisely, we think that we should explore the
possibilities of placing the piece of evidence that grounds a
proposition (the object that makes the proposition true) at
the object language level and not via the formal semantics of
an operator that introduces that evidence via the metalogical
definitions of a formal (model-theoretical) semantics. That a
proposition is true is supported by a piece of evidence, but
this piece of evidence must be placed in the object language
if that language is purported to have content. This move



8 / Nunya

seems to be particularly important in the context of legal tri-
als where acceptance or rejection of legal evidence is as much
as part of the debate as the main thesis is. More generally the
notion of legal evidence should be linked to the meaning of a
proposition not only of an operator occurring within a prop-
osition.

The main aim of the present paper is to study the notion
of conditional right by means of constructive type theory
(CTT) according to which propositions are sets, and proofs
are elements. That a proposition is true means the set has at
least one element. The analysis of legal norms should follow
as a generalization the details of which are not the subject of
the present paper. In such a frame the logical structure of
sentences expressing conditional rights is analyzed as corre-
sponding to the one of hypotheticals - rather than as impli-
cations. The proof-objects that make the implications of the
hypothetical true are pieces of evidence dependent upon the evidence
for the condition (i.e. dependent upon the evidence for the head of the hy-
pothetical). Herewith we follow Thiercelin’s (2009, 2010) in-
terpretation that makes of the notion of dependence the
most salient logical characteristic of Leibniz’ approach to
conditional right. Moreover, in line with Armgardt (2001, pp.
220-25) we will study the general notion of dependence as
triggered by hypotheticals and then the logical structure of
dependence specific to conditional right. However, on my
view, the dependence of the conditioned to the condition is
defined on the pieces of evidence that support the truth of
the hypothetical rather than in the propositions that consti-
tute it. According to this analysis, the famous example for a
conditional right:

If a ship arrives, then Primus must pay 100 dinar to Secundus
has the form of the hypothetical.

Primus must pay 100 dinar to Secundus, provided there is some
evidence x for the arrival of a ship.
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And this means: The evidence p for a payment-obligation that
instantiates the proposition Primus must pay 100 dinar to Secun-
dusis dependent on some evidence x for a ship arrival.

Furthermore, the general logical structure of the underly-
ing notion of dependence yields:

p(x) :P(x:5)
where, x is a yet not known element of the set of arrivals S
(i.e. x:S), and where the evidence for a payment-obligation
(the piece of writing that establishes the conditional right)
is dependent on the arrival x of a ship, i.e., the evidence for
payment-obligation is represented by the a function p(x).

In this setting, when there is knowledge of some ship
arrival s; the variable will be substituted by s.

Still, the logical structure p(x) : P (x:S) represents the
more general case of dependence triggered by an underlying
hypothetical form and that is common to all those right-en-
titlements that are dependent upon a proviso clause - such
as the requirements clause of statutory right-entitlements or the
condition clause of conditional right-entitlements. Moreover, a
further deeper analysis requires an existential quantification
embedded in a hypothetical of the sort:

If (Fw: S)Arrive(w) true, then Pay (100 dinar, primus, Secundus) true®

Even this deeper analysis does not seem to fully capture
the future contingency of those conditions that build condi-
tional rights. Nevertheless, this formalization p(x) : P (x : S)
already provides a general formal approach to the notion of
dependence that, as pointed out by Armgardt (2001, pp. 221-
25) seems to be in line with Leibniz’s (A VI; we, pp. 235) own
approach to the generalization of right-entitlements by
means of hypotheticals.

In relation to the specificity of conditional right, Leib-
niz, himself defended on one hand a biconditional reading of

> This has been suggested by Goran Sundholm in a personal email.
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the notion of dependence® and on the other hand the uncer-
tainty about the fulfilment of the condition at the moment of
the formulation of a (legally valid) concrete case of condi-
tional right-entitlement.”

If we consider explicitly the underlying epistemic and
temporal structure in the way that Granstrom (2011, pp. 167-
170) tackles (in the CTT-frame) the issue on future contin-
gents, a biconditional formalization specific to Leibniz’s notion
of condition-dependence is possible.® As a matter of fact, Ar-
istotle’s chapter of the Perihermencias on the sea-battle natu-
rally leads to Leibniz’s example of the ship. Roughly, the idea
behind is that both implications hold:

If a ship arrives then, Primus must pay 100 dinar to Secundus,
(provided (S or not S) and assuming that the arrival of a ship
proves the disjunction).

If Primus must pay 100 dinar to Secundus, (provided (S or not S)
and assuming that the arrival of a ship proves the disjunction),
then a ship arrival is the case.

However, it seems that a general approach does not re-
quire biconditionality after all - at least not in its full exten-
sion. In relation to the link between condition and condi-
tioned it only requires an hypothetical conjunction consti-
tuted by the following implications:

6 The biconditional reading relates to the link between condition and
conditioned - Leibniz calls this feature of the conditional right convert-
ibility. It is not clear if, on Leibniz’s view, the biconditional reading only
applies to conditional right.

7 This seems to be rooted in actual legal practice: If the condition A is
not satisfied, the benefactor is not entitled to B. The actuality of this
feature of the Leibnizian approach to the notion of conditional right
has been defended by nowadays scholars of Law theory such as Koch /
Ritfimann (1982, p. 47) and more thoroughly by Armgardt (2001, 2008,
2010).

8 Cf. Rahman/Granstom forthcoming.
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If the condition C is fulfilled then the beneficiary is entitled to the
right at stake, assuming that an evidence for C solves the uncer-
tainty (C or not C) underlying the conditional right.

If the condition not C is fulfilled then the beneficiary is not enti-
tled to the right at stake, assuming that an evidence for not C
solves the uncertainty (C or not C) underlying the conditional
right.

Furthermore, we will develop this idea in a dialogical
frame where the distinction between local reason and strategy-
object (or proof-object) leads to the further distinction between
two basic kinds of pieces of evidence such that strategy-evi-
dences are made of play-evidences. The proposed approach
includes the study of formation rules that model the argumen-
tation on the acceptance of a piece of evidence.

We do not claim having captured all the complex issues
related to the notion of legal evidence but the aim is to give
more precision to the logical and semantic place it should
have in legal reasoning in general and in conditional right in
particular.

The present work has been structured in two main
parts and two longer chapters that present the main traits of
the formal background of parts I and IL

In the first part, “Leibniz’s Logical Analysis of the No-
tion of Conditional Right and Beyond”, we propose a study
of the notion of conditional right by means of the CTT ap-
proach to hypotheticals based on Leibniz’s logical analysis.

In the second part, “Dialogical Logic and Conditional
Right”, we will develop the analysis of the precedent chapter
in an appropriate dialogical frame. By means of this we adopt
Magnier’s idea that the pragmatist-semantics of dialogical
logic can capture (some of) the properties that Leibniz as-
cribes to a notion of conditional right rooted in actual legal
practice.

“The Formal Background I”. Herewith we will establish
a link between Dialogical Logic and Constructive Type The-
ory by discussing (briefly) the theory of meaning underlying
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both approaches. A theory of meaning where sign and object
are to be thought as constituting an unity and where, accord-
ingly, the object (piece of evidence) that makes a proposition
true and the proposition itself are both explicitly introduced
in the object language.

“The Formal Background II: Standard Dialogical Logic”
develops Dialogical Logic for CTT.

L. Leibniz’s Logical Analysis
of the Notion of Conditional Right and Beyond

At the early age of 19 years Leibniz’s launched a logical anal-
ysis of the notion of conditional right that provided insights
which still inspire nowadays researches in the field of legal
reasoning. The main aim of the present chapter is to delve
into those insights in order to gather new perspectives for
the nowadays understanding of the logical structures under-
lying the legal meaning of the notion of conditional right.
Herewith we follow on one hand Magnier’s (2013) remarka-
ble study that elucidates the role of epistemic evidence in
Leibniz’s analysis and on the other Thiercelin’s (2008, 2009,
2010) interpretation — based on the precedent textual and
systematic work by Matthias Armgardt (2001, 2008, 2010) -
that makes of the notion of dependence the most salient log-
ical characteristic of Leibniz’ approach to conditional right.
However, we will depart from Armgardt’s, Thiercelin’s and
Magnier’s approach to the extent that we will develop my
proposal in the frame of a CTT-formulation of hypotheticals.

L1. Leibniz’ Logical Analysis of Conditional Right

During the period 1664-1669 the young Gottfried Wilhelm
Leibniz (1646-1716) studied the theory of law with the pro-
lific creativity that made him famous. It is during this period
that Leibniz developed his theory of conditional right in two
main texts that furnished the content of two academic dis-
sertations:
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(1) The Disputatio Juridica (prior) De Conditionibus (A VI we,
pp- 97-150) that was defended in July and August 1665.
At that time Leibniz was a 19-year-old student, bearing
the title of Master of Philosophy since February 1663
thanks to his Disputatio Metaphysica De Principio Individui
defended in December 1662.

(2) The Disputatio Juridica (posterior)De Conditionibus (A VI
we, pp. 97-150)) which is part of Leibniz’s Specimina Ju-
ris (1667-1669).

A modified version is given in The Specimen Certitudinis
Seu Demonstrationum In Jure, Exhibitum In Doctrina Conditionum
(A VI we, pp. 367-430) which is part of Leibniz’s Specimina
Juris (1667-1669), a compilation and reformulation of three of
his already held disputations: the Disputatio Inauguralis De Ca-
sibus Perplexis In Jure, that granted Leibniz the doctoral degree
in November 1666. The prior and posterior disputations con-
stitute the main source of the present discussion.

111 Suspension as Dependence

As pointed out by Thiercelin (2008, 2009, 2010) the main
point of the work on conditional right of the young Leibniz
is to provide a logical analysis of the juridical modality called
suspension (the terminology stems from the Roman jurists),
which should stress the specificity of conditional right in re-
lation to other conditional propositions such as those of ge-
ometry or those expressing causal necessity. The novelty of
Leibniz’s approach, developed as an answer to puzzles raised
by the Roman jurists?, is to understand the modality of sus-
pension as affecting the condition of a conditional proposi-
tion. According to Leibniz, the notion of condition (and its
modality) relevant for the study of conditional right should
be studied in the context of its role of affecting the truth of
proposition that expresses some legal right provided by an

° Pol Boucher (2008) discusses thoroughly the Roman sources of Leib-
niz’ own developments.
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individual agent (the benefactor or arbiter) in favour of a sec-
ond individual (the beneficiary). The effect of the (suspen-
sive) condition 6 of a conditional right is that its beneficiary
is entitled to a certain right if the condition 6 (fixed by the
benefactor) is fulfiled.

The approach underlying Leibniz’s proposal is that the

role of the notion of condition specific to conditional right is
that of introducing a dependence-relation such that the truth
of the proposition that expresses the conditioned is said to be
dependent upon the truth of the condition. That is, on Leibniz’s
view, what, from a logical point of view, suspension is about:
the truth of a proposition is dependent on the truth of a given
condition fixed by the arbiter (benefactor).
Thus, Leibniz’s analysis of the notion of conditional right is
based on a logical study of propositions and herewith, as
thoroughly discussed by Armgardt (2001; 2008, 2010), the
ancient links between logic and law are implemented in a
novel way.!° In fact, Leibniz (A, VI, 1, p. 101) searches for a
logical system that makes legal reasoning almost as certain as
that of mathematical demonstrations. Now, the logical form of a
proposition the closest to this analysis is that of conditional
sentences that express some specific type of hypotheticals.
Hypotheticals that formalize a conditional right are consti-
tuted by an antecedent that Leibniz (A, VI, 1, p. 235) calls the
fact and a consequent that he calls jus. Thus, Leibniz’ main
claim is that hypotheticals such as

If a ship arrives from Asia, then Primus must pay 100 dinar to
Secundus

provide an appropriate approach to the meaning of juridical
formulations such as

Secundus right to receive 100 dinar from Secundus is suspended
until a ship arrives from Asia”.

10 See also Schepers (1975).
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However, as already mentioned, Leibniz would like to
distinguish those hypotheticals that formalize conditional
rights - he calls them moral conditionals - from other forms of
hypotheticals that share some logical and semantics proper-
ties with moral conditionals.!! In order to do so Leibniz fixes
logical, epistemic and pragmatic properties that should char-
acterize moral conditionals: suspension has also epistemic
and pragmatic features specific to the legal meaning of moral
conditionals. Let us discuss briefly each of these separately,
though, as we will see below, these levels are interwoven in
crucial ways.

L1La. Truth-Dependence and Convertibility

On Leibniz’s view the main logical property of moral condi-
tionals is, as already mentioned above, that of the dependence
of the truth of the jus (the consequent of the hypothetical)
on the fact (the antecedent of the hypothetical). Now this,
dependence has been introduced by the will of the arbiter
(the benefactor) and has thus also a pragmatic (Leibniz calls
it moral) feature. The pragmatic outcome of the creation of
such a form of dependence is that if the condition is not ful-
filled there is no ground for the legal claim.!?

