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Rational land and housing bubbles
in infinite-horizon economies*

Stefano BOSI! Cuong LE VAN? Ngoc-Sang PHAM?
February 13, 2016

Abstract

This paper considers rational land and housing bubbles in an infinite-horizon general
equilibrium model. Their demands rest on two different grounds: the land is an input
to produce while the house may be consumed.

Our work differs from the existing literature in two respects. First, dividends on
both these long-lived assets are endogenous and their sequences are computed. Second,
we introduce and study different concepts of bubbles, including individual and strong
bubbles.

Keywords: infinite horizon, general equilibrium, land bubble, housing bubble.
JEL classification: C62, D51, D9, G13.

1 Introduction

The existence of rational bubbles in general equilibrium model is a challenging issue since the
early Eighties. Thinking bubbles in (dynamic) general equilibrium becomes indispensable to
understand the real effects of financial crises. A general equilibrium approach captures the
interplay between (financial and real) markets. If the issue of rational bubbles was initially
raised in the OLG models, today it is mostly addressed in infinite-horizon intertemporal
models.

Our paper is part of this recent literature and focuses on rational bubbles of specific
long-lived assets, land and houses.

The conventional definition of asset bubble is the positive difference between equilibrium
price and fundamental value. In general equilibrium models, price and fundamental value
are endogenous, and the bubble as well. The equilibrium price is observed and determined
by market clearing conditions, while the fundamental value depends on the definition of
discounting and returns. Different definitions of fundamental value exist in literature.

The novelty of our paper is twofold.

(1) Land and houses are emblematic assets representing two alternative fundamental
pricing mechanisms (land is used to produce good, and house is consumed and gives utility).

*The authors are very grateful to an anonymous referee useful remarks, comments, suggestions. They
have helped us to substantially improve our previous version.
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The proofs of equilibrium existence are routine. Nevertheless, while most of the infinite-
horizon models introduce exogenous sequence of dividends (for mathematical tractability),
we compute instead endogenous dividends.

(2) We provide three different notions of bubble: the conventional one, of course, but
also new definitions (individual and strong). We compare them to shed light on the financial
underworld (assets) and its consequences on the real world (goods).

We focus first on a long-lived productive asset. Agents buy land today to produce a
consumption good and resell it tomorrow. Any agent is consumer and producer at the same
time and technology is supposed to be landowner-specific. One unit of land produces a no
longer exogenous amount of consumption good. Our contribution rests on the concept of
dividend of land denoted by d; and endogenously determined by the following asset-pricing

equation:
q qi+1
== Vi1 <i + dt+1)
yg; Pi+1

where p; and ¢; are the prices of consumption good and land at date ¢ and ~v;,; is the
endogenous discount factor of the economy from date ¢ to date ¢t + 1.

We show that the land dividend lies between the lowest and the highest marginal pro-
ductivities. The fundamental value of land at date 0 denoted by F'V; is defined as a sum of
discounted values of land dividends: F'V, := Zfi 1 Qidy where @y := 71 - - -4 is the discount
factor of the economy from the initial date to date ¢t. We will show that the price of land
consists of two parts. First, the reselling price of one unit of land. Second, the fundamental
value, that is what one unit of land delivers in terms of dividend. A land bubble is said to
exist when the equilibrium price of land (in consumption good units) exceeds its fundamental
value: qo/po > FVj.

A particular case of our productive asset is when every agents share the same and linear
technology. In this case, one unit purchased at each date delivers an exogenous amount of
consumption good (a real dividend) at the next date. This asset is studied by Tirole (1982),
Kocherlakota (1992) and Santos and Woodford (1997). The definition of fundamental value
of the asset with exogenous dividends is just the sum (over time) of discounted values of
dividends. When dividends are nil, the fundamental value of the asset is zero; this zero-
dividend asset is studied by Tirole (1985) in OLG frameworks and by Aoki et al. (2014),
Hirano and Yanagawa (2013) in infinite-horizon models.

Revisiting the notion of discounting, we introduce a new concept of bubble based on
individual preferences. Formally, an i - bubble rests on the individual asset-pricing equation:

q q
2= Vi1 (—tH + di,t+1>
Dt De+1

where ;41 is the endogenous discount factor of agent ¢ from date ¢ to date t + 1, and d; ;41
is her individual dividend at date ¢ + 1. In this case, the individual fundamental value of
land expected by agent i is FV; := Zfil Qidiy where Qi := 7,1+ 7vit. As above, an 4
- bubble exists if go/py > FV;. We also say that strong bubble exists if qo/py > max; F'V;
meaning that the land price is strictly higher than every individual fundamental value.
From these definitions, number of results come. First, there exists an agent ¢ such that
her expected fundamental value of land equals its equilibrium price: FV; = qo/po, that is,
the 7 - bubble is ruled out. Indeed, when an agent expects a fundamental value of land less
than its price, she does not buy land in the long run. At equilibrium, this is not the case for
any agent, otherwise the land market clearing condition fails. Most importantly, this result
implies the impossibility of strong bubbles, i.e. gy/py = max; F'V;. Second, the ratio Q;/Q;.
is uniformly bounded from above for any ¢, then, there is no room for land bubbles. In
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particular, if the agents’ discount factors are identical, bubbles are ruled out; by the way, we
recover Le Van and Pham (2014). Third, the agents’ expected fundamental values are not less
than the fundamental value of land. Moreover, when any individual value of land coincides
with its fundamental value, both bubbles and i - bubbles are ruled out. To illustrate this
theory and the occurrence of land bubbles, we give an example where endowments fluctuate
and agents’ TFPs converge to zero. Indeed, agents concerned by a drop in endowments
tomorrow buy land today at a higher price in order to smooth their consumption over time.
This price is independent on their technologies. We show that when the agent’s TFP goes
to zero, the fundamental value of land tends to zero as well. By consequence, land bubbles
arise.

While land assets and bubbles are valued on the production side, other assets and bubbles
may be valued on the consumption side. In the second part of the article, we focus on a
leading example: the housing bubbles. Houses are goods that yield utility. An agent buys a
house today to enjoy its services, and may resell it tomorrow. Thus, differently from land,
the house enters the utility function of its owner. Its marginal utility represents a sort of
housing dividend. Most of the results for land bubbles still hold for housing bubbles. A
constructive example complements the theory: as above, fluctuations in agents’ endowments
jointly with a housing preference rate which tends to zero, promote a bubbly equilibrium.