Now, since, according to Leibniz’s view, the logical un-
derstanding of dependence amounts to the truth-depend-
ence of the jus on the fact, Leibniz drives the conclusion that
the logical structure of moral conditionals is such that if the
antecedent of the hypothetical is false so is also its conse-
quence. However, since he also takes contraposition to be
part of the axioms that characterize moral conditionals, for-
mally speaking, the notion of dependence leads him to con-
cede that moral conditions are - from the pure logical form -
biconditionals. Leibniz (A, VI, 1, p. 375) summarizes this by

1 For a thorough discussion on Leibniz’s view on the links between
moral conditionals and hypotheticals of geometry and causal necessity
see Vargas (2008).
2 Cf. Leibniz’s (A, VI, 1, p. 375). For a discussion on this issue see Thier-
celin (2010, p 207).
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saying that condition and conditioned of moral conditionals
are convertible. Our author certainly sees that convertibility,
from the pure logical viewpoint, might blur the crucial dif-
ference between condition (fact) and conditioned (jus).
Leibniz’s (A, VI, 1, p. 112) strategy out of the dilemma is to
point out that, though, formally speaking antecedent and
consequent of moral conditionals are convertible, from a le-
gal point of view the pair fact-jus is analogue to the pair
cause-effect and though in hypotheticals expressing a rela-
tion of cause-effect antecedent and consequent are accom-
plished together, the condition starts to exist first. Notice that, for
its own, the analogy threatens to undermine the claim that
convertibility is the specific property of moral condition. A
way to further develop Leibniz’s response is to stress that,
according to this approach, the logical convertibility of moral
conditions is the effect of a specific act of will that provides
the hypothetical with legal meaning. Thus, if we were to
adopt this viewpoint, we should claim that what makes of
some hypotheticals moral conditions is that the legal mean-
ing of the underlying conditional right grounds the depend-
ence between condition and conditioned. Hence the differ-
ence between hypotheticals that express a cause-effect and
hypotheticals that express conditional right is to be found in
the meaning on the basis of which the respective dependen-
cies are defined: while cause-effect dependence is defined on
some notion of natural necessity fact-jus dependence is de-
fined on the will of the of arbiter in such a way that the de-
pendence of the jus upon the fact is the result of legal acts
acknowledged as such by competent authorities. Thus, in
general, it is not the dependence itself but it is the meaning
of the notion of dependence involved what distinguishes
moral conditionals from other hypotheticals. Following such
a path requires a thorough description of how meaning trig-
gers the targeted notion of dependence. Armgardt (2001, pp.

B For a further discussion on the criticism of the biconditional render-
ing of the suspensive modality see Magnier (2013, pp. 155-156).
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362-363) points out that Leibniz’s logic of legal reasoning un-
derlies an (incipient) Conceptography. Unfortunately, Leibniz
does not develop- at least not explicitly - the link between
the notion of dependence and the logic of concepts. Never-
theless, it might argued that Leibniz’s argument on the inter-
relation between condition and conditioned mentioned
above delivers the elements for linking the logical structure
of conditional right with the logic of concepts intrinsic to
this notion.

Be that as it may, Pol Boucher (2008) seems to think
that though in the context of legal reasoning Leibniz contin-
ues to be a rationalist who looks for general patterns of infer-
ence, he adopts here some sort of Gricean procedure. Accord-
ing to this interpretation dependence is a logical property -
manifested by convertibility — but the difference between
condition and conditioned is a presupposition of legal prac-
tice. Actually, it looks that this is in agreement with the
standard legal practice even nowadays. This practice seems
to furnish the basis of Koch / Ritfimann (1982, p. 47) defence
of the biconditional reading of the dependence of the jus
upon the fact and of Armgardt’s (2001) further careful study
Actually, as mentioned in the introduction and as we will
discuss in 2.2 below, a sophisticated form of Lebiniz’s take
on biconditionality can be worked out that articulates the
interaction between meaning and logic features discussed
afore. This seems to relate to Marcelo Dascal’s (2008a) find-
ings of a soft-rationality in Leibniz work. According to my
view on soft-rationality, Dascal’s interpretation suggests
that in the context of legal reasoning it is crucial to see that
the notion of rationality behind this kind of reasoning is the
result of the interaction between meaning and logic features,
or more generally between syntax, semantic, pragmatic and
epistemic features — and this connects with Armgardt’s re-
mark on the interaction between legal reasoning and Con-
ceptography in Leibniz’s work on the logic of Law.

Alexandre Thiercelin (2008, 2009, 2010) proposes to
tackle the issue on convertibility by means of connexive
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logic. The proposal is sensible since connexive logic has its
roots in the Stoic tradition that was certainly known by
Leibniz. The axiom of connexive logic relevant to the formal-
ization of moral conditionals is

(A=B)=-(-A=B) (where “="is the connexive condi-
tional)*

This is quite close to the convertibility without falling
into the total convertibility of condition and conditioned. In-
deed the point is that the moral condition If A, then B (con-
nexively) implies that is not the case that if the condition is
not fulfiled the jus is true. Moreover, the moral conditional If
A, then B also implies that it is not the case that if the condi-
tion is fulfiled the jus is false:

(A=B) = ~(A=-B) (where “="is the connexive condi-
tional)

The problem with this conditional is that its semantics
departures importantly from standard classical logic, it is not
even a conservative extension of it.> Furthermore, as signal-
ized by Thiercelin (2010, 208-211) and criticized by Magnier
(2013, pp. 157-159) the epistemic component has to be added
in some ad hoc manner.

Let us now study some of the epistemic features of
moral conditions

4 Rahman/Riickert (2001, Rahman/Redmond 2008, pp. 20-57) pro-
vided a dialogical semantics for it based on the idea that this condi-
tional is a particular kind of strict implication (defined in S4) where
the head is satisfiable and the negation of the tail is also satisfiable. See
also Pizzi/Williamson (1997), Priest (1999), Wansing (2005 and 2006).
15 Notice that according to Rahman/Riickert semantics though that
A=A is connexively valid the implication (A=A) =(A=4) is not. For
further non-classical features of their semantics see Rahman/Riickert
(2001, pp. 106-108; 120-121).
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LLLD. Suspension and its Epistemic Nature

Suspension has a crucial epistemic feature, very well known
in Roman Law, explicitly discussed by Leibniz and has be-
come part of the definition of conditional right in nowadays
legal systems, namely: the legal validity of a concrete case of
conditional right-entitlement requires a situation where the
fulfilment of the condition is not yet known at the moment
of its formulation. In fact, as stressed by nearly all the schol-
ars on Leibniz’s work on the logic of law, one of the mains
original contributions of Leibniz is to have linked this epis-
temic feature with a conditional logical structure. Some Ro-
man jurists, for example, connected the non-fulfilment of the
condition with existential issues that should account for this
non-fulfilment. Leibniz’s logical solution is clear and simple:
suspension amounts to the dependence of the truth of the
conditioned upon the truth of the condition combined with
the uncertainty about the truth value of the condition. This
assumes that though the hypothetical expressing a condi-
tional right might be true, the truth value of the condition
might not be yet known to be true. The lifting of the suspen-
sion amounts to what Leibniz (A VI, 1, 424) calls the certifi-
cation of the fulfilment of the condition (that is, the produc-
tion of an evidence for the fulfilment of the condition) More-
over, as we will discuss in 2.2 Leibniz’s solution can be linked
to the temporal structure underlying assertions on future
contingents.

Magnier (2013a, pp. 141-187, 2013b, ) proposal is based
on a shift of perspective on the truth-dependence underlying
conditional rights: the main idea is to identify the epistemic
dynamics involved in the fulfilment of the condition as con-
stituting the core of the meaning of dependence specific to
the notion of conditional right. Thus, truth-dependency is,
on Magnier’s view, a consequence of the epistemic nature of
suspension. Magnier implements this shift by means of the
use of Public Announcement Logic (PAL). Indeed, the PAL-ap-
proach to conditional right allows Magnier to describe how
the initial model (defined for a PAL-sentence expressing a
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given conditional right) that might include scenarios where
the condition is fulfiled and scenarios where it is not,
changes when it is known that the condition is fulfiled (: the
initial model shrinks to a model that only contains scenarios
that fulfil the condition)!. Furthermore, Magnier’s work
does not only provide a new formal frame for capturing the
dynamics inherent to logical structure of the notion of con-
ditional right, it also highlights, so far as we know for the
first time, another aspect of the epistemic nature of the con-
dition of conditional right, namely that the certification of the
fulfilment of the condition must be object of public
knowledge.” This aspect of the epistemic nature of the con-
dition has been inspired by Kelsen and the PAL-reconstruc-
tion allows Magnier to express in the same frame all the ep-
istemic features, namely:

(1) the uncertainty about the fulfilment of the con-
dition at the moment of the formulation of a
concrete case of (legally valid) conditional
right-entitlement.

(2) the epistemic dynamics triggered after the ful-
filment of the condition. The dynamics also
cares of the temporal dimension on the notion of
suspension signalized by Armgardt (2001, pp.
349-351).

(3) the requirement of a public knowledge about
the evidence for such a fulfilment.

16 [ is true at the evaluation world s iff ¢ is true at s implies that ¢
is true at the reduced model M| — where the reduced model M| is the
result of removing from M all the worlds where ¢ is false: M;sl- [ ] iff
M;sl= @ impliesM|gp,s1- .

17 Actually; this epistemic requirement for the fulfilment of the condi-
tion has been already pointed out by Thiercelin (2009b, p. 141), how-
ever it has not been incorporated in the logical analysis of the condi-
tional before de work of Magnier.
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Magnier’s approach also can also deal with the truth de-
pendence in way that involves some subtle distinctions be-
tween a false announcement in relation to the fulfilment of the
condition and the assertion that the condition is false. In fact,
in the PAL-framework, there is no way to express a false an-
nouncement at the object language level. Leibniz’s certifica-
tion of the condition corresponds to asserting it, such that if
we certify that A is false we assert that non-A is true. And this
is certainly different from performing a false announcement.
If there is a false announcement, the epistemic updating pro-
cess gets, so to say, aborted and hence the truth-value of the
whole PAL-sentence cannot be established. From the view
point of the legal practice a false announcement corresponds
to making it public that the condition has been fulfiled while
itis not, and hence, presumably, either we are driven back to
the initial situation where the condition has not been yet ful-
filed or the whole obligation expressed by the conditional
right is declared to be null and void.!®. Certainly, this is dif-
ferent from certifying the falsity of the condition: in this case
it is the truth-value of the tail (Magnier calls it the post-condi-
tion) of the PAL-sentence that will not follow. The dialogical
game of the certification of the falsity of the condition shows
that the Proponent will win, but he will win his thesis about

18 The case of the cancellation corresponds to the one of "PAL, since,
actually, false announces cannot be performed: the system aborts. The
first case, where a false announcement drives us back to the initial
models, corresponds to the Total Public Announcement Logic (TPAL) of
Steiner / Staud (2007), where false announcements do not change the
initial model at all. Indeed, take it that it has been announced that A is
true. Then, if we come to know that that A was not true after all, the
original PAL process stops there since the model has been shrunk and
now there is no way to come back. However, one can think of a system,
such as TPAL, that allows once we come to know that A is not true, to
came back to the model before it was shrunk, since the grounds ad-
duced for reducing it in the first place, are not available any more. This
might also relate to Armgardt’s recent work (2013= on the defeasibility
of the grounds adduced for establishment of a fact (in our case the de-
feasibility of the grounds adduced for the fulfilment of condition).
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the truth of the whole PAL-sentence without engaging at all
on any assertion involving the post-condition. Inde-
pendently of the distinctions discussed afore, in such a frame,
if the PAL-sentence is true then it cannot happen that the
post-condition B will be evaluated as true though the condi-
tion A cannot be announced (because A is false). Putting all
together the PAL-approach to conditional right yields the
following rendering of the truth-dependence:

The condition is true iff PAL-sentence expressing the conditional
right is true.

Still there are some arguments coming from legal prac-
tice for the biconditional reading of dependence. The point is
that if the condition is false, then the claim for the right in-
volved in the conditional right at stake will be rejected. If we
follow Magnier’s approach the analysis will yield the follow-
ing: since in this frame it cannot happen that the post-condi-
tion can be evaluated as true without the condition being
true, and the jury must evaluate the post-condition as true in
order to ascribe the right claimed by the benefactor. Hence,
in the case that the condition is false, the jury will not be able
to evaluate the post condition as true (there will be no
grounds to support the post-condition) and reject the claim.
However, as pointed out before, the falsity of the condition A
does not entail that [A]B is false. This corresponds to some
cases of legal practice where though the beneficiary might
not be entitled to the claimed right, this does not mean that
the conditional right is not legally valid.

Perhaps, if we would like to continue the PAL-path to
conditional right after all, we might formulate its logical form
as the conjunction

[S]OP A[=S]-OP
or

[S] OKP A[~S] K~ OP
(or some other combination of modal operators in the tail of the PAL-sen-
tence).
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Notice that [S|OP and [=S]—O are not contradictory:
the submodel for the left PAL-sentence contains worlds were
S is true, the submodel for the right PAL-sentence excludes
those that worlds where S is true, so, after the update, both
submodels will contain different worlds in an in no of them
we have S and not S .

If we would further on incorporate the uncertainty un-
derlying the notion of conditional right the following formu-
lation seems to be appealing:

(KS VK=S) =[S]OP) A((KS VK=S) = [-S]-OP)
or
(KS VK=S) =[S|KOP) A((KS VK=S) = [~S] K= OP)

Now, besides the logical and epistemic features under-
lying the structure of notion of conditional right there are
also pragmatic aspects that contribute to the, so to say, moral
aspect of the suspensive modality.

L1Lc. Suspension and its Pragmatics

Conditional rights are structures with legal content. It is the
content that interacts with some features of the underlying
logical and epistemic structure. As discussed above, epis-
temic features are essential to the (legal) definition of condi-
tional right. But this content and the validity of concrete con-
ditional right-entitlement is also determined by pragmatic
features that qualify conditional right as conditional and not
as some other kind of right-entitlement under assumption.
The most decisive of pragmatic features is the one that deter-
mines that the attribution of a conditional right to some ben-
eficiary is due to the sole will of a benefactor (and not of the
legislator). This assumes that the arbiter should be factually
and legally able to ascribe the conditional right at stake and
that condition and conditioned meet specific legal require-
ments. Sometimes the underlying legal meaning of the con-
ditional right hinges on the envisaged target of the arbiter in
relation to the fulfilment of the condition: the ultimate goal
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of engaging in a particular conditional right might be directly
dependent on the arbiter’s interest of motivating the benefi-
ciary to fulfil a given condition. The pragmatic features also
interact with the logical structure of the conditional right-
entitlement attributed to a given benefactor. For example, le-
gal systems will rule out impossible or unlawful conditions
and similarly for the jus-part of a conditional right. Hence, it
seems sensible to require that condition and the conditioned
are logically and factually possible: it does not make any legal
sense to formulate a conditional right involving a logical
truth or a logical falsity.