Our paper contribute to the existing literature on asset price bubble, in particular on
bubbles of assets delivering endogenous dividends.! Among others, two approaches deserve
mention.

(1) Miao and Wang (2012, 2015) consider bubbles of firm values with endogenous divi-
dends. They divide in two parts the value V(K) of a firm endowed with K units of initial
capital: V(K) = QK + B, where ) represents an endogenous Tobin’s ) (marginal). They
interpret QK and B as fundamental value (of the firm) and bubble, respectively.

(2) Becker et al. (2015) introduce instead the concept of physical capital bubble. In this
case, the fundamental value of physical capital is the sum of discounted values of capital
returns (after depreciation) and physical capital bubbles occurs when the equilibrium price
of physical capital exceeds this fundamental value. In our model, land behaves as physical
capital and is used to produce a consumption good. However, in Becker et al. (2015), the
good is produced by a representative firm, while, in our model, any agent can be viewed as
a producer and, therefore, there are as many producers as agents.

Bosi et al (2015a) introduce concepts of bubbles in aggregate and capital goods. They
then show how these two kinds of goods generate different bubbles: a bubble in aggregate
good may exist even if (1) the present value of output is finite, (2) all consumers are identical,
(3) borrowing constraints of consumers are never binding. By contrast, bubbles in capital
good? are ruled out if one of three conditions is violated.

The rest of the paper is organized as follows. Section 2 introduces the model and provides
some preliminary equilibrium properties. Sections 3 and 4 study land and housing bubbles
respectively. Section 5 presents an alternative unified model. Section 6 concludes. All the
formal proofs are gathered in Appendices 7 and 8.

!The reader is referred to Miao (2014) for an introduction to bubbles in infinite-horizon models. Brun-
nermeier and Oehmke (2012) is a good survey on bubbles in OLG models with asymmetric information or
heterogeneous belief.

2A particular case of bubbles in capital good is that of bubbles in asset with exogenous dividends as in
Kocherlakota (1992), Santos and Woodford (1997), Huang and Werner (2000) and Le Van and Pham (2014).
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2 Fundamentals and equilibrium existence

We consider a discrete-time general equilibrium model without uncertainty. The economy
starts at time ¢ = 0 and goes on forever. There are two markets, one for consumption
good and the other for land. A set I of m infinite-lived heterogeneous agents own the land,
produce, exchange and consume.

Consumption good. At any date ¢, the 7th agent is endowed with e;; of consumption
good. Facing a price p;, she decides to consume c;; units of this good.

Land. The aggregate endowment of land is constant over time and equal to L. At
the date ¢, the ith agent buys [; ;11 units of land at a price ¢ in order to produce F;;(l;+41)
units of consumption good. Technology is non-stationary and F;; is a time-dependent agent-
specific production function. When the production is over, the same agent may resell this
amount of land at a price ¢;11. Land allows agents to transfer their wealth over time.

At date 0, taking the sequence of prices (p,q) = (pi, q1)2, as given, the infinite-lived
agent chooses the sequence of consumption and land (¢;, l;) := (¢it, lit+1)52, to maximize her
intertemporal utility. The program writes:

Pi(p,q) : maXZﬁchm (1)

subject to 1 ;141 Z 0
PeCit + @livir < preiv + qliv + peFie(liy)

for any ¢ > 0. The initial endowment of land /;y > 0 is given.
There are no financial markets. This assumption prevents agents from borrowing.

Definition 1. A sequence of prices and quantities (pt, G, (Cit, l_ivt+1)z11):io 18 an equilibrium
of the economy without financial market if the following conditions are satisfied.

(i) Price positivity: p;,q > 0 for any t > 0.

(ii) Market clearing conditions:

Z@' Z €zt+th (lix)| and let—
i=1

=1

for any t.
(iii) Agents’ optimality: (Ciy,lisi1)32, s a solution of the problem Pi(p,q) for any i.

In the sequel, we denote for simplicity the equilibrium sequence by (p, ¢, (¢;, ;)™ ;). The
economy, denoted by &, is identified by a list of fundamentals: € := (F}, u;, B;, i, lio)-

As seen above, unavailability of financial assets prevents agents from borrowing. Other
authors allow agents to borrow: Bosi et al. (2015b) is an example of economy with land
bubbles where imperfect financial markets take place.

If Fi(z) = & for every i, where (&) is an exogenous sequence of returns, land becomes
an asset as in Kocherlakota (1992), Santos and Woodford (1997) and Huang and Werner
(2000), or looks like a Lucas’ tree. If F; = 0 for every i, land becomes a pure bubble as in
Tirole (1985). In this case, the fundamental value is zero.

The existence of a competitive equilibrium is ensured by some mild assumptions on
technology and preferences, namely the positivity of endowments, the concavity of production
and utility functions, and the boundedness of intertemporal utility in the set of feasible
consumption sequences.

4
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Assumption 1. For any ¢ and t, the function F;, is concave and continuously differentiable
with F;4(0) =0 and F}, > 0.

Assumption 2. [;o > 0 for any i and e;; > 0 for any i and t.

Assumption 3. For any i, the function u; is continuously differentiable and concave with
uw,(0) = 0o and uj (z) > 0 if > 0.

(2

Assumption 4. Y 7 flu;(W;) < oo for any i, where Wy = Y"1 [e;r + F;+(L)] is the
mazimum amount of consumption available at time t.

A standard proof of equilibrium existence is given in Appendix 8.

Proposition 1. Under Assumptions 1 to 4, there exists an equilibrium for the economy .

3 Land bubbles

The definition of bubble rests on the notion of fundamental value which depends on discount-
ing in turn. The first-order conditions of programs P;(p, ¢) allow us to define the equilibrium
discount factors as follows.