Thiercelin (2011, p. 213) remarks that scholars in the
field do not seem to have paid very much attention to these
practical aspects of the notion of conditional right, despite
the fact that Leibniz (A VI, 1, 409, 422) himself makes a care-
ful study of the cases of what Roman jurists called ridiculous
conditions. On my view, the point here is once more the in-
teraction of content with logical structure; however, as men-
tioned in A.1, the standard model theoretical approach to se-
mantics places this interaction at the metalogical level. A
clear example of this metalogical viewpoint is the semantics
of PAL deployed by Magnier, where the whole epistemic dy-
namics manifests itself in the formal semantics of the model,
and the latter is metalogically defined. What we need is a
language where we can check at the object language level the
meaning of a given expression and furthermore that a given
proposition is true. This is linked with the formation plays
mentioned above: before we check the truth of a given prop-
osition we need to check its meaning, its legal meaning, on
the background of the knowledge of the legal system. Let us
explore this line of thought.

1.2. Hypotheticals and Conditional Right

The following approach is based on Leibniz’s idea that the
most salient characteristic of the logical structure of the no-
tion of conditional right is the truth dependence of the con-
ditioned upon the condition. Moreover, we will adopt
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Magnier’s epistemic shift, though we will propose a new
shift that takes us from the epistemic nature of the proposi-
tions to the objects (the pieces of evidence) that ground the
knowledge required by the notion of suspension.

1.2.1. Hypotheticals and the General Form of Dependence

In the CTT-frame it is possible to express at the object-lan-
guage level that A is true, namely, by means of the assertion d:
A (thereis apiece of evidence d for A or there s a proof-object d for A).1
Therefore, in this frame the dependence of the truth of B
upon the truth of A amounts to the dependence of the proof-
object of the former to the proof-object of the latter. The de-
pendence of the proof object of B upon the proof-object of A
is expressed by means of the function b(x) (from A to B),
where x is a proof-object of A and where the function b(x) it-
self constitutes the dependent proof-object of B. As dis-
cussed in Al dependent-proof objects provide proof-objects
for hypotheticals, for instance:

b(x):B(x:A),

that reads, b(x) is a (dependent) proof object of B provided x
is a proof object of A.

In our context, proof-objects, in principle?®, correspond
to pieces of evidence. Thus, the dependence of the truth of
the jus B upon the truth of the condition A boils down to the
fact that the piece of evidence for B is the function b(x).

It follows from this analysis that notion of dependence
relevant for Leibniz’ famous example for a conditional right:

If aship arrives, then Primus must pay 100 dinar to Secundus

can be expressed by means of the hypothetical

19 See appendix Al

20 In chapter 2, we will distinguish between local reasons and strategy-
objects, while the latter correspond to proof-objects, pieces of evidence
or evidences might be either play- or strategy-objects.
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Primus must pay 100 dinar to Secundus, provided there is some
evidence x for the arrival of a ship.

And this means: The evidence p for a payment-obligation that
instantiates the proposition Primus must pay 100 dinar to Secun-
dusis dependent on some evidence x for a ship arrival

This would naturally lead to render the underlying log-
ical structure with help of a hypothetical, which roughly
amounts to

p(x):P(x:9S)

where, x is a yet not known element of the set of arrivals S
(i.e. x:S), and where the evidence for a payment-obligation
(the piece of writing that establishes the conditional right)
is dependent on the arrival x of a ship, i.e., the evidence for
payment-obligation is represented by the a function p(x).

A deeper - though not definitive yet — rendering of the
logical structure is the following

If (3w: S)Arrive(w) true, then Pay (100 dinar, primus, Secun-
dus) trué’

and this then demands a hypothetical proof
b(x) : Pay (100 dinar, Primus, Secundus)
under the hypothesis that
x:(Fw:S)Arrive(w)

Even this deeper analysis does not fully capture either
the future contingency or the convertibility of those conditions
that build conditional rights. However, as we mentioned in
the introduction, in the context of law, generally speaking,
this logical structure is shared by all other forms of right-en-
titlement with proviso clauses such as statutory right-enti-
tlements under requirements. According to this analysis all of

2 This analysis has been suggested by Goran Sundholm in a personal
email.
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them share some form of hypothetical structure the meaning
of which is provided by dependent proof objects. Further
distinctions are necessary in order to distinguish between
them. For instance, while requirements for statutory right-
entitlements do not demand uncertainty about the satisfac-
tion of these requirements, conditions of conditional right-
entitlements, as discussed above, do. Furthermore, both have
a different origin: while requirements are fixed by the legis-
lator, conditions are fixed by the sole will of the arbiter.

Nevertheless, the study of the general form is desirable
from both the logical and the legal point of view. Further-
more, as discussed by Armgardt (2001, pp. 221-25) Leibniz
(A VL L, pp. 235) himself pointed out that hypotheticals pro-
vide the general logical form of those right-entitlements
where the proviso clause (such a conditions or require-
ments) correspond to the antecedent of the hypothetical and
the consequent to its jus.

According to this analysis, a general and basic form of
right-entitlement with a proviso clause that provides the
conditions/requirements under which the proposition is
made true. This seems to coincide with Leibniz’s and nowa-
days legal terminology, where a right is granted on the occur-
rence of fact. Thus, in line with this analysis, the logical struc-
ture of such kind of right-entitlements is not that of a propo-
sition but that of a hypothetical that binds assertions (or
judgments)??, in such a way that the assertion of the jus is
made dependent on the assertion of the condition.

For instance: the point of the formalization is that we
can formulate explicitly at the object language level that the
pieces of evidence for the fulfilment of the antecedent of the
hypothetical are not yet known, namely, by the use of varia-
bles. Tt is the variables for pieces of evidence that make of

22 Recall that a judgement or assertion expresses that a proposition is
true, the assertion A is true introduces an epistemic feature: it is known
that A is the case. Furthermore, judgements can also involve sets: 1 is an
element of the set of Natural numbers (in the CTT-notation: I:N).
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right-entitlements with proviso clause hypotheticals. More
precisely, in the context of CTT, the variable in an hypothet-
ical such as p(x) : P (x: S) stand for an unknown element of S, that
can be instantiated by some s when the required knowledge
is available.”> Thus, in this frame, instantiating the unknown
element x by some s known to be a fixed (but arbitrary) ele-
ment of S is what the Leibniz’ notion of lifting the suspension is
about. In analogy to nowadays terminology of epistemic logic
in the style of Hintikka (1962) where we say that a judgment
of the form

x:S
expresses belief rather than knowledge and that

$:S
represents the passage from belief to knowledge, we say in
our context of discussion that this also might represent the
passage from a right-entitlement under the hypothesis (or belief)
S to be case (i.e. x : S) to aright-entitlement grounded by the knowledge
that the condition/requirement S has been satisfied (i, s : ). In fact
for this passage to count as passage to knowledge, it is not
only necessary to have s: S, but it is also necessary that it is
known that the piece of evidence s (a concrete ship arrival)

is the piece of evidence of the adequate sort.>* In other words,
we also need to have the definition

x=s:S

This definition of x can be called an anchoring of the hy-
pothesis (belief) S in the actual world.?> Thus, the result of
this anchoring-process yields

p(x=5):P(s:S)

2 Cf. Granstrom (2011, pp. 110-112). In fact, the whole chapter V of
Granstrom (2011) contains a thorough discussion of the issue.

24 Cf. Ranta (1985, pp. 151-154).

> Cf. Ranta (1985, p. 152).
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If there are more than one hypotheses (including inter-
dependences - temporal or otherwise - between them: a re-
quirement for statutory right-entitlements can be dependent
on other requirements, similar holds for conditions of condi-
tional right-entitlements®), it is not required that all the var-
iables will be substituted at once. It is possible to think of a
gradual reduction of uncertainty by gradual introduction of
definitions of the variables - in the case of temporal interde-
pendences the graduality of the fulfilment is determined by a
fixed order. A general formulation of this kind of passage?” is
the following, where I'and A are hypotheses that represent
some kind of proviso (such as conditions or requirements)
for right-entitlements:

I=(x1: Ay .. xa: Ay) becomes
A:(F,xk:a:Ak)

So that in the new hypotheses every occurrence of xj is
substituted by a. The new hypothesis A is obtained from I'
by removing the hypothesis xi. : Ax by a(xi ... x,). Thus, as re-
quired, this operation reduces the uncertainty within the
original hypothesis.

Let us now start to study the path that goes from the
general to the specific.

1.2.2. Granting Statutory and Conditional Rights

The main features that distinguishes statutory right from
conditional right are

26 Armgardt (2001, p. 256) studies different kind of interdependences
between conditions discussed by Leibniz (A VI, we pp. 387-388) in-
cluding temporally ordered conjunctions and subsidiary ones such as If
it is known that the condition A cannot be fulfiled then the condition B should be
fulfiled. Armgardt (2001) makes ample use here and in other parts of his
book of temporal indexes.

27 This passage is known in CTT as definitional extension of hypotheses or
contexts.
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(a) the uncertainty concerning the fulfilment of the
condition of conditional rights - that does not apply
to the requirements-proviso of statutory rights;

(b) the (ontological) type of the individual that grants
the correspondent right. While the individual that
grants a conditional right is a person (natural or le-
gal), the individual that grants a statutory right is a
legislator.

Let us turn our attention to (b) - we already discussed
(a) above and we will study it further on in the next section.
The CTT-frame has the means to make explicit at the object
language level, the ontological type of the individual that
grants a certain right. These means are related to the for-
mation (and Predicator rules). Recall that the CTT-frame
claims that syntactic and meaning traits are to be processed
at the same time and both of them occur at the object lan-
guage level. For instance, before proving the logical validity
of sentence, it is required to display its content, and the latter
amounts to ascribe to each part of the sentence the adequate
type — and when appropriate, to identify the canonical ele-
ments of the correspondent sets. In our case, let us have the
following hypothetical:

b(x): B (x: A) — recall that b(x) is the dependent object
that constitutes one of the piece of evidences for the
hypothetical

For the sake of simplicity let us for the moment ignore
the inner (existentially quantified) structure of A. Let us fur-
ther assume that the piece of evidence b(c)?® - the contract -
expresses a statutory right R®:

R3(b(0)) true

28 For the sake of clarity of exposition, we do not quantify on the func-
tion dependent objects b(x), however, a full development of the defini-
tions of statutory and conditional right should quantify universally
over them.
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This presupposes that R%(y) is a proposition, provided y:
B, that b(¢): B, and that b(c) is the result of a substitution in
the function b(x) from A to B. In other words, (b(x): B (x: A)
and ¢: A) Moreover, the explicit presentation of the presup-
positions involved requires displaying the putative pieces of
evidence that might count as acceptable - this might also in-
volve describing the canonical elements of the sets involved.

Following a simplified form of legal terminology we say
that b(c) is a statutory right iff it is granted (G(y, w,2)) to person
y (natural or juridical) by a legislator z:%°

R(b(0)) iff G(L b(c). p) true

where, Gy, w, 2) is a proposition provided y : legislator, w: B, z:
person) and it is known that [: legislator, b(c) : Band that p: person.

This, in turn, presupposes that the instance x of A and w
of B are neither illegal nor against boni mores (=M(w)). Since w is
some function b(x) defined on A it seems to be sufficient to
require this restriction on the function only:

=M(b(c)) true

where M(w) is a proposition, provided w : B propositions, and
it is known that b(c) : B.

In fact, from the point of view of law, granting happens
independently of knowing if the proviso has been satisfied.
Thus, we need to go deeper into the structure of the proviso
in order to achieve generality:

B true(3v:V) A(v)) true
b(x) : B, provided
x:(F:V)A®W)

2 In fact, as pointed out by Armgardt in a personal email, we need the
following parameters: Who grants What, Whom, When, and based on
Which legal norm. we did not add all parameters in order not to avoid
a heavy notation. Let me mention that in the CTT-frame the introduc-
tion of temporal indexes in the object language is pretty straight-for-
ward - see Ranta (1994, pp. 101-124).
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This yields the general form of a grant

R(b(9) iff (L. b(x). p) true

Thus the following should be included to the list of presup-
positions:

b is a function from x: (F:V) A(v)) to B.

The explicit presentation of presuppositions by means
of formation rules seems to be very natural to a legal trial.
This is one of the main motivations of the use of a dialogical
frame. Similarly, let us now say that b(c) expresses an in-
stance of a conditional right iff it is granted (G(...)) to a person y
(natural or juridical) by a person 2. Indeed the difference be-
tween statutory and conditional right is, in this respect, the
type of the individual that provides the grant: a person in the
latter case and a legislator in the former.

A last tricky point, concerns the closing of the engage-
ment expressed by the statutory/conditional right once the
proviso has been fulfiled by one instance. we will come back
to this issue in chapter 2. Let us study first the logical form
of conditional rights.

1.2.3. The Specificity of Conditional Rights:
Uncertainty With and Without Biconditionals™

One of the most difficult issues on the logical structure of
conditional right relates to the fact that the obligation ex-
pressed by the jus is made dependent on the occurrence of a
future, uncertain event. In other words, on the occurrence of
a future contingent event - the example of the ship recalls
almost explicitly Aristotle’s’ see-battle case. On the other
hand, as discussed above, Leibniz’s approach and nowadays
legal practice seems to lead to the idea that convertibility is
at the core of the logical form of conditional rights: In the
context, once more of ship- example: If we know that a ship

30 The following developments are based on Rahman/Granstrom
(2013), forthcoming.
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does not come, it looks as if should be infer that it is not the
case that Primus must pay. The point is here to find a formal-
ization that makes explicit these two crucial features of con-
ditional rights.

However, it seems that, though the logical form of con-
ditional right requires that if it is known that the condition
will ever be fulfiled, then the right-entitlement should fail; it
does not require that if the beneficiary is entitled to the right
involved, the condition has been fulfiled. In fact,in 1.2.3.b. we
claim that biconditionality is not necessary after all.