Let (p, q, (¢, li)z’il> be an equilibrium for the economy €. Denote by A;; and p; 11 the
1th agent’s multipliers with respect to the budget constraint and the borrowing constraint
lit+1 > 0, respectively. The first-order conditions write:

tui(cie) = N (2)
NitQe = N1 [Qt+1 +pt+1Fi/,t+1(li,t+1)] + Wit

jointly with the slackness condition p; 4410;¢4+1 = 0.
Asset pricing rests on no-arbitrage conditions:

q Biui(ci, q i,
qt — ( t+1> t4+1 +F1Z‘I,t+1<li,t+1)+)\’u$ (3)

!
bt u;(ciy) Pri1 it-1Pt+1

We introduce the discount factors for individuals and economy.

ﬁﬂt;(ci,tﬂ)

; = ———" and = —_—
Yit4-1 U;(Cit) and Yiy1 ni1ax /(

are, respectively, the individual discount factor and the discount factor of the economy from
date t to date t + 1. We then define the individual discount factor and the discount factor
of the economy from date 0 to date t¢:

Qi,t =i Yt and Q; ==y ... %

with Q@Q = o = 1.
We now define the lowest and the highest productivities:

d, := min F},(I;;) and d; := max F,(I;;)

el i€l

>
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3.1 Fundamental value of land and land bubbles
Asset pricing and productivity bounds are closely related through condition (3).
Lemma 1. The relative price of land is bounded as follows:
Ve+1 (@ + Clt+1) < & < Vi1 (ﬁ + Jt+1> (4)
Pi+1 bt Pr+1

The introduction of land dividends allows us to define the land bubbles.

Definition 2 (dividends of land). A land dividend dy., at date t+1 satisfies a no-arbitrage

equation:

q q

== Ve+1 (t—H + dt+1) (5)
2 p

The value of a unit of land today in terms of consumption good equals the discounted
value of the reselling relative price tomorrow and the amount of consumption good delivered
by the unit. Because of condition (5), dividends become endogenous. The role of land is
captured by the sequence of dividends at the end and equation (5) can be viewed either as
an asset-pricing or a non-arbitrage condition.

Inequalities (4) entail that any land dividend is bounded by the lowest and the highest
marginal productivities: d; € [c_lt,cm.

Since Qry1 = V11Qs, (5) writes

Solving forward, we find an intertemporal asset-pricing equation

T
qo qr
L2 =N"0Qud, + Qr— 6
Do tz:; o TPT ©)
which holds for any 7" > 1. This fundamental equation allows us to introduce the notion of
land bubble.

Definition 3 (land bubble). The fundamental value of land is given by FVy := >~ Qid;.
A land bubble exists if the relative price of land (in terms of consumption good) strictly
exceeds the fundamental value: qo/po > FVj.

Here the price of land ¢o/po is decomposed into two parts: the fundamental value F'Vj
and the bubble term tlim (Q:q:/pt) which can be viewed as the reselling price of one unit of
— 00

land at the infinity.

3.1.1 General results

In the spirit of Montrucchio (2004), Le Van and Pham (2014), we provide a simple charac-
terization of bubble existence.

Proposition 2. The following statements are equivalent.
(i) Land bubbles exist.

(1) tlggo (Qrgt/pr) > 0.

6
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(m) Zfil (ptdt/qt) < 0.

Note that this result only requires the asset pricing equation (2). Proposition 2 holds for
any form of production functions, including non-stationary technologies.

Let us consider a particular case where technologies are stationary (F;; = F; for every
i and t). In this case, we have d, > mmF (lie) > miin F!(L) > 0 for every t and, by

consequence, condition (iii) in Proposmon 2 simplifies.
Corollary 1. If technologies are stationary and a land bubble exists, then Y .| (pr/q) < 0.

In other terms, the existence of land bubbles implies that the relative price of land ¢;/p;
tends to infinity. However, this property only holds under stationary technologies. We will
readdress this issue in Section 3.2 through an explicit example.

The transversality condition simplifies under our definition of individual discounting.

Lemma 2 (transversality condition). limy o (Q;+lit+1q:/pr) = 0 for any i.
The structure of discount factors plays also a role in the existence of bubbles.

Proposition 3. If, for any i, the ratio Q;/Q;. is uniformly bounded from above, then there
15 no bubble.

By consequence, a land bubble may arise only if the endogenous discount factors @,
are different at infinitely many dates. In more standard models of rational bubbles with
exogenous dividends such as Kocherlakota (1992), Huang and Werner (2000), Le Van and
Pham (2014), the heterogeneity of endogenous discount factors vanishes if agents’ borrowing
constraints are no longer binding.

In our paper, the properties of production functions F;, plays also an important role in
the heterogeneity of discount factors. Let agents share the same linear technology, that is
Fi(X) = &X for any ¢ and t (Lucas’ tree). In this case, If [;; > 0 for any ¢ and ¢, the
discount factors turn out to be the same and bubbles are ruled out.

Remark 1. In general, the discount factors may differ even if l;; > 0 for any i and t.
Indeed, consider the case where every agent has the same production function but non-linear:
Fi(z) = Az with o € (0,1). At equilibrium, we have l;; > 0 for any i and t, but the
marginal productivities AL}, U and Aly Y may be different. This is because of the absence of
financial markets (no agent can borrow)

3.1.2 New concepts of bubbles

The first-order conditions imply

q qt+1
= = Yit+1 < aEIN d; t+1> (7)
Dt Pt

where di1 = Fj; 1 (ligs1) + prigs1/ (Nigr1pes1) can be interpreted as an individual land

dividend for agent i at date ¢ 4 1. Since the individual discount factor «; ;1 is less than the
factor of the economy 7,41, the individual dividend d; ;1 expected by agent ¢ is greater than
the dividend d;y; of the economy. Moreover, min; d; ;11 = di4;.

If we write ;441 = 1/(147;441) where 75,11 is the expected interest rate by the ith agent
at the date ¢ + 1, then the asset-pricing equation (7) becomes

qt qi+1
—(14ri) = Elass
Dt Pt+1

+di11
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In other words, the relative price of land at date t and its interests equals the sum of the
same price at date £ + 1 and individual land dividends.

The asset-pricing equation (7) shows how the ith agent evaluates the price of land. This
agent buys land today and resells it tomorrow at the price ¢4, after earning d,;;; units
of consumption good as dividend. She compares the current price with the future gains
discounted at the rate v; ;41.

Solving recursively (7), we can separate the land price in two parts.

T
4o ar
= =" Qidiy+ Qir— (8)
bo = o pPr

(8) leads us to define new concepts of bubbles.

Definition 4 (i - bubble). The individual value of land with respect to agent i is FV; :=
Yooy Qirdiy. We say that an i - bubble exists if qo/po > FV;.

Our concept of ¢ - bubble is closely related to that of bubbles of durable goods and
collateralized assets considered by Araujo et al. (2011). In their terminology, factors @, are
called deflators and multipliers y;, are called non-pecuniary returns.

We apply the same arguments of Proposition 2.

Proposition 4. The following statements are equivalent.

(1) i - bubbles exist.
(i) tlggo (Qi,tQt/pt) > 0.

(1i1) 32721 (Pedi/ i) < oo.
By combining point (ii) of Proposition 4 and Lemma 2 we have the following result.
Lemma 3. If an ¢ - bubble exists, then lim; o l;; = 0.

In other words, when an agent expects a fundamental value of land strictly less than
its price, she does not buy land in the long run. At equilibrium the land market clears
> lis = L. As a consequence, Lemma 3 implies that there exists an agent ¢ such that the
individual value of land expected by this agent is equal to the equilibrium price of land.

Proposition 5. There exists an agent i such that an i - bubble is ruled out.
Now, let us bridge the two concepts of bubble and ¢ - bubble.

Proposition 6. 1. If an i - land bubble exists for some agent i, then land bubbles exist
as well.

2. FVy < FV; for any i. Moreover, if FVy = FV; for any i, then FVy = FV; = qo/po for
any i: there are neither bubbles nor i - bubbles.

Note that the converse of point 1 is not true.® Point 2 of Proposition 6 is highly intuitive.
Since any agent expects an interest rate which is higher than that of economy, the individual
value of land expected by any agent will be higher than the fundamental value of land.
Interestingly, when any individual value of land coincides with that of economy, both bubble
and individual bubbles are ruled out. However when any individual value of land is identical
but different from the fundamental value of land, we do not know whether land bubbles are
ruled out.*

3See the example in Section 3.2.
4See Remark 4.
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Remark 2. Let By := qo/po — FVy and B; := qo/po — F'V; denote the bubble and i - bubble
respectively. We observe that B; < By for every i.

Another concept of bubble, more restrictive, rests also on the notions of individual fun-
damental values.

Definition 5 (strong bubble). We say that a strong bubble exists if the asset price exceeds
any individual value of land, that is qo/po > max;e; F'V;

The following result is a direct consequence of Proposition 4.

Proposition 7. The following statements are equivalent.
(i) A strong bubble exists.
(i1) miney tlgglo (Qiqt/pr) > 0.

(iii) max;er Y ooy (Pedis/qr) < .

The existence of a strong land bubble entails the existence of an ¢ - bubble for any .
Nevertheless, Proposition 5 prevents from this possibility and implies a new straightforward
result.

Proposition 8. Strong land bubbles never occur in our model because qo/py = max;er F'V;.

Remark 3. Strong bubbles are ruled out in our framework because of the transversality
conditions: imy_, (Qitli1+1q:/pe) = 0 for any i. However, in more general frameworks (for
example, when uncertainty takes place as in Araujo et al. (2011) or Araujo et al. (2011)),
the alternative transversality conditions are quite different and it is not trivial to prove them.

Our concept of strong bubble is related to the notion of speculative bubble in Werner
(2014). He considers an asset bringing exogenous dividends in a model with ambiguity and
defines a fundamental value based on agent’s beliefs as the sum of discounted expected future
dividends weighted by these beliefs. Then, he says that a speculative bubble exists if the asset
price strictly exceeds any agent’s fundamental value.

The readers may wonder why there is room for speculative bubbles a la Werner (2014)
but not for strong bubbles in infinite-horizon models. It is hard to compare these two results
within different frameworks (with and without ambiguity). The linearity of utility functions
also matters. We impose Inada condition for utility functions to ensure a strictly positive
individual consumption at equilibrium while Werner (2014) works with linear preferences.
With linear utility functions, a simple non-negativity constraint on consumption c;; > 0 may
be binding. In this case, condition (2) no longer holds and the ratio pri1Xii1/ (PeAie) may
become higher than the marginal rate of substitution B; = Biul(c;11)/ui(cit). By conse-
quence, the asset price qo/po may exceed Y, Bld;;, the fundamental value with respect to
the ith agent and strong bubbles may exist at the end.

From a theoretical point of view, the existence of bubbles depends on how we define the
fundamental value of an asset, a somewhat ambiguous concept.

3.2 Example of land bubbles

We consider non-stationary production functions and we provide a constructive example of
bubbly equilibrium. For simplicity, we normalize the price of consumption good to one:
p; = 1 for any t. Focus on an oversimplified economy with two agents A and B and linear

9
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technologies: Fu(L) = AL and Fp,(L) = B;L. Preferences are rationalized by a common
logarithmic utility function: wa(x) = ug(z) := In(z). Finally, agents’ endowments are
supposed to be zero any two periods: es2: = ep a1 = 0 for any ¢, and the supply of land
inelastic: L = 1.

We need the following conditions to verify the first-order conditions and to identify the
discount factors of the economy (7).

b (a4 22 (U 4 21020 ) < g o tan ©)
b (Bu+ 222 ) (4 2021 ) o caz (10
Ba (A2t + flf—%f;) <B2t+1 + @f%,;&;) B 1€f ZB % (11)
b (a4 2222 ) (4 20201 ) < o ta (12

We will check in Appendix that the sequence of allocations

(capt, B2t (qot + Aot B2t — Go1)

)
(caott1;CBatt1) = (€a2e41 — Gats1s Qur1 + Bory)

(ZA,2t7 lB,Qt)

)

(
= (1,0)
(0,1)

(ZA,2t+17 IB2t4+1

and land prices

Qor = €B .2t and Got+1 = €A 2t+1 (13)

B A
1+ 8B 1+ fBa

form a general equilibrium (py, gz, (Cig, liii1)se; ) p
The sequence of discount factors is computed:

Bauy (CA,2t) Bpu'y (CB,2t+1)
u'y(cagi—1) us(cBat)

It allows us to compute in turn the sequence of dividends:

d2t = A2t7 d2t+1 B2t+1 (14)

Yot = and vy 41 =

and to write eventually an explicit characterization of bubble existence. Indeed, according
to Proposition 2, land bubbles exist if and only if

Z dt Z A2t Z BQH—l < 00

—o 4t —o B2t o CA2t+1

In other words, the existence of bubbles requires ”low” dividends.