1.2.3.a. The Logical Form of Leibniz’s Approach:
Uncertainty and the Biconditional

In order to implement this double task, we will supply the
head of the hypothetical with a richer structure than the one
discussed above. More specifically, we take it that the head
of hypotheticals underlying conditional right have the form
of a constructivist disjunction. That is, a disjunction, such
that proof-object of it, amounts to indicating explicitly

which of both obtains. Thus, the head looks like:

xX:SV=S
(there is some piece of evidence x for the disjunction a
ship arrival is the case or not).

Since we are in the frame of a constructive disjunction,
its truth requires that we know which of both obtains: in our
case we need to know that that ship did arrive. Let express
this with

(F:5) (y=9)
(there is some ship arrival and this ship arrival consti-
tutes the evidence for the disjunction - i.e. it is equal to

the evidence x for the disjunction S 1V-S)

However, the above notation does not explicitly ex-
press that y constitutes an evidence for the left part of the
disjunction. It is precisely the left part of the disjunction that repre-
sents the condition required by the conditional right of our example. In
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order to do so we need to make use of the function left(y). This

yield:
(F:5) (Ieft() =)

Clearly, the arrival of a ship (which constitutes the fulfilment
of the condition) implies that Primus must pay. That is,

a(®) : (Fy:S) (left(y) =x) = P (x:SV=S)

Moreover, since we postulate that Primus must pay if the dis-
junction is true, and since we established that the disjunc-
tion is true if a ship arrives (and not the contrary), it follows
that a payment obligation dependent of the disjunction, im-
plies the arrival of a ship:

b(x) :P (x:SV=S) = (Fy:S) (left(y) - x)
If will pull all together we obtain what it could be taken as
the logical form underlying Leibniz’s notion of conditional obliga-
tion:

(F:S) (left(y) =x) <> P (x:SV=S)
The proof object of which is an object dependent upon x:

d(®) :(3Fy:S) (lefr(y) =x) <> P (x:SV=S)

However, x is the evidence for the fulfilment of the condition.
Thus

d(left(y)) : (Fy:S) (left(y) =x) <> P (x:SV=S)
Still; this seems to express the biconditionality of the condi-
tion in relation to the whole hypothetical, can we also prove
the convertibility of condition and conditioned? Indeed, this is
the case, as we show in the following paragraph:

Let us show that if the condition is false, also the condi-
tioned. That is, let us show that if =S true, it is also the case
that =P true. Let assume that we have a dependent-proof ob-
ject for the biconditional:

d(®) :(3Fy:S) (lefr(y) =x) <> P (x:SV'=S)
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If =S true, then the evidence x for the disjunction consists in
some z : =S, such that x is right(). Thus, by substitution we
have:

d(right(2) : (Fy: S) (left(y) = right(3)) <> P (x: SV =S)
The left part of the biconditional is clearly false, and thus also
right part, and hence =P true. Thus, if =S true, it is also the
case that =P true, as required.

1.2.3b. Uncertainty and Convertibility without Biconditional

Assume that, there have been two conditional agreements.
One makes the obligation to pay 100 dinar dependent upon
the arrival of a ship and the other, dependent on another con-
dition, say, a caravan from Asia arrives. In such a case the bi-
conditional seems to be a too strong requirement, since, it
might be that we know that no ship will ever arrive, but this
does not mean, that Secundus has not payment obligation.
Leibniz (A VI, we, p. 388) discussion on disjunctive condi-
tions might provide a kind of solution: from this viewpoint
the logical structure of the condition is in fact a disjunction
and this, as pointed out by Armgardt (2001, pp; 267-269) can
be embedded in a biconditional structure. The problem with
this solution is that every conditional right-agreement must
be completed with, perhaps not yet known, disjunctive ele-
ments such as Ifaship or acaravanor ... or ... arrives, then P. More-
over, if there are more agreements, it is not fixed, if we have
to add the conditions of the different agreements as disjunc-
tions or conjunctions or if we have to interpret the different
agreements as different conditional-right-entitlements - in
the latter case, Secundus might be entitled to 200 dinar: 100
when a ship arrives, other 100 when a caravan does. Nowa-
days lawyers tend to follow Leibniz, who was an active law-
yer, and switch to a pragmatic strategy. Confronted with
such cases, the court decides on view of the best possible in-
terpretation of the benefactor’s will.
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A different possibility is to give up the (full) bicondi-
tional structure, and propose the following hypothetical
conjunction.

dC9) < ((Fy:9) (left(y) =x)) =P) A((Fz: =) (right(2) =x)) >=P)) (x:SV=S)
That reads:

Ifthere some evidence for a ship arrival and this arrival solves the
uncertainty (S or not S) underlying the conditional right, (e, if
the ship arrival provides an evidence for the left side of the dis-
junction) then the beneficiary is entitled to the right at stake.

Ifthere is some evidence for no ship arrival and this solves the un-
certainty (S or not S) underlying the conditional righ, (i.e., if the
evidence for no ship arrival provides an evidence for the right
sideof the disjunction) then the beneficiary is not entitled to the
right at stake.

In fact, this (hypothetical) conjunction of implications
seems to be the most suitable formalization of the logical and
epistemic structure underlying the notion of conditional
right.

Indeed, such a conjunction ensures that if it is known that
a ship will ever arrive there is no obligation to pay, but what will be
blocked is that If Primus is obliged to pay, then a ship did arrive —
clearly, Primus, might be obliged to pay because a caravan ar-
rived even if a ship did not. This approach leaves it still open
if Primus must pay twice 100 dinar if both, a caravan and a
ship arrived. However, it is precisely the blocked implication
that does render justice to the possibility to interpret two
agreements (with the same jus but with two different condi-
tions) as two different conditional entitlements or not, with-
out assuming some tacit or retroactive enrichments of the
logical form involved. Certainly, by contraposition on the im-
plication of the right side of the conjunction we obtain that
——1P———S. However, this is not a full biconditional: it only
says that if it is impossible that a payment obligation is not
due, then it is impossible that a ship-arrival did not happen.
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1.23.d. Interpreting Conditions

In legal practice, interpretation is crucial. Not only in order
to apply the general norm to a particular case (see end of
1.2.1) but also in order to complete or further elucidate terms
of a given formulation. In the case of conditional right, the
interpretation processes based on the logical structure of the
underlying hypothetical are of three kinds:

(1) application to a particular case

(2) extension of the set of conditions, interdependent
or not (this includes interdependencies induced by
temporal order

(3) making precise the structure of the evidence re-
quired to fulfil the condition

The first two cases have been already discussed at the
end of 1.2.1. Thus, let us turn our attention to the third case.
Assume that the formulation of the conditional right has
been left pretty vague in relation to the condition to the ful-
filled in order to obtain B, to take a simple case:

d:B(u:A v=A)

The interpretation process will consist here in an extension
to the new context for example:

B(x:=A)
By means of a mapping, such that:
B(u-=right(x) :AV—=A)

This provides the necessary information to formulate pre-
cisely the logical form of the conditional right:

) : (Fy: A) (Ieft(y) =) »=B)A((Fr: =A) (right(3) =x)) =B)) (x: AV=4A)

In fact, the third case generalizes the others. These
kinds of interpretation-processes consist in a mapping that
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extends the original context into a new one with less uncer-
tainty. 3!

2. Dialogues, Play-objects, and the Dynamics
of Conditional Right-Entitlements

Besides the general aim of developing a pragmatist semantics
for legal reasoning rooted in its specific argumentative prac-
tices the dialogical setting provides insights in the dynamics
underlying the meaning of the notion of conditional right. In-
deed, the language games typical of dialogical logic, the dia-
logues, distinguishes the play level from the strategy level > and
this distinction, as discussed below, allows to study the dy-
namics of a trial involving a particular instance of conditional
right.

During a trial, there are purely logical moves and others
that are not. In relation to the latter, there are moves con-
cerning the legal validity of the original conditional right-en-
titlement, for instance the validity of a given contract in-
volves questions of content. There might be also moves that
question some pieces of evidence, and finally there might also
be moves concerning the closing of a trial in front of the pre-
sented evidence.

The following sections contain a development of each of
these points; however, they will be preceded by a general
presentation of dialogical local reasons for conditional right.
Notice that the dialogical plays are to work as language
games, and not descriptions of actual practices. In other
words, they are purported to be, in Wittgenstein’s words,
measurement rods, constructions by means of which under-
standing and insight might be gathered - it is remarkable
that, in order to explain this point, Wittgenstein brought
forward the use of the reconstruction of a fact in a trial.

3LCE. Granstrom (2011, chapter V).
32 See appendix II.
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2.1. Dialogues with Local Reasons as Language Games
for Trials on Conditional Right

The following form of play is the simplest one and only in-
volves the entitlement claim of the ship example once the legal-
ity of the contract and the piece of evidence for the fulfilment
of the condition (the ship-arrival s) have been accepted. 3
Moreover, the premise will not be the one with the condi-
tional form but the one that does not assume convertibility.
However, in the context of how the play described below is
being developed, the difference between the conjunctive and
the biconditional form is irrelevant. Indeed, in the play to be
developed below the Proponent chooses the side of the con-
junction that involves the implication from the non-negative
condition to the conditioned, and this is implication occurs
in both, Leibniz’s biconditional sentence and in the one
without it. Thus, the premises are:

1) dX): ((Fy:9) (eft(y) =5 x)) =P) A((Fz: =5) (right(3) =sx)) ==D)) (x:SV=S)
(my s:s.

The proponent, Secundus, claims, that, grounded on T and
on the piece of evidence s of a ship arrival S (I, he is entitled
to the payment P of 100 dinar by Primus. Thus, the thesis is:

p:P
Notation: Recall that S stands for the set of ship-arrivals; P
for Primus must pay 100 dinar to Secundus, s for the arrival of the
ship s, and p a concrete payment obligation, grounded on the
ship arrival s.

In Dialogical Logic left(y) is written L(y). In order to dif-
ferentiate between the left side of a disjunction and a con-
junction exponentials will be added similar applies to
right(y). Accordingly, the main sentence is rewritten as:

) ((Fy:9) (L) =5x)) =P) A((Fz: =5) (RYR) =5 %)) ==P)) (x:SV =5)

33 The formation play will not be developed here (see AI).
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Convention: For the sake of legibility the development of the
present play only records only one challenge on the local rea-
son, namely the one of the thesis.

o P
! d( (((5y 3) (L \() =sx)) =F) P 00
F:=8) RYR) =5 %) =
_IP)) (X S V_IS)

m o s:S

0.1 n:=1 m:=2 0.2
03 redson 8, p:P 0.4
1 p-? 0 R=(a)=-p :P[LAST 0

MOVE: P WINS]
7 d(s):(Fy:S) (LYy) =) =P A I q:Sv=S 2
(F: =) (RYQ) ~sx >-D)
3 v 2 LYq):S 4
> LYq)=? 4 s:S 6
O a:(Fy:S) (LYy) =sLYs) »P 7 w/d(s) =2 8
UL (39 (L) LY ° 0 &
-P

B ai (F:S) (LYy) =s) > P I A 1Ma) =2 12
7 R-(a): P B Lo(@):(3:9) (L) 59) M
15 o/ L2 () =2 a: (Fy:S) (LYY) =s9) 16
17 ?1_5 16 Lﬂ(az) - S 18
19 o/ L2 (ag) =2 s:S 20
21 PRE 16 R3(ay)) : LY(s) =55 22
» /L) 2 R3(@)) 575 s o
25 —/R3(a)) -? 18 refl(A, @) :s=ss 26

29 p:P 27 R-(a) -2 28
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The reader might wish to check that if the premise is
that a ship arrival is not the case, a dual play can be developed
in favour of the benefactor: the point is now to make use of
the right side of the initial conjunction (premise I).

Notice that this is not still a winnings strategy. In order
to do so, we should show that the series of moves of this play
is one the terminal series that will always lead to a win.?*
Now; certainly during a play, like in the practice of legal tri-
als, “silly” or “logically not optimal” moves are always possi-
ble: At move 20 for example the Proponent might have had
chosen b as a substitution for y: that is, for whatever reasons,
the Proponent, might have brought forward a ship arrival dif-
ferent of s as piece of evidence This, is logically a weak move
since both the antagonists have already agreed that shas been
certified (to make use of the words of Leibniz). New pieces of
evidence introduced during the play, are totally procedural
and might be contested. This brings us to the next section.

2.2. Formation Plays and on How to Challenge
Pieces of evidence

In relation to the specific content of a given instance of a con-
ditional right, it definitely concerns the development of for-
mation plays where the legality of the terms constituting the
contract can be questioned. The development of this kind of
formation plays involves displaying not only the elements of
its logical structure but also the elements required by its le-
gal validity, such as: who granted the conditional right to
whom, when, and if it is clear that it fulfils the requisite of
not being either illegal or against boni mores (see 1.2.2) Now,
it might be the case that the elements mentioned above
might be introduced during a trial, and they might be con-
tested on the spot. However, although a strategic view point

3% For the notion of strategy see 116 (it contains the definitions for
standard dialogical logic) and I1.3 (for the definition in the context of
CTT)
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requires an overview of all the possible plays®: this does not
seem to be either necessary or desirable.