The intuition is straightforward. In the odd periods (2¢+1), agent B has no endowments.
She wants to smooth consumption over time according to her logarithm utility (which satisfies
the Inada conditions), but she can not transfer her wealth from future to this date because
of the borrowing constraint. As a consequence, she accepts to buy land at date 2t at a higher
price: ¢ > epafp/ (1 + Bp), independent on agents’ productivity. A lower productivity
implies lower dividends and a lower fundamental value of land. As long as dividends tend
to zero, the land price remains higher than this fundamental value.

Let us revisit the characterization of bubble existence under stationary technologies.

5These conditions are satisfied if, for instance, 84 = Bp = B, Aa, Bay < epa(l — )/ (14 3) and
Asii1, Bory1 < eaori1(1— B)/ (14 B) for any t.
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Corollary 2. Assume that Ay = A >0 and By = B > 0 for any t. Then, land bubbles exist

if and only if
()
Z + < 00

e e
P B2t A2t41

In this example, land bubbles exist if and only if > 7°, 1/¢ < co. This elegant charac-
terization also illustrates Corollary 1.

Corollary 3. Assume that eaoi41 = epor =€ > 0 for any t. Then, land bubbles exist if and
only if

Z(A% + Byi41) < 00

t=0

This result is consistent with the example in Bosi et al (2015a) where bubbles in capital
good arise if the sum of capital good returns is finite.

Remark 4 (bubble vs i - bubble). Since limy_, [Biul(cit)q] = 0 fori = A, B, there are
no 1 - bubbles. However, a land bubble may occur. In this case, any individual value of land
is identical and equals to the equilibrium price but may be strictly higher that the fundamental
value of land.

Land bubbles and prices

Corollary 1 points out a necessary condition for land bubbles under stationary technologies:
land prices must diverge to infinity. In our example, technologies are non-stationary and
the land prices are given by (13). Thus, a land bubble may exist with asset prices either
increasing or decreasing or fluctuating over time. In this respect, we recover and generalize
Weil (1990), an example of bubble with decreasing asset prices. Indeed, his model is a
particular case with A; = B; = 0 for any ¢t > T (land will give no fruits from some date on).

Pure bubbles

If A, = B; = 0 for any t, the fundamental value of land is zero. In this case, a sequence of
positive prices (¢; > 0 for any t) is called a pure (land) bubble. It is easy to see that our
example admits an equilibrium with pure bubbles.

Remark 5. In this example, although agents have linear production functions, these func-
tions are different.

There is a case where the productivity of agent A is higher than that of agent B, i.e.,
Aoy > Boyyt, but agent A does not produce at date 2t + 1. For two reasons: (1) agents
are prevented from borrowing, (2) agents’ endowments change over time. Although A has
a higher productivity at date 2t + 1, she has also a higher endowment at this date, but no
endowment at date 2t. So, she may not need to buy land at date 2t to produce and transfer
wealth from date 2t to date 2t + 1. Instead, she sells land at date 2t to buy and consume
consumption good at date 2t. Therefore, agent A may not produce at date 2t + 1 even if
Agip1 > Borya.

3.3 Example of individual land bubbles

Fundamentals of the economy. Consider the example in Section 3.2. For the sake of
simplicity, we assume that S, = g =: .
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We add the third agent: agent D. The utility, the rate of time preference, and the
technologies of agent D are

up(c) =lIn(c), PBp=p, FpuL)= DL
The endowments (ep;): and productivities (D;) of agents D are defined by

Bep.t o qt —
= = VYi+1
eptr1  GQey1 + Diya

where () is determined as in Section 3.2. We see that such sequences (ep,); and (D) exist.
Indeed, for example, we choose D; = d; where d; is determined as in (14). Then, we choose
(ep,t)e such that Bep; = yi11€p,e41-
Equilibrium: Prices and allocations of agents A and B are as in Section 3.2. The allocations
of agent D are cp; = ep; and lp; = 0 for any ¢. By using the same argument in Section
3.2, it is easy to verify that this system of prices and allocations constitutes an equilibrium.
We observe that agent D does not trade and vp; = fBepi-1/eps = 7 for any t. By
consequence, limy_,oo Qpq: = limy_,oc Q¢q > 0. There is a D - bubble, i.e. the equilibrium
price of land is strictly higher than the individual value of land with respect to agent D.

Remark 6. In the spirit of this example, we may provide other examples of bubbles with
other production functions, for example F;i(x) = a;In(1 + x) where a;; > 0.

4 Housing bubbles

Houses are different kind of assets. While land is a production factor, houses are consumption
goods. While the former is valued through the production function, the latter are priced
through a consumption demand. To formalize and understand asset pricing and bubbles in
the case of a housing market, we consider a simple two-good economy with consumption and
housing whose prices are p, and ¢ at date t respectively. Household ¢ is endowed with h;
houses at the initial date and e; ; units of consumption good at any date t. For simplicity, we
consider a separable utility function: u;(c;;)+wv;(h;;) where u; is the consumption utility and
v;+ the housing utility function which is assumed to be concave. Without loss of generality,
the consumption utility is supposed to be stationary.

Houses are traded every period as follows. The agent ¢ buys h;; units of house at date
t — 1. At date ¢, she enjoys the house services, that is a utility v;+(h;+), and resells her house
at price ¢;. Under the assumption of non-stationary housing utility, we obtain more general
results on asset pricing and characterization of bubble.

Taking the sequence of prices (p,q) = (pt, )2, as given, each household i chooses the
sequence of goods (¢;, h;) == (¢it, hit);2, and solves a program to maximize her intertemporal
utility function:

Ri(p,q): max Y Bl [ui(cis) + vie(hiy)]
=0
subject to: ;41 >0
PiCit + @i < preiy 4 qihiy

for any t.