In fact, Magnier (2013a), discusses in several parts of his
book in the context of a dialogical reconstruction of condi-
tional right the case where a proposition has been certified
and where it has been introduced so to say for the sake of the
discussion. Accordingly, he distinguishes between two types
of plays: those that are formal (purely procedural) and those
that are not material. If we apply this very useful distinction
for the local reasons that furnish the pieces of evidence for
elementary posits, we distinguish between procedural and not
procedural pieces of evidence. The latter amounts assuming
that one player introduces a new piece of evidence that was
not discussed or agreed at the start of the play. In such a case,
a new formation play might start asking for its exact typing,
that is, for the description of the type it belongs too -
roughly, for the description of the fact or proposition it is
purported to support. In general, we might indeed distin-
guish between both kinds of evidence. If the typing is correct
and legally valid, the antagonist might accept it, for the sake
of the discussion. However, the antagonist might reject it
and demand an examination of the new piece of evidence. If
the result of such an examination is not clearly cut it might
lead to the introduction of presumptions with formulations
such as: it is presumed, in the absence of evidences for the contrary, that
the piece of evidence a furnished a suitable local reason for B. Moreo-
ver, perhaps in practice the force and suitability of every
piece of evidence is the result of a presumption. In such a case
the difference between purely procedural and not procedural
might lose its clear edges and we might require some kind of
non-monotonic approach - if we are willing to go down that
path. But the place to develop such a kind of approaches
should start at the level of the formation plays. Certainly, for-
mation plays and their correspondent main plays are inti-
mately linked: if a piece of evidence might be contested in the

35 See appendix IL.
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middle of a play, the following logical moves might require
some revision. This is where the recent works of Armgardt
(2013a, 2013b) on Presumptions, of Gabbay/Woods (2012b)
on the relevance of pieces of evidence, and of Magnier (2013a)
on burden of the proof can be linked with the frame devel-
oped in the present work. However, once more, this is facili-
tated by the play level, where pieces of evidence might not be
considered indisputable facts, and therefore might be re-
jected. we cannot develop here this link and this is part of
future work, where the recent work of Giuseppe Primiero on
Belief-Revision in the context of CTT seems to furnish a use-
ful tool, but let me point out that formation plays involved
might involve a rich structure: it might involve issues on le-
gality — see 1.2.2. The present dialogical approach to CTT
provides the semantics place where such content-based
challenges can be examined and developed.

2.3. Dialogues and The Closing of Conditional
Right-Entitlements

Let us assume that one piece of evidence has been rejected -
as in the precedent paragraph, and that in front of the pro-
duction of a new piece of evidence a new trial starts again.
However, once the condition has been fulfiled and the claim
has been judged as legally valid the process is closed. No new
piece of evidence will - under normal circumstances - entitle
once more the beneficiary to a new claim in the context of
the same conditional right contract at stake. For instance,
coming back once more to the ship: If a ship arrived and it
has been decided that the 100 dinar must be paid to Secundus,
in general, a new arrival will not entitle Secundus to new 100
dinar: The win of a play by the beneficiary, who made use,
during the play, of a particular instance of the condition (a
particular ship arrival), may not win again, with a new arri-
val, under the sole ground that the condition is existentially
quantified.

Also, in this case, it is the play level that provides the
right insight. Plays might be classified by their repetition rank.
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As presented in IL.6, repetition ranks fix how many times a
player can defend or challenge the same formula. Let us as-
sume that the Proponent agreed that, for an existentially
quantified condition one instance is sufficient. To make it
more concrete, assume that the benefactor, Primus, agreed
that one ship arrival, is sufficient for the fulfilment of the con-
dition that entitles Secundus to a payment obligation. Within
such a repetition rank (namely 1), there might be a logically
infinite number of different plays, each of them satisfying the
condition with a different ship arrival. But the point is that
the closing of a trial on such a right-entitlement is defined on
aplay!

Closing of a trial is modelled by the end of a given play
within the context of a fixed rank. Moreover, if the play is
lost by the benefactor-party because, for example, the pur-
ported piece of evidence was not such, this does not preclude
that another trial can be run when a new piece of evidence is
brought forward.

Conclusion

The central problem with the use of subjectively grounded
opinions is its impotence when drawn into disagreements.
Nothing is advanced in our disagreement by my putting
forward opinions that you reject.?® This certainly applies to
legal debates and it seems to be at the root of Leibniz’s
interest in the logic of Law and his efforts towards a
unification of the fields involved. As pointed out in several
occasions by John Woods one of the best unification results
of interdisciplinary work is one in which the offspring does
not owe its identity to the one of its parents, though it
certainly carries the marks of them: It produces results that are
very muchworth having and which neither parent is able to deliver by its
own*’.

3 Cf. Woods (2003, p. 325-326).
37 Gabbay /Woods (2012, p. 196).
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The dialogic approach is born from the idea that the
rational way of overcoming disagreements is by the means of
an interactive understanding of reasoning and meaning
Meaning is, according to the dialogical approach,
constituted by and within interaction. Now, in relation to
the interdisciplinary amity of law and dialogical constructive
logic, it is perhaps still too early to make a definitive
assessment in relation to the achievement of the kind of
unification described by Woods. However, it seems save to
be fairly optimistic. The very point is that if the field of legal
reasoning should have an own identity, this must be based
on an approach to meaning that provides insights into the
structure of legal argumentative practices. The Dialogical
approach to Constructive Type Logic furnishes a setting
where the legal content shapes the resulting formal system
in some specific ways. The proposed unifying dialogical
setting harbours further features that constitute also new
challenges: namely the study of direct and indirect evidence
and the epistemic dynamics specific to the legal notion of
evidence: this strongly suggests that the work on
presumptions mentioned above is one of the tasks to be
tackled next.
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APPENDIX
Local reasons and dialogues for immanent reasoning!

I. Introductory remarks on the choice of CTT

Recent developments in dialogical logic show that the Construc-
tive Type Theory approach to meaning is very natural to the
game-theoretical approaches in which (standard) metalogical
features are explicitly displayed at the object language-level.?
This vindicates, albeit in quite a different fashion, Hintikka’s
plea for the fruitfulness of game-theoretical semantics in the
context of epistemic approaches to logic, semantics, and the
foundations of mathematics.®

From the dialogical point of view, the actions—such as
choices—that the particle rules associate with the use of logical
constants are crucial elements of their full-fledged (local) mean-
ing: if meaning is conceived as constituted during interaction,
then all of the actions involved in the constitution of the meaning
of an expression should be made explicit; that is, they should all
be part of the object-language.

This perspective roots itself in Wittgenstein’s remark ac-
cording to which one cannot position oneself outside language
in order to determine the meaning of something and how it is
linked to syntax; in other words, language is unavoidable: this is
his Unhintergehbarkeit der Sprache, one of Wittgenstein’s ten-
ets that Hintikka explicitly rejects.* According to this perspec-
tive of Wittgensteins, language-games are supposed to accom-
plish the task of studying language from a perspective that
acknowledges its internalized feature. This is what underlies the
approach to meaning and syntax of the dialogical framework in
which all the speech-acts that are relevant for rendering the
meaning and the "formation" of an expression are made explicit.

! The appendix is based in the book in preparation Immannet Reason-
ing, by Rahman/Klev/McConaughey/Clerbout (2018).

2 See for instance Clerbout/Rahman (2015), Dango (2016),
Rahman/Clerboout/Jovanovic (2015).

3 Cf. Hintikka (1973).

4 Hintikka (1996) shares this rejection with all those who endorse
model-theoretical approaches to meaning.
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In this respect, the metalogical perspective which is so crucial
for model-theoretic conceptions of meaning does not provide a
way out. It is in such a context that Lorenz (1970, p. 75) writes:

Also  propositions of the metalanguage require the
understanding of propositions, [...] and thus cannot in a
sensible way have this same understanding as their proper
object. The thesis that a property of a propositional sentence
must always be internal, therefore amounts to articulating the
insight that in propositions about a propositional sentence this
same propositional sentence does not express a meaningful
proposition anymore, since in this case it is not the
propositional sentence that is asserted but something about it.

Thus, if the original assertion (i.e., the proposition of the
ground-level) should not be abrogated, then this same
proposition should not be the object of a metaproposition [...].5

While originally the semantics developed by the picture theory
of language aimed at determining unambiguously the rules of
“logical syntax” (i.e. the logical form of linguistic expressions)
and thus to justify them [ ...]—now language use itself, without
the mediation of theoretic constructions, merely via “language
games”, should be sufficient to introduce the talk about
“meanings” in such a way that they supplement the syntactic
rules for the use of ordinary language expressions (superficial
grammar) with semantic rules that capture the understanding
of these expressions (deep grammar).®

Similar criticism to the metalogical approach to meaning
has been raised by Géran Sundholm (1997; 2001) who points
out that the standard model-theoretical semantic turns semantics
into a meta-mathematical formal object in which syntax is linked
to meaning by the assignation of truth values to uninterpreted
strings of signs (formulae). Language does not express content
anymore, but it is rather conceived as a system of signs that
speak about the world—provided a suitable metalogical link be-
tween the signs and the world has been fixed. Moreover,
Sundholm (2016) shows that the cases of quantifier-

5 Translated from the German by Shahid Rahman.
6 (Lorenz, 1970, p. 109), translated from the German by Shahid Rah-
man.
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dependences motivating Hintikka’s IF-logic can be rendered in
the CTT framework. What we will here add to Sundholm’s ob-
servation is that even the interactive features of these depend-
ences can be given a CTT formulation, provided the latter is de-
veloped within a dialogical setting.

Ranta (1988) was the first to link game-theoretical ap-
proaches with CTT. Ranta took Hintikka's (1973) Game-Theo-
retical Semantics (GTS) as a case study, though his point does
not depend on that particular framework: in game-based ap-
proaches, a proposition is a set of winning strategies for the
player stating the proposition.” In game-based approaches, the
notion of truth is at the level of such winning strategies. Ranta's
idea should therefore in principle allow us to apply, safely and
directly, instances of game-based methods taken from CTT to
the pragmatist approach of the dialogical framework.

From the perspective of a general game-theoretical ap-
proach to meaning however, reducing a proposition to a set of
winning strategies is quite unsatisfactory. This is particularly
clear in the dialogical approach in which different levels of
meaning are carefully distinguished: there is indeed the level of
strategies, but there is also the level of plays in the analysis of
meaning which can be further analysed into local, global and
material levels. The constitutive role of the play level for devel-
oping a meaning explanation has been stressed by Kuno Lorenz
in his (2001) paper:

Fully spelled out it means that for an entity to be a proposition
there must exist a dialogue game associated with this entity,
i.e., the proposition A, such that an individual play of the
game where A occupies the initial position, i.e., a dialogue
D(A) about A, reaches a final position with either win or loss
after a finite number of moves according to definite rules: the
dialogue game is defined as a finitary open two-person zero-
sum game. Thus, propositions will in general be dialogue-
definite, and only in special cases be either proof-definite or
refutation-definite or even both which implies their being
value-definite.

Within this game-theoretic framework [...] truth of A is

" That player can be called Player 1, Myself or Proponent.
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defined as existence of a winning strategy for A in a dialogue
game about A; falsehood of A respectively as existence of a
winning strategy against A.8

Given the distinction between the play level and the strat-
egy level, and deploying within the dialogical framework the
CTT-explicitation program, it seems natural to distinguish be-
tween local reasons and strategic reasons: only the latter corre-
spond to the notion of proof-object in CTT and to the notion of
strategic-object of Ranta. In order to develop such a project we
enrich the language of the dialogical framework with statements
of the form “p : A”. In such expressions, what stands on the left-
hand side of the colon (here p) is what we call a local reason;
what stands on the right-hand side of the colon (here A) is a prop-
osition (or set).®

The local meaning of such statements results from the rules
describing how to compose (synthesis) within a play the suitable
local reasons for the proposition A and how to separate (analy-
sis) a complex local reason into the elements required by the
composition rules for A. The synthesis and analysis processes of
A are built on the formation rules for A.

The rock-bottom of the dialogical approach is still the play
level-notion of dialogue definiteness of the proposition. Namely:
For an expression to count as a proposition A there must exist an
individual play about X ! A, such that X is committed to bring
forward a local reason to back that proposition, and the play
reaches a final position with either win o loss after a finite num-
ber of moves according to definite local and structural rules.

In this section we will spell out all the relevant rules for the
dialogical framework incorporating features of Constructive
Type Theory—that is, a dialogical framework making the play-
ers’ reasons for asserting a proposition explicit. The rules can be
divided, just as in the standard framework, into rules determin-
ing local meaning and rules determining global meaning. These
include:

8 (Lorenz, 2001, p. 258).
9 See (Rahman, Redmond, & Clerbout, 2017), (Clerbout & Rahman,
2015) (Rahman & Clerbout, 2013; 2015).
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1.

2.

Concerning local meaning (section 2.d):

a.
b.
c.

formation rules (p. 51);
rules for the synthesis of local reasons (p. 56); and
rules for the analysis of local reasons (p. 57).

Concerning global meaning, we have the following (struc-
tural) rules (section 0):

a.
b.
c.

d.

rules for the resolution of instructions;

rules for the substitution of instructions (p. 62);
equality rules determined by the application of the
Socratic rules (p. 62); and

rules for the transmission of equality.

I1. Local meaning in dialogues of immanent reasoning

The formation rules

Formation rules for logical constants and falsum

The formation rules for logical constants and for falsum are
given in the following table. Notice that a statement ‘L : prop’
cannot be challenged; this is the dialogical account for falsum
‘1’ being by definition a proposition.

Table 1: Formation rules

Move Challenge Defence
Con- Y ?7F\ X A:prop
junc- X AAB:prop or (resp.)
tion Y ?F,, X B:prop
Dis- Y ?F, X A:prop
junc- X AV B:prop or (resp.)
tion Y ?F,, X B:prop
Imoli- Y ?F5; X A:prop
cat?on X A D B:prop or (resp.)
Y ?F,, X B:prop
. Y ?Fyq X A:set
Vl:pslal (vx: A)B)((x)- prop or (resp.)
) ) Y ? Fy, X B(x): prop[x: A]
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quanti-

fica-

tion

Exis-
tential X Y ?7Fy; X A: set
quanti- . ) or (resp.)

fica- (3x: A)B(x): prop Y ? F3, X B(x):prop[x: A]

tion
Subset Y?F, X A: set
separa- X {x or (resp.)

tion tA|B(0)}:prop Y?F, X B(x): prop[x: A]
Falsum X L:prop — —

The substitution rule within dependent statements

The following rule is not really a formation-rule but is very
useful while applying formation rules where one statement is de-
pendent upon the other such as B(x): prop[x: A].1°

Table 2: Substitution rule within dependent statements

(subst-D)

Move Challenge Defence

Subst-
Xw(xg, o, X)X Al | YT1:Aq, o, Toi Ay | X70(Tq, oor, Tn)

In the formulation of this rule, “m” is a statement and “t;”
is a local reason of the form either a;: A; or x; : A;.