Definition 6. A list of prices and quantities (ﬁt,(jt, (Cits huﬂ);’;l) is an equilibrium of
t=0

the economy without financial markets under the following conditions.
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(i) Price positivity: py,q > 0 for any t > 0.
(ii) Market clearing conditions: > i ¢y = > o €y and > o hiy = H for any t > 0.
(iii) Agents’ optimality: for any i, (Cis, hiti1) s a solution of program Ri(p, q).

In the sequel, we denote for simplicity the equilibrium sequence by (p, q, (¢;, h;)™,). It is
easy to prove the existence of reduced multipliers v; 441 > 0 such that the slackness condition
Vit+1hir41 = 0 and the asset-pricing (no-arbitrage) condition

qt 51 (Czt+l) qi+1 Ué,t<hi,t+1>
Pt ui(ciy) Pi+1 Ui (Cipg1)

+ Vi1

hold.

As above, we introduce the transition discount factors (individual and maximal) from
time ¢ to time ¢ + 1:

Biu ( Cior1) Biui(Cipy1)
g = 2R g = max — - ————
Vit+1 (er) T+ el ul(ciy)
and the corresponding compound discount factors: Q;; := i1+ v and Q; == Y1+,

with QLQ = QO = 1.
As above, the transversality condition involves quantities and prices.

Lemma 4. lim; (Qi,thi,tHQt/Pt) =0 for any i.

Similarly to Lemma 1, the lowest and the highest marginal rates of substitution between
consumption and housing drive the asset pricing:

q q q
Y+l ( AN dt+1) < ;t < Vi1 ( s dt+1)

Di+1 t Di+1
where , /
. : Ui,t+1(hi,t+1) T Uz’,t+1(hi,t+1)
d; = min ————— and d;4; := max ————
i€l u(Cippr) el w(Ciig)

We are naturally leaded to introduce the housing dividend d; and the individual housing
dividend d;; through the asset-pricing equation

De

Equivalently, we define the individual housing dividend d;; of agent ¢ as follows:

Ug,t+1 (hz',t+1)

d; =
Z,t+1 u;(cut—i—l)

Vit+1

4.1 Fundamental value of housing and housing bubbles

Land and housing are assets of different nature. Land dividends are determined by the
marginal productivities while housing dividends are determined by marginal utilities. By
the way, our model of housing is related to the money-in-utility-function model by Tirole
(1985). These models differ in two main respects: (1) we study infinite-lived agents instead
of overlapping generations and (2) Tirole’s utility function depends on money prices.

In the spirit of Section 3, we introduce new concepts of housing bubbles.
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Definition 7 (housing bubble). The fundamental value of a house is defined by FVy =
Yoo, Qedr. We say that housing bubbles exist if the market price of houses (in term of
consumption good) exceeds the fundamental value, that is qo/po > FVp.

Definition 8 (individual housing bubble). The individual value of a house with respect
to the agent i is defined by FV; =3 72, Q;1d;;.

We say that an i - housing bubble exists if qo/po > FV;.

We say that a strong housing bubble exists if qo/po > max; F'V;.

Results of Propositions 2, 3, 4, 5, 6, 7 and 8 also hold for housing bubbles.

4.2 Example of housing bubbles

A constructive example illustrates the emergence of housing bubbles. Consider an economy
with two agents A and B whose preferences are logarithmic with respect to consumption:
ua(x) = ug(x) := In(x); non-stationary and linear with respect to housing: va,(h) = Ah
and vp(h) = B;h. For simplicity, the supply of houses is inelastic: H = 1. Endowments
fluctuate: for any ¢, e4 9 = epo+1 = 0 and e 24+1, €2 > 0. We normalize the consumption
prices (p; = 1 for any t) and we construct an equilibrium sequence (pt, Gts (Cists Pit41) e ) .
The sequence of equilibrium allocations is given by

(CA,2t7 CB,2t q2t, €EB 2t — QQt)

,0)

)

(CA,2t+1a CB,2t+1)
(hasot, hp o) 1,0

) 0,1)

(
(€A,2t+1 — q2t+1, Q2t+1)
(
(

(ha2et1, hB o
with prices:

_ Be(1 4+ Bai1) . and ¢ _ Ba(l+ Ag)
1+ Bp(1+ Byyy) % T 4 Ba(1+ Ay

qat >€A,2t71

The first-order conditions rest on two restrictions: 1 > [GpBay + ﬁ%(l + Bgy1) and
1 > BaAs 1 + B4(1 + Ayy). Moreover, inequalities 1 > %4(1 + Ag)(1 + Boy_1) and 1 >
B%(1+ Ag)(1+ Byy1) imply the inequalities Y5 9141 > Yat41 and Ya2: > Y52 under which
the above sequence of allocations turns out to be an equilibrium sequence. It is easy to
compute the discount factors of the economy

Bpug(cpati1) and - Bau'y(caze)

Yot+1 = Yor =
" u'(cp ) " (cagi )

as well as the equilibrium dividends: dy; = Agica o and dor1 = Bayt1CBoit1-
The characterization of Proposition 2 applies: housing bubbles exist if and only if

Z % = Z(Azt + Bat1) < 00

t=0 t=0

S

Our example points out the possibility of housing bubble when individual endowments
fluctuate over time and the housing preference rates A; and B; converges to zero.
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5 A unified framework

So far, we see that both the models presented above share a common approach. We may
introduce an asset (with fixed supply G) which is not only used to produce but also gives
utility for agents. In this case, taking the sequence of prices (p, q) = (ps, )2, as given, each
household ¢ chooses the sequence of allocations (¢;, a;) := (¢, ait)2, and solves a program
to maximize her intertemporal utility function:

Si(p,q) : maxZﬁf [ui(cie) + vie(aiz)]

t=0
subject to:  a;441 >0
DeCit + @aitr1 < pr€ir + @ais + piFi(ait)

Definition 9. A list of prices and quantities <]§t,cjt, (é@t,di,tﬂ)i@l) 1s an equilibrium of
t=0
the economy without financial markets under the following conditions.
(i) Price positiity: py,q > 0 for any t > 0.

(ii) Market clearing conditions: > ;" Ciy = Y o) (em - Fi,t(ai,t)) and > @,y = G for
any t > 0.

(111) Agents’ optimality: for any i, (Gt Gi141)52, is a solution of program S;(p, q).