A particular case of the application of Subst-D is when the
challenger simply chooses the same local reasons as those oc-
curring in the concession of the initial statement. This is partic-
ularly useful in the case of formation plays:

10 This rule is an expression at the level of plays of the rule for the sub-
stitution of variables in a hypothetical judgement. See (Martin-Lof,
1984, pp. 9-11).
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Example of a formation-play

Here is an example of a formation play with some explana-
tion. The standard development rules are enough to understand
the following plays. In this example, the Opponent provides in-
itial concession before the Proponent states his thesis. Thus the
Proponent’s thesis is

(Wx : A)(B(xX)>C(x)) : prop
given these three provisos that appear as initial concessions by
the Opponent:
A set,
B(x) : prop [x: A]
and C(x) : prop [x : A],
This yields the following play:

Play 1: formation-play with initial concessions: first deci-
sion-option of O

o] P
0.1 A set
0.2| B(x):prop[x:A]
0.3| C(x):prop[x:A] (Vx:A)B(X) o C(x):prop |0
1 m:=1 n:=2 2
3 ?Fyq 0 A set 4
P wins.
Explanation:

e 0.1t00.3: O concedes that A is a set and that B(x) and C(x)
are propositions provided x is an element of A.

e Move 0: P states that the main sentence, universally quanti-
fied, is a proposition (under the concessions made by O).

e  Moves 1 and 2: the players choose their repetition ranks.

e  Move 3: O challenges the thesis by asking the left-hand part
as specified by the formation rule for universal quantifica-
tion.

e Move 4: P responds by stating that A is a set. This has al-
ready been granted with the concession 0.1 so even if O were
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to challenge this statement the Proponent could refer to her
initial concession.

This dialogue obviously does not cover all the aspects re-
lated to the formation of
(Vx:A)B(x) o C(x) : prop.
Notice however that the formation rules allow an alternative
move for the Opponent's move 3,*! so that P has another possible
course of action, dealt with in the following play.

Play 2: formation-play with initial concessions: second de-
cision-option of O

O P

0.1 A set

0.2| B(x):prop[x:A]

03| C(x):prop[x:A] (Vx:A) BFE)F(()JPD CKO: | g
1 m:=1 n=2 2
3 ?Fyp 0 B(x) o C(x):prop[x:A]| 4
5 XA 4 B(x) > C(x):prop 6
! ?Fo 6 B(X) : prop 10
9 B(x) : prop 0.2 XA 8

P wins.
Explanation:

The second play starts like the first one until move 2. Then:
e  Move 3: this time O challenges the thesis by asking for the
right-hand part.

11 As a matter of fact, increasing her repetition rank would allow O to
play the two alternatives for move 3 within a single play. But increasing
the Opponent's rank usually yields redundancies (Clerbout, 2014a;
2014b) making things harder to understand for readers not familiar with
the dialogical approach; hence our choice to divide the example into
different simple plays.
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e Move 4: P responds, stating that B(x) > C(X) is a proposition,
provided that x : A.

e  Move 5: O challenges the preceding move by granting the
proviso and asking P to respond (this kind of move is gov-
erned by a Subst-D rule).

e  Move 6: P responds by stating that B(x) > C(x) is a proposi-
tion.

e  Move 7: O challenges move 6 by asking the left-hand part, as
specified by the formation rule for material implication.

To defend against this challenge, P needs to make an elemen-
tary move. But since O has not played it yet, P cannot defend
it at this point. Thus:

e  Move 8: P launches a counterattack against initial concession
0.2 by granting the proviso x : A (that has already been con-
ceded by O in move 5), making use of the same kind of state-
ment-substitution (Subst-D) rule deployed in move 5.

e Move 9: O answers to move 8 and states that B(x) is a propo-
sition.

e  Move 10: P can now defend the challenge initiated with move
7 and win this dialogue.

Once again, there is another possible choice for the Oppo-
nent because of her move 7: she could ask the right-hand part.
This would yield a dialogue similar to the one above except that
the last moves would be about C(x) instead of B(X).

Concluding on the formation-play example:

By displaying these various possibilities for the Opponent,
we have entered the strategic level. This is the level at which the
question of the good formation of the thesis gets a definitive an-
swer, depending on whether the Proponent can always win—
that is, whether he has a winning strategy. The basic notions re-
lated to this level of strategies are to be found in our presentation
of standard dialogical logic.

The rules for local reasons: synthesis and analysis

Now that the dialogical account of formation rules has been
clarified, we may further develop our analysis of plays by intro-
ducing local reasons. Let us do so by providing the rules that
prescribe the synthesis and analysis of local reasons. For more
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details on each rule, see section Error! Reference source not
found..

Table 3: synthesis rules for local reasons

Chal-

Move | Defence
enge
Y?IN Xp: A
Conjunction X!'AAB or (resp.)
Y?R" Xp,: B
273 .
Existential quantifi- X!(3x: YL Xpy: 4
cation A)B(x) or (resp.)
Y?R? Xp,:B(p1)
Y?L Xp: A
Subset separation | X!{x : A |B(x)} or (resp.)
Y?R X pa: B(p1)
Xpi: A
Disjunction X!'AVB Y or
X D2 B
Implication X!'ADB Yp: A Xp,:B

Universal quantifica-
q X! (Ve A)BG) | YpiA | Xp,:Bpy)

tion
X!-4
. Also expressed . X:1
Negation as Ypi:A (X gives
X! Aol up*?).

12 The reading of stating bottom as giving up stems from (Keiff, 2007).
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Table 4: analysis rules for local reasons

Move Challenge Defence
Con- Y? L) X IMp)*: A
junc- Xp:AAB or (resp.)
tion Y?R" XR"(p)*:B
Exis-
ten-
tial Y213 XL3(p)*: A
quan ] ] or (resp.)
tifi. [XP:GCABE| yopa | x p3)X: B3 ()Y
ca-
tion
Sub-
2 )X
set Xp:fx s Y?L X LY (p)X:A
sepa- A B} or (resp.)
ra- Y?R X RM(p)*: B(LE-} (p)*
tion
Dis- XLV(p)X: A
junc- Xp:AVB Y or
tion XRV(p)X:B
Im-
ica- . =) X.
pI_|ca Xp:ADB YI2(p):A XR>(p)*:B
tion
Uni-
ver-
sal
. . v X. v Y
ca-
tion
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~ Xp:-A —(n)Y. “ () X.
,g\;l:- Also expressed YL2(@)':A XR™(p)™: L
H as =] Y. =] X.
tion X pid ol YL (p)':A XR>(p)*: 1

Slim instructions: dealing with cases of anaphora

One of the most salient features of the CTT framework is
that it contains the means to deal with cases of anaphora,*®

Notice that in the formalization of traditional syllogistic
form Barbara, the projection fst(z) can be seen as the tail of the
anaphora whose head is z:

(Vz : (3x : D)A)B[fst(z)] true premise 1
(Vz : (3x : D)B)C|[fst(2)] true premise 2
(Vz : (3x : D)A)CI[fst(z2)] true conclusion

In dialogues for immanent reasoning, when a local reason
has been made explicit, this kind of anaphoric expression is for-
malized through instructions, which provides a further reason
for introducing them. For example if a is the local reason for the
first premise we have

Pp:(Vz:(3x:D)AX)B(LI(L(p)?)

However, since the thesis of a play does not bear an explicit
local reason (we use the exclamation mark to indicate there is an
implicit one), it is possible for a statement to be bereft of an ex-
plicit local reason. When there is no explicit local reason for a
statement using anaphora, we cannot bind the instruction L”(p)°
to a local reason p. We thus have something like this, with a
blank space instead of the anaphoric local reason:

P1(vz:(3@x:D)AX)B(LI(LT( ))

But this blank stage can be circumvented: the challenge on
the universal quantifier will yield the required local reason: O
will provide a: (3x: D)A(x), which is the local reason for z. We

13 See Sundholm (1986, pp. 501-503) and Ranta (1994, pp. 77-99).
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can therefore bind the instruction on the missing local reason
with the corresponding variable—z in this case—and write

P! (Vz: (3x: D)A(X))B(L(LY(2)?))

We call this kind of instruction, slim instructions. For the
substitution of slim instructions the following two cases are to
be distinguished:

Substitution of Slim Instructions 1

Given some slim instruction such as L"(z)", once the quan-
tifier (vz: A)B(...) has been challenged by the statement a : A,
the occurrence of LY(z)Y can be substituted by a. The same ap-
plies to other instructions.

In our example we obtain:

P! (vz: (3Ax: D)AX))B(L(L(2)°))
Oa: (3x:D)AX)
Pb:B(L*(L"(2)?))

O0?alL"(z)°
Pb:B(L%a))

Substitution of Slim Instructions 2

Given some slim instruction such as L¥(z)Y, once the in-
struction LY(c)—resulting from an attack on the universal vz :
@—has been resolved with a : ¢, then any occurrence of L"(z)"
can be substituted by a. The same applies to other instructions.

Global Meaning in dialogues for immanent reasoning

We here provide the structural rules for dialogues for im-
manent reasoning, which determine the global meaning in such
a framework. They are for the most part similar in principle to
the precedent logical framework for dialogues; the rules con-
cerning instructions are an addition for dialogues for immanent
reasoning.
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Structural Rules
SRO: Starting rule

The start of a formal dialogue of immanent reasoning is a
move where P states the thesis. The thesis can be stated under
the condition that O commits herself to certain other statements
called initial concessions; in this case the thesis has the form !
A[B, ..., B, where A is a statement with implicit local reason
and By, ..., B,, are statements with or without implicit local rea-
sons.

A dialogue with a thesis proposed under some conditions
starts if and only if O accepts these conditions. O accepts the
conditions by stating the initial concessions in moves numbered
0.1, ... 0.n before choosing the repetition ranks.

After having stated the thesis (and the initial concessions,
if any), each player chooses in turn a positive integer called the
repetition rank which determines the upper boundary for the
number of attacks and of defences each player can make in re-
action to each move during the play.

SR1: Development rule

The Development rule depends on what kind of logic is
chosen: if the game uses intuitionistic logic, then it is SR1i that
should be used; but if classical logic is used, then SR1c must be
used.

SR1i: Intuitionistic Development rule, or Last Duty First

Players play one move alternately. Any move after the
choice of repetition ranks is either an attack or a defence accord-
ing to the rules of formation, of synthesis, and of analysis, and
in accordance with the rest of the structural rules.

If the logical constant occurring in the thesis is not recorded
by the table for local meaning, then either it must be introduced
by a nominal definition, or the table for local meaning needs to
be enriched with the new expression.*

14 1f the logical constant occurring in the thesis is not recorded by the
table for local meaning, then either it must be introduced by a nominal
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Players can answer only against the last non-answered
challenge by the adversary.
Note: This structural rule is known as the Last Duty First condition,
and makes dialogical games suitable for intuitionistic logic, hence the
name of this rule.

SR1c: Classical Development rule

Players play one move alternately. Any move after the
choice of repetition ranks is either an attack or a defence accord-
ing to the rules of formation, of synthesis, and of analysis, and
in accordance with the rest of the structural rules.

If the logical constant occurring in the thesis is not recorded

by the table for local meaning, then either it must be introduced
by a nominal definition, or the table for local meaning needs to
be enriched with the new expression.
Note: The structural rules with SR1c (and not SR1i) produce strategies
for classical logic. The point is that since players can answer to a list
of challenges in any order (which is not the case with the intuitionistic
rule), it might happen that the two options of a P-defence occur in the
same play—this is closely related to the classical development rule in
sequent calculus allowing more than one formula at the right of the
sequent.

SR2: Formation rules for formal dialogues

A formation-play starts by challenging the thesis with the
formation request O ?prop; P must answer by stating that his the-
sis is a proposition. The game then proceeds by applying the for-
mation rules up to the elementary constituents of prop/set.

After that the Opponent is free to use the other particle rules
insofar as the other structural rules allow it.

Note: The constituents of the thesis will therefore not be specified be-
fore the play but as a result of the structure of the moves (according to
the rules recorded by the rules for local meaning).

definition based on some logical constant already present in the local
rules, or the table for local meaning needs to be enriched with the new
expression.



S. Rahman ¢ B. Dango, Conditionals and Legal Reasoning... / 62

SR3: Resolution of instructions

1. A player may ask his adversary to carry out the prescribed
instruction and thus bring forward a suitable local reason in
defence of the proposition at stake. Once the defender has
replaced the instruction with the required local reason we
say that the instruction has been resolved.

2. The player index of an instruction determines which of the
two players has the right to choose the local reason that will
resolve the instruction.

a. If the instruction $ for the logical constant K has
the form $%(p)* and it is Y who requests the reso-
lution, then the request has the form Y ?2.../ $*(p)*,
and it is X who chooses the local reason.

b. If the instruction S for the logic constant < has the
form §*(p)Y and it is player Y who requests the
resolution, then the request has the form Y p; /
5%(p)Y, and it is Y who chooses the local reason.

3. In the case of a sequence of instructions of the form
7[Si(...(Sk(p))...)], the instructions are resolved from the in-
side (Sk(p)) to the outside (S).

This rule also applies to functions.

SR4: Substitution of instructions

Once the local reason b has been used to resolve the instruc-
tion $%(p)%, and if the same instruction occurs again, players
have the right to require that the instruction be resolved with b.
The substitution request has the form ?b/Sx(p)*. Players cannot
choose a different substitution term (in our example, not even X,
once the instruction has been resolved).

This rule also applies to functions.

SRS: Socratic rule and definitional equality

The following points are all parts of the Socratic rule, they
all apply.
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SR5.1: Restriction of P statements

P cannot make an elementary statement if O has not stated
it before, except in the thesis.

An elementary statement is either an elementary proposi-
tion with implicit local reason, or an elementary proposition and
its local reason (not an instruction).

SRS.2: Challenging elementary statements in formal dia-
logues

Challenges of elementary statements with implicit local
reasons take the form:
XA
Y ?reason
Xa:A
where A is an elementary proposition and a is a local reason.

P cannot challenge O’s elementary statements, except if O
provides an elementary initial concession with implicit local rea-
son, in which case P can ask for a local reason, or in the context
of transmission of equality.

SRS.3: Definitional equality

O may challenge elementary P-statements, challenge an-
swered by stating a definitional equality, expressing the equality
between a local reason introduced by O and an instruction also
introduced by O.

These rules do not cover cases of transmission of equality.
The Socratic rule also applies to the resolution or substitution of
functions, even if the formulation mentions only instructions.

We distinguish reflexive and non-reflexive cases of :

SR5.3.1: Non-reflexive cases of the Socratic rule

We are in the presence of a non-reflexive case of the So-
cratic rule when P responds to the challenge with the indication
that O gave the same local reason for the same proposition when
she had to resolve or substitute instruction S.

Here are the different challenges and defences determining
the meaning of the three following moves:
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Table 5: Non-reflexive cases of the Socratic rule

Move IChaI- Defence
enge
SR5.3.1a Pa:A 0?=a | PS=a:4
07
SR5.3.1b Pa: A(b) ~ paw) | PS=b:D
PS=b:D

(this statement stems from 07.. PA(S) =
SR5.3.1¢ SR5.3.1b) =A®D) | A®): prop
Presuppositions:
(i) The response prescribed by SR5.3.1a presupposes that O has

(i)

(iii)

The

stated A or a = b : A as the result of the resolution or substi-
tution of instruction S occurringin S: AorinS=b:A.

The response prescribed by SR5.3.1b presupposes that O has
stated A and b : D as the result of the resolution or substitution
of instruction § occurring in a : A(S).

SR5.3.1c assumes that P § = b : D is the result of the appli-
cation of SR5.3.1b. The further challenge seeks to verify that
the replacement of the instruction produces an equality in
prop, that is, that the replacement of the instruction with a
local reason yields an equal proposition to the one in which
the instruction was not yet replaced. The answer prescribed
by this rule presupposes that O has already stated A(b) : prop
(or more trivially A(9) = A(b) : prop).

P-statements obtained after defending elementary P-

statements cannot be attacked again with the Socratic rule (with
the exception of SR5.3.1c), nor with a rule of resolution or sub-
stitution of instructions.

SR5.3.2:
We

Reflexive cases of the Socratic rule

are in the presence of a reflexive case of the Socratic

rule when P responds to the challenge with the indication that O
adduced the same local reason for the same proposition, though
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that local reason in the statement of O is not the result of any
resolution or substitution.

The attacks have the same form as those prescribed by
SR5.3.1. Responses that yield reflexivity presuppose that O has
previously stated the same statement or even the same equality.

The response obtained cannot be attacked again with the
Socratic rule.

SR6: Transmission of definitional equality

As can be expected, definitional equality is transmitted by
reflexivity, symmetry®®, and transitivity. Definitional equalities
however can also be used in order to carry out a substitution
within dependent statements—they can in fact be seen as a spe-
cial form of application of the substitution rule for dependent
statement Subst-D presented in the first section for local mean-
ing, with the formation rules (0, p. 52).

The identity-predicate Id

The dialogical meaning explanation of the identity predi-
cate Id(x, y, z) —where x is a set (or a prop) and y and z are local
reasons in support of A — is based on the following: X’s state-
ment I1d(A, a, b) presupposes that a : Aand b : A, and expresses
the claim that “ a and b are identical reasons for supporting A.
The presupposition yields already its formation rule, the second
requires a formulation of the Socratic Rule specific to the iden-
tity predicate. Let us start with the formation:

Formation of Id

Statement Challenge Defence
X !'Id(A ai, &) : | Y70 Id X ! 4:
prop set
Y7 Id X!ai:A
Y73 Id X!laj:A

15 Symmetry used here is not the same notion as the symmetry of the
preceding section.
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Socratic Rules for Id

Opponent’s statements of identity can only be challenged by
means of the rule of global analysis or by Leibniz-substitution
rule

The following rules apply to statements of the form Id(A, a, a)
and the more general statement of identity Id(A, a, b). Let us
start with the reflexive case.

SR-1d.1 Socratic Rules for Id(A, a, a)

If the Proponent states P !1d(A, a, a), then he must bring forward
the definitional equality that conditions statements of
propositional intensional identity (see chapter 11.8).
Furthermore, the statement P !1d(A, a, @) commits the proponent
to make explicit the local reason behind his statement, namely,
the local reason refl(4, a) specific of Id-statements, the only
internal structure of which is its dependence on a. Thus; the
dialogical meaning of the instruction refl(4, @) amounts to
prescribing the definitional equality a =refl(4, a) : 4 as defence
to the challenge O ? =refl(4, a). The following two tables
display the rules that implement those prescriptions.

Socratic Rule for the Global Synthesis of the local reason for
PIId(A a, a)

Statement Challenge Defence
P!Id(A, a, a) O ? reasonld P refl(A, a) :
Id(A, a, a)

P refl(A,a) : 1d(A,a,a) O ?=refl(A,a) |[Pa=a:A

(This rule presupposes that the well-formation of 1d(A,
a, a) has been established)

The following rule is just applying the general Socratic Rule for
local reasons to the specific case of refl(4, a) and shows that the
local reason refl(4, a) is in fact equal to a.
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Socratic Rule for the challenge upon P’s use of refl(A, a)

Statement Challenge Defence

P refl(A, a) : Id(A, a, @) |O ? =refl(4, a) Pa=refl(4,a): A

Since in the dialogues of immanent reasoning it is the Op-
ponent who is given the authority to set the local reasons for the
relevant sets, P can always trigger from O the identity statement
O p: Id(A, a, a) for any statement O a : A has brought forward
during a play. This leads to the next table that constitutes one of
the exceptions to the interdiction on challenges on O's elemen-
tary statements

Socratic Rule for triggering the reflexivity move O ! Id(A, a,
a)

Statement Challenge Defence
Oa:A p ?ld-a O refl(A, a) : Id(A, a, a)
Remarks:

Notice that it looks as if P will not need to use this rule since
according to the rule for the synthesis of the local reason for an
Identify statement by P, he can always state 1d(A, a, a), provided
O stated a : A. However, in some case, such as when carrying
out a substitution based on identity, P might need O to make an
explicit statement of identity suitable for applying that substitu-
tion-law.

The next rule prescribes how to analyse some local reason
p brought forward by O in order to support the statement Id(A,
a, a).

Analysis | The Global Analysis of O p : Id(A, &, a)

Statement Challenge Defence

Op:ld(A,a,a) |P?w=p Op=refl(A a): Id(A a, a)




S. Rahman ¢ B. Dango, Conditionals and Legal Reasoning... / 68

The second rule for analysis involves statements of the
form Id(A, a, b), so we need to general rules for statements that
are not restricted to reflexivity. In fact the rules for Id(A, a, b)
can be obtained by re-writing the precedent rules — with the ex-
ception of the rule that triggers statements of reflexivity by O.
We will not write the rules for 1d(A, a, b) down but let us stress
two important points

o)

@)

(1) the unicity of the local reason refl(4, a).
(2) the non-inversibily of the intensional predicate of
identity in relation to judgmental equality.

In relation to the first remark, the point is that the local
reason produced by a process of synthesis for any iden-
tity statement is always refl(4, a). In other words, the
local reason prescribed by the procedures of synthesis
involving the statement ! Id(A, a, a) and the statement
Id(A, a, a) , is the same one, namely refl(4, ).

In relation to our second point, It is important to re-
member that the global synthesis rule refers to the
commitments undertaken by P when he affirms the
identity between a and b. Such commitment amount to
i) providing a local-reason for such identity ii) stating
a=b:A.

On the contrary the rule of global analysis of an iden-
tity statement by O prescribes what P may require
from O’s statement. In that case, P cannot force O to
state a = b : A only because she stated Id(A, a, b).. This
is only possible with the so-called extensional version
of propositional identity (see 11.8 above and thorough
discussion in Nordstrom et al., 1990, pp. 57-61, ). The
dialogical view of non-reversibility here is that the rule
of synthesis set the conditions P must fulfil when he
states and identity, not what follows from his statement
of identity:

Id is transmitted by the rules of reflexivity, symmetry, transitiv-
ity and by the substitution of identicals.



69 / Nunya

Literature

ARMGARDT, M. (2001). Das rechtlogische System der “Doctrina
Conditionum” von Gottfried Wilhelm Leibniz, Marburg: El-
vert-Verlag, Computer im Recht, vol. 12, 2001.

ARMGARDT, M. (2008). “Zur Bedingungsdogmatik im
klassischen romischen Recht und zu ihren Grundlagen
in der stoischen Logik”. Tijdschrift voor Rechtsgeschiedenis,
76, pp. 219-235, 2008.

ARMGARDT, M. (2010). “Zur Ruickwirkung der Bedingung im
klassischen romischen Recht und zum stoischen
Determinismus”. Tijdschrift voor Rechtsgeschiedenis, 76, pp.
341-349, 2010.

ARMGARDT, M. (2013a). “Salvius Tulianus als Meister der sto-
ischen Logik —zur Deutung von Iulian D. 34,5,13(14),2-
3. In Matthias Armgardt/Fabian Klinck/Ingo Reichard
(eds.) Liber amicorum Chris-toph Krampe zum 70. Geburtstag.
Berlin : Freiburger Rechtsgeschichtliche Abhandlungen
Bd. 68,2013, S. 29-36.

ARMGARDT, M. (2013b). “Presumptions and Conjectures in
the Legal Theory of Leibniz.” In this volume.

BOUCHER, P. (2008). “Leibniz: What Kind of Legal Rational-
ism?” In M. Dascal (ed.), Leibniz: What kind of rationalist ?.
Dordrecht : LEUS-Springer, pp. 231-249, 2008.

CAMPBELL, K. (2013). “Legal Rights”. Entry in the Stanford En-
cyclopedia of Philosophy: http://plato.stanford.edu /en-
tries/legal-rights/, 2013.

CARNAP, R. (1947). Meaning and Necessity, Chicago: Chicago
University Press, 1947.

CLERBOUT, N. (2013a). Etude sur quelques sémantiques dialogiques.
Concepts fondamentaux et éléments de metathéoric. PHD the-
sis, Lille/Leiden: Universities of Lille 3 and Leiden, 2013.

CLERBOUT, N. (2013b), "First-Order Dialogical Games and
Tableaux', Journal of Philosophical Logic. DOL
10.1007/s10992-013-9289-z. Online first publication.

CLERBOUT, N. / GORISSE, M.-H. / RAHMAN, S. (2011). “Con-
text-sensitivity in Jain Philosophy. A dialogical study of




S. Rahman ¢ B. Dango, Conditionals and Legal Reasoning... / 70

Siddharsigani's Commentary on the Handbook of
Logic™. Journal of Philosophical Logic 40:5, pp. 633-662,
2011.

DAscAL, M. (2008a). “Leibniz’s Two-prongued Dialectics™.
In M. Dascal (ed.), Leibniz: What kind of rationalist . Dor-
drecht : LEUS-Springer, pp. 37-72, 2008..

DascAL, M. (ed.) (2008b). Leibniz: What kind of rationalist ? Dor-
drecht: LEUS-Springer, 2008.

DETLEFSEN, M. (1992). “Poincaré Against the Logicians”. Syn-
these 90:3, pp. 349-378,1992.

FELSCHER, W. (1985). “Dialogues as a foundation for intui-
tionistic logic”. In Gabbay, D. and Guenthner, F. (eds.),
Handbook of Philosophical Logic Volume 3, Dordrecht:
Kluwer, pp. 341-372,1985.

FIUTEK, V. / RUCKERT, H. / RAHMAN, S. (2010). “A Dialogical
Semantics for Bonanno’s System of Belief Revision”. In
Bour, P. et alii (eds.), Constructions, London: College Pu-
blications, pp. 315-334, 2010.

FONTAINE, M. (2013). Argumentation et engagement ontologique de
l'acte intentionnel. Pour une réflexion critique sur l'identité dans
les logiques intentionnelles explicites. PHD thesis, Lille: Uni-
versity of Lille 3, 2013.

GaBBAY, D. M. / Woobs, J. (2012a). “Logic and the Law.
Crossing the Lines of Discipline”. In Rahman et alia
(2012), pp. 165-202, 2012.

GABBAY, D. M. / WooDs, J. (2012b). “Relevance in the Law”.
In. Rahman et alia (2012), pp. 239-264, 2012.

GRANSTROM, J. (2011). Treatise on Intuitionistic Type Theory, Dor-
drecht: Springer, 2011.

HINTIKKA, J. (1962). Knowledge and Belief: An Introduction to the
Logic of the Two Notions, Cornell: Cornell University Press,
1962.

KAMLAH, W. / LORENZEN, P. (1972). Logische Propddeutik, Sutt-
gart/Weimar: Metzler, Second edition, 1972.



71 / Nunya

KamraH, W. / LORENZEN, P. (1984). Logical Propaedeutic, Eng-
lish translation of Kamlah/Lorenzen (1972) by H. Rob-
inson, University Press of America, 1984.

KEIFF, L. (2004a). “Heuristique formelle et logiques modales
non normales”. Philosophia Scientiae 8 :2, pp. 39-57, 2004.

KEIFF, L. (2004b). “Introduction a la dialogique modale et hy-
bride”. Philosophia Scientiac 8 :2, pp. 89-102, 2004.

KEIFF, L. (2007). Le Pluralisme Dialogique. Approches dynamiques
de Pargumentation formelle. PHD thesis, Lille : Université
de Lille, 2007.

KEIFF, L. (2009). “Dialogical Logic”. Sanford Encyclopedia of Phi-
losophy, online (accessed 2013), 2009.

KocH, H.-J. / RURMANN, H. (1982). Juristische Begriindungslehre.
Miinchen: Beck, 1982.