In the sequel, we denote for simplicity the equilibrium sequence by (p, q, (¢;, a;)™,). It is
easy to prove the existence of reduced multipliers x; ;1 > 0 such that the slackness condition
Tit+10; 441 = 0 and the asset-pricing (no-arbitrage) condition

L 6 ciwrr) [ @ v{,t<ai,t+1)
bt Z“ (Cz t) [P " ;‘(C-Hl)  Fi (i) + T (15)
% 1\,

As above, we introduce the transition discount factors (individual and maximal) from
time ¢ to time ¢ + 1:

~ L Biu (Cz t+1) and — max Hi\Gtrl) Biu (Cz t+1)

1 = t+1 7

Z ujlen) i€l ui(cip)

and the corresponding compound discount factors: @Q;; = Vi1 vt and Q; == 11+,

with Qiﬁ = QO = 1.
Transversality conditions still hold

Lemma 5. lim; o (Q;1ait+19:/pt) = 0 for any i.

For each ¢, individual dividend d;; of agent 7 is defined by:

Ué,t<a t)

d;; =
YTl (ci)

)

+ F/t(azt) +Izt

We then define the sequence of dividends (d;) through the asset-pricing equation

q q
2 _ Vi1 ( as + dt+1)
2 Pi+1
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It is easy to see that d; € [d,, d;], where

{Ug,t(ai,t)

u; (Ci,t)

{U;t(ai,t)

+ Filyt(al-’t)} and d, := max (o)

d, := min
el

iel + El,t<ai,t)}

By using the approaches in Sections 3 and 4, we can obtain similar results (about bubbles,
individual bubbles, and strong bubbles) as the ones with land and house. The difference here
is that the endogenous dividends in this general model take into account both roles of the
asset: input and utility.

6 Conclusion and further discussions

We have introduced different concepts of land and housing bubbles, including individual
and strong bubbles. While strong bubbles never occur in our model, bubbles may exist but
they are ruled out if agents’ expected values coincide with the fundamental value of land.
Interestingly, there is always an agent whose expected value of land equals the land equi-
librium price. Some explicit examples of bubbles are provided to illustrate these theoretical
outcomes. Land bubbles may arise when agents experience endowment fluctuations and the
ratio between fruits of land and endowments tends to zero. Similarly, housing bubbles may
arise if the endowments fluctuate and the housing preference rate converges to zero.

Further discussions (bubbles and efficiency)

Although the results on land and house bubbles are quite similar, we would like to point out
that different assets may generate very different bubbles. Readers are referred to Bosi et al
(2015a) where they show that bubbles of capita good are ruled out if borrowing constraints of
agents are not binding while bubbles of aggregate good may appear even when the financial
market is perfect.

Another interesting issue is the connection between the existence of bubbles and the
efficiency.

First, let us discuss about pure bubbles, i.e., bubbles in the asset which pays no dividend.
There is a large literature on this kind of bubble and most of papers focus on OLG frame-
works. In a standard OLG model of bubbles, Tirole (1985) shows that a pure bubble may
occur only if the economy is inefficient.® However, Farhi and Tirole (2012) points out that
with imperfect capital markets, bubbles are possible even when the economy is efficient.

Second, we discuss the connection between physical capital bubble (Becker et al., 2015)
and the efficiency of Ramsey equilibrium.” In an infinite-horizon model with stationary
technologies, Becker et al. (2015) prove that physical capital bubbles are ruled out. In a
similar framework, Becker et al. (2014) provide an example where a three-cycle equilibrium
is inefficient. One can prove that there is no physical capital bubble in Becker et al. (2014).
This shows that an inefficient bubbleless equilibrium may exist.

With non-stationary technologies, Bosi et al (2015a) give an example where equilibrium is
efficient and bubbles occur, and another example where equilibrium is efficient and bubbles
are ruled out. These examples suggest that there is no causal relationship between the
existence of physical capital bubble and the efficiency of Ramsey equilibrium.

6According to Tirole (1985), an allocation is efficient if it is not possible to improve the welfare of all
generations (and, this, strictly for at least one of them).
"A Ramsey equilibrium is efficient if its capital path is efficient in the sense of Malinvaud (1953).
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Let us now come back to our framework. The question about the (constrained) efficiency
in infinite-horizon general equilibrium models is matter of a long debate. Until now, we
didn’t provide a general sufficient condition for the inefficiency of equilibria.

If we define the efficiency of equilibrium in terms of equilibrium capital paths, we may use
Cass (1972) where he gives a necessary and sufficient condition for the efficiency of capital
paths. However, Cass (1972) considers only the capital paths (with a single technology) that
are bounded away from zero.

In this respect, we raise two issues and leave them for future research: (1) checking
whether any equilibrium in our framework is efficient, (2) bridging the existence of land
bubble and the efficiency of equilibrium. In order to solve these fundamental problems, we
may use the methods introduced by Cass (1972) and Balasko and Shell (1980).8

7 Appendix: Proofs for Sections 3 and 4

Proof of Lemma 2. limy—o0 (Qitlit+1q:/pr) = 0 and limy oo [BI0)(cit)li41:/pt] = 0 are equiv-
alent. We say that [; is feasible if, for every ¢, l;; > 0 and ¢li1 < preir + qeliv + peFi(liz).
Note that if I; is feasible then (I; 0,01, .., lit—1, Alit, Alit41,...) is also feasible for each t > 1 and
A € (0,1). By using the same argument in the proof of Theorem 2.1 by Kamihigashi (2002), we
obtain lim;_y s [ﬁfu;(ciyt)l@t_s_lqt/pt] =0. O
Proof of Proposition 2. According to (6), a bubble exists if and only if limp_o Qrqr/pr > 0.
According to (5), we have

qt+1 Pt+1
Qt* = Qt+1 hs (1 NI s dt+1>
Pt+1 gt+1

for any t. By consequence,

DL <1+pld1) == <1+pTdT> <1+pld1>
bo b1 q1 br qr q1

So, lim7 00 Qrgr/pr > 0 if and only if

lim [(1 + pTdT> - (1 + p1d1>:| < 00
T—o0 qar 1

or, equivalently, > 72, (pidi/q:) = 0. 0
Proof of Proposition 3. Assume that Q;/Q;; is uniformly bounded from above. According to

Lemma 2, we have
hm (Qt 1t+1> = hm <§t ta zt+1) =0
2,t

for any 4. Observing that ), ;l; 441 = L for any t, we obtaln limy 00 (Qrqe/pt) = 0. O

Proof of Proposition 6. Q; > Q;; implies limy_,o0 (Q¢qt/pe) > limyoo (Qirqe/pr). However, we
have F'V; + limy_o0 (Qi,tqt/Pt) = qo/po = FVo + limy—,o0 (Qq:/pt). By consequence, we get F'Vj <
FV; for any i. Therefore, if ¢ - land bubbles exist for some agent ¢ then land bubbles exist.