LEBNIZ, G. W (1923 ...). Sdmtliche Schriften und Briefe, herausgeg-
eben von der deutschen Akademie Wissenschaften zu Berlin (A),
sixth series (VI), volume 1. Berlin: Akademie Verlag.

LoreNzZ, K. (1970). Elemente der Sprachkritik Eine Alternative zum
Dogmatismus und Skeptizismus in der Analytischen Philosophie,
Frankfurt:Suhrkamp Verlag, 1970.

LoreNz, K. (2001). “Basic objectives of dialogue logic in his-
torical perspective”. In Rahman/Ruckert (2001), pp.
255-263, 200L

Lorenz, K. (2008). Dialogischer Konstruktivismus, Berlin/New
York: de Gruyter, 2008.

Lorenz, K. (2010a). Philosophische Variationen: Gesammelte
Aufsatze Unter Einschluss Gemeinsam Mit Jurgen Mittelstrass
Geschriebener Arbeiten Zu Platon Und Leibniz, Berlin/New
York: De Gruyter, 2010.

LorENz, K. (2010b). Logic, Language and Method - On Polarities in
Human Experience, Berlin/New York: de Gruyter, 2010.

LORENZ, K./ MITTELSTRASS, J. (1966). “Theaitetos Fliegt. Zur
Theorie Wahrer Und Fascher Sitze Bei Platon”. Archiv
fiir Geschichte der Philosophie 48:1-3, pp. 113-152, 1966.



S. Rahman ¢ B. Dango, Conditionals and Legal Reasoning... / 72

LORENZ, K. / MITTELSTRASS, J. (1967). “On Rational Philoso-
phy of Language. The programme in Plato’s Cratylus
Reconsidered”. Mind 76:301, pp. 1-20, 1967.

LORENZEN P. (1955). Einfithrung in die operative Logik und Mathe-
matik, Berlin/Gottingen/Heidelberg: Springer, 1955.
LORENZEN, P. (1962). “Gleichheit und Abstraktion”. Ratio 4,

pp. 77-81,1962.

LORENZEN P. (1973). “Semantisch Normierte Orthospra-
chen”. In Kambartel, F. and Mittelstrass, J. (eds.), Zum
normativen Fundament der Wissenschaft, Frankfurt/Main:
Athenium-Verlag, pp. 231-249, 1973.

LORENZEN P./LoreNz K. (1978). Dialogische Logik, Darmstadt:
Wissenschaftliche Buchgesellschaft, 1978.

LORENZEN P./ SCHWEMMER O. (1975). Konstruktive Logik Ethik
und Wissenschaftstheorie, Mannheim: Bibliographisches
Institut, Second edition, 1975.

MAGNIER, S. (2013). Approche dialogique de la dynamique épisté-
mique et de la condition juridique, London: College Publica-
tions, 2013.

MAGNIER, S./ RAHMAN, S. (2012). “Leibniz’s notion of condi-
tional right and the dynamics of public announcement”.
In D. G. Simbotin and O. Gherasim (eds.) Limits of
knowledge society. lasi: lasi-University-Publications, pp.
87-103, 2012

MARION, M. / RUCKERT, H. (2012). “Aristotle on Universal
Quantification”. Unpublished, forthcoming.

MARTIN-LOF, P. (1984). Intuitionistic Type Theory - Notes by Gio-
vanni Sambin of a series of lectures given in Padua, June 1980,
Naples: Bibliopolis, 1984.

NORDSTROM, B. / PETERSSON, K. / SMITH, J. M. (1990). Program-
ming in Martin-L6f’s Type Theory - An Introduction, Oxford:
Oxford University Press, 1990.

Pizz1, C. and Williamson, T. (1997). “Strong Boethius’ Thesis
and Consequential Implication”. Journal of Philosophical
Logic, 26: pp. 569-588. 1997.



73 / Nunya

POINCARE, H. (1902). La science et I'hypothése, Paris: Flamma-
rion, 1902.

POINCARE, H. (1906a). “Les mathématiques et la logique™. Re-
vue de Métaphysique et de Morale 14, pp. 17-34, 1906.

POINCARE, H. (1906b). “Les mathématiques et la logique”. Re-
vue de Métaphysique et de Morale 14, pp. 294-317, 1906.

Popek, A. (2011). “Logical dialogues from Middle Ages”. In
Barés et alii (eds), Logic of Knowledge. Theory and Applica-
tions, London: College Publications, pp. 223-244, 2011

PRIEST, G. (1999). “Negation as Cancellation and Connexive
Logic”. Topoi, vol. 18, pp. 141-148,1999.

PRIMIERO, G. (2008). Information and Knowledge. A Constructive
Type-theoretical Approach, Dordrecht: Springer, 2008.
PRIMIERO, G. (2012). “Type-Theoretical Dynamics”. In. Rah-

man et alia (2012), pp. 191-212, 2012.

RAHMAN, S. (1993). Uber Dialogue, Protologische Kategorien und
andere Seltenheiten, Frankfurt/Paris/New York: P. Lang,
1993.

RAHMAN, S. (2009). “A non normal logic for a wonderful
world and more”. In van Benthem et alii (eds.), The Age
of Alternative Logics, Second edition, Dordrecht: Kluwer-
Springer, pp. 311-334, 20009.

RAHMAN, S. (2012). “Negation in the Logic of First Degree En-
tailment and Tonk: a Dialogical Study”. In. Rahman et
alia (2012), pp. 213-250, 2012.

RAHMAN, S. (2015): 'On Hypothetical Judgements and Leib-
niz’s Notion of Conditional Right. In M. Armgardt P.
Canivez. S. Chassagnard-Pinet (ed.): G. W. Leibniz:
Past and Present Interactions in Legal Reasoning, Dordrecht:
Springer, pp. 109-168.

RAHMAN, S./ CLERBOUT, N. / KEIFF, L. (2013). “The Construc-
tive Type Theory and The Dialogical Turn: A New Start
for the Erlanger Konstruktivismus”. To appear in Mit-
telstrass, J. (ed.), Dialogische Logik, Minster: Mentis,
2014.



S. Rahman ¢ B. Dango, Conditionals and Legal Reasoning... / 74

RAHMAN, S. / CLERBOUT, N. / KEIFF, L. (2009). “On Dialogues
and Natural Deduction”. In Rahman, S. and Primiero, G.
(eds.), Acts of Knowledge - History, Philosophy, Logic, Lon-
don: College Publications, pp. 301-336, 2009.

RAHMAN, S. / GRANSTOM, J. (2013). “Hypotheticals and the
Notion of Conditional Right”. Forthcoming.

RAHMAN, S. / KEIFF, L. (2004). “On How to be a Dialogician™.
In Vanderveken, D. (ed.), Logic, Thought and Action, Dor-
drecht: Kluwer, pp. 359-408, 2005.

RAHMAN, S. / KEIFF, L. (2010). “La Dialectique entre logique
et rhétorique”. Revue de Métaphysique et de Morale 66:2, pp.
149-178, 2010.

RAHMAN, S. / PRIMIERO, G. /MARION, M. (2012). The Realism-
Antirealism Debate in the Age of Alternative Logics, Dor-
drecht: Springer, 2012.

RAHMAN, S. / REDMOND, J. (2008). Hugh MacColl et la Naissance
du Pluralisme Logique. London: Collegue Publication,
2008.

RAHMAN, S. / RUCKERT, H. (eds.) (2001). New Perspectives in
Dialogical Logic. Synthese 127, 2001.

RAHMAN, S./ RUCKERT, H. (2001). “ Dialogical Connexive Lo-
gic”. Synthese 105-139, 2001

RAHMAN, S. / RUCKERT, H. (2011). “Eine neue dialogische Se-
mantik fur lineare Logik”. In Riickert (2011), London:
College Publications, 2011

RAHMAN, S. / TULENHEIMO, T. (2009). “From Games to Dia-
logues and Back: Towards a General Frame for Valid-
ity”. In Majer, O. and alii (eds.), Games: Unifying Logic,
Language and Philosophy, Dordrecht: Springer, pp. 153-
208, 2009.

RANTA, A. (1988). “Propositions as games as types”. Synthese
76, pp. 377-395,1988.

RANTA, A. (1994). Type-Theoretical Grammar, Clarendon Press,
1994.

READ, S. (2008). “Harmony and modality”. In Dégremont, C.
and alii (eds.), Dialogues, Logics and Other Strange Things:



75 / Nunya

Essays in Honour of Shahid Rahman, London: College Publi-
cations, pp. 285-303, 2008.

REDMOND, J. (2010). Logique dynamique de la fiction. Pour une ap-
proche dialogique, London: College Publications, 2010.

REDMOND, J. / FONTAINE, M. (2011). How to Play Dialogues. An
Introduction to Dialogical Logic, London: College Publica-
tions, 2011.

RUCKERT, H. (2001). “Why Dialogical Logic?” In Wansing, H.
(ed.), Essays on Non-Classical Logic, Singapore: World Sci-
entific, pp. 165-185, 2001.

RUCKERT, H. (2011a). Dialogues as a dynamic framework for logic,
London: College Publications, 2011

RUCKERT, H. (2011b). “The Conception of Validity in Dialog-
ical Logic™. Talk at the workshop Proofs and Dialogues,
Ttibingen, 2011.

SIEGWART, G. (1993). “ 'Die fundamentale Methode der Ab-
straktion'. Replik auf Dirk Hartmann und Christian
Thiel”. Zeitschrift fir Philosophische Forschung 47:4, pp. 606-
614, 1993.

SCHEPERS, H. (1975). “Leibniz’ Disputationen De Conditioni-
bus : Ansdtze zu einer juristischen Aussagenlogik. Studia Leib-
niziana, Supplementa 15, pp. 1-17, 1975.

STEINER, D. / Studer ; Th. (2007). “Total Public Announce-
ments”. Typoscript, 2007.

SUNDHOLM, G. (1983a). “Constructions, proofs and the mean-
ing of the logical constants”. Journal of Philosophical Logic
12:2, pp. 151-72, 1983.

SUNDHOLM, G. (1983b). “Systems of deduction”. In Gabbay,
D. and Guenthner, F. (eds.), Handbook of Philosophical
Logic Volume 1, Dordrecht: Reidel, pp. 133-188,1983.

SUNDHOLM, G. (1986). “Proof-Theory and Meaning”. In Gab-
bay, D. and Guenthner, F. (eds), Handbook of Philosophical
Logic Volume 3, Dordrecht: Reidel, pp. 471-506, 1986.

SUNDHOLM, G. (1997). “Implicit epistemic aspects of con-
structive logic”. Journal of Logic, Language, and Information
6:2, pp. 191-212, 1997.



S. Rahman ¢ B. Dango, Conditionals and Legal Reasoning... / 76

SUNDHOLM, G. (1998). “Inference versus Consequence”. In
Childers, T. (ed.), The Logica Yearbook 1997, Prague:
Filosofia, pp. 26-36, 1998.

SUNDHOLM, G. (2001). “A Plea for Logical Atavism”. In Majer,
O. (ed.), The Logica Yearbook 2000, Prague: Filosofia, pp.
151-162, 2001.

SUNDHOLM, G. (2009). “A Century of Judgment and Infer-
ence: 1837-1936”. In Haaparanta, L. (ed.), The Development
of Modern Logic, Oxford: Oxford University Press, pp.
263-317, 2009.

SUNDHOLM, G. (2013). “Containment and Variation; Two
Strands in the Development of Analyticity from Aristo-
tle to Martin-Lof”. In van der Schaar, M. (ed.), Judgement
and the Epistemic Foundation of Logic, Dordrecht: Springer,
pp. 23-35, 2013,

THIERCELIN, A. (2008). “On two argumentative uses of the
notion of uncertainty in Law in Leibniz’s juridical dis-
sertations about conditions”. In M. Dascal, (ed.), Leib-
niz: What kind of rationalist > Dordrecht : LEUS-Springer,
pp. 251-266, 2008.

THIERCELIN, A. (2009). La Theorie Juridique Leibnizienne des Con-
ditions. Ce que la logique fait au droit (ce que le droit fait a la lo-
gique). PHD-Universite-Charles de Gaulle : Lille, 2009..

THIERCELIN, A. (2010). “Epistemic and Practical Aspects of
Conditionals in Leibniz’s Legal Theory of Conditions™.
InD. Gabbay, P. Canivez, S. Rahman, A. Thiercelin
(eds.), Approaches to Legal Rationality Dordrecht : LEUS-
Springer, pp. 203-216, 2010.

TULENHEIMO, T. (2011). “On Some Logic Games in Their Phil-
osophical Context”. In Lecomte, A. and Troncon, S.
(eds.), Ludics, Dialogues and Interaction. PRELUDE Project
2006-2009. Revised Selected Papers, Berlin/Heidelberg:
Springer, pp. 88-113, 2011.

VAN DITMARSCH, H. / van der Hoek, D. / Kooi, B. (2007). Dy-
namic-Epistemic Logic. Berlin: Springer, 2007.



77 | Nunya

]

VARGAS, E. (2008). “Contingent Propositions and Leibniz
Analysis of Juridical Dispositions” In M. Dascal (ed.),
Leibniz: What kind of rationalist? Dordrecht: LEUS-
Springer, pp. 266-278, 2008.

WANSING, H. (2005). “Connexive Modal Logic”. In: R.
Schmidt et al. (eds.), Advances in Modal Logic. Volume 5,
London: King's College Publications, pp. 367-383, 2005.

WANSING, H. (2006). “Connexive Logic”. Online entry in the
Stanford Encyclopaedia of Philosophy: http://plato.stan-
ford.edu/entries/logic-connexive/, 2006.

Woobps, J. (2003). Paradox and Paraconsistency. Conflict Resolu-
tion in the Abstract Sciences. Cambridge: Cambridge Uni-
versity Press, 2003.



http://plato.stanford.edu/entries/logic-connexive/
http://plato.stanford.edu/entries/logic-connexive/

	Couv_Nunya_2017
	Administration Nunya
	Sommaire
	SHAHID & DANGO
	SHAHID DANGO_Appendix Literature