We now assume that F'Vy = F'V; for any 4, which implies limy_, o0 (Qrqt/pt) = limy—o0 (Qi,tqt/pt)-

If land bubbles exist, then
lim <tht> = lim (Qi,tqt) € (07(]70)
t—o00 pt t—o00 pt po

Thus, we find limy_o0 (Qit/Q:) = 1. We obtain lims o (Q:q:/p:) = 0 according to Proposition
3. O]

8 We observe that (1) Balasko and Shell (1980) consider OLG models and (2) the technique introduced
by Cass (1972) doesn’t apply directly to a framework with many producers as ours.
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Lemma 6. If a sequence (pt, Gt (Cists Lit+15 fit) e g )t satisfies:

(i) positivity of prices (py = 1 and g > 0 for any t) and non-negativity of allocations and
multipliers (cit >0, liz+1 >0 and p;r > 0 for any i and t);

(ii) asset-pricing conditions

5@ (C'L t+1)

ul (Cz,t) [QtJrl + F{yt(li,t+1)] + i1 (16)

gt =

and slackness conditions p; 141l;+1 = 0 for any i and t;
(iii) transversality conditions: lim;_, [ fu;(Ciyt)q)gliypkl] =0 for any i;
(tv) budget constraints: ¢y + qilip41 = €ir + qilic + Fit (i) for any i and t;
(vi) market clearing: L =73, ;i for any t;

then, the sequence of prices and allocations (pt,qt, (Ciyt,li7t+1)i61)t 1s an equilibrium for the
economy with land.

Proof of Lemma 6. It is easy to see that market clearing conditions are satisfied. We now prove
the optimality of the agents’ plan. Let (c},1}) > 0 be a plan satisfying all the budget constraints
and I , = l; 0. We have

T

Bt [uz(cz t) — Z Hcit)(cit — C;,t)

=0

AT =

WM%

Biwi(ciz) [ae(lie — Ui y) + Fie(lig) — Fie(liy) — qe(liger — Ui i1)]

Biwi(ciz) [ar + Ff y(lig)] (liy — Zﬂluz (cit)ae(lipr1 — Ui gsr)
t=0

v
ROk )

(Bz wi(cin) [q+ Ffp(lig)] = B uj(cin-1)qi—1) (lig — 1 4)
- 51' Ui(ci,T)QT(li,TH - lg,T+1)-

We obtain Siu)(c; ) [qt + Fi/,t(li,t)] — BNl (1) -1 = —pig B Ml (ciy—1) according to (16).
By using this and the fact that u;:l;; = 0 for any t, we have

T
Ap > — Z pia B ug(ci—1) (L — 1,) + /BiTu;;(ci,T)qT(l'/[’T+1 —liry1)

T

ZZﬁt ! (Czt 1)Mztlzt+/Bz (Ci,T)QT(lé,T—l—l_li,TJrl)
t=1

> Bl “(cir)arliTsa-

Yot Bluilcir) < oo and limy oo [B?U;(Ci,T)QTlLT—i-l] = 0 entail that the sum ) ;°, Bfui(c;’t) is
finite. Therefore, we get Y% Biui(cir) > D27 Biui(c] ). O

Proof for the example in Section 3.2. 1t is easy to see that the market clearing conditions are sat-
isfied.
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We check the first-order conditions:

Brug(cB2t+1 Bau's(ca 21
qot = M (q2t4+1 + Bart1) > M
up(cB2t) uw'y(ca2t)
M( + Ag) Beup(ct)

wy(cai—1) — ug(cB2t—1)

(q2t41 + A2 y1)

Q-1 = (g2t + Bat)

The equality in (17) holds because

Bpug(cB2t+1
,B((t;r) (g2t+1 + Bot11

& ) = Bp(eB2t — qat) (
B

q2t+1 + Bai1

= 53(63,% - Q2t) = q2t

Q2t+1 + Bary1)

Now, we prove the inequality in (17). We have

Bawaleazed) (o 0og 1y = Palaa+ As)
uly(caat) €A2t+1 — q2t+1

/BA(%@B,% + Aat) A
= T 1 eA2t+1 + A2l
1184 6A2t+1 + Ba

By consequence, the inequality in (17) is equivalent to

(qot+1 + A2y1)

BBeB,at Baeazit1 €B2t €A2t+1
Ba(———= + Ay) (5 — T

+ Ag1) < BB

15 B 1+ fa 1+ fBp 1+ Ba
that is (9).
We have
Bpu/s(c 6] 1+ Bo—
1/9 "5 ( B,Qt)(q2t+B2t) _ BBlga-1 2 1)(q2t+B2t)
up(cB2t—1) eB2t — 2t
53(%@4,%—1 + Bai—1) BR
= T 1 et + Bt
1545 B2t + BB

By consequence, the inequality in (18) is equivalent to

Baeazt—1 ) (,BBeB 2 > €B2t €A2%—1
AT e - +B _ ’ +B < ) s
5B<1+5A 2%—1 115 2 _BA1+531+5A

that is (10).
We now check the transversality conditions:

By (cant)qailai: =0

2%—1
BA N (cani—1)qu-1laz = —2—qu-1 = ——B%
aleaz1)azn- ' CA2t-1 ' 1+,3A
Similarly,
1
% 1 2+1
up(c l = — 0
Brup(cr2t)q2elB2t+1 15 5,5

%1
o up(cB2—1)q2—1lp2 =0

Finally, it is easy to see that conditions (11) and (12) imply

Bau's(caot) _ Beup(cpat)

Yot = >
u'y(cazt—1) uy(cB2t-1)
Bpu'g(cpar1) _ Bauy(cazti1)
Yt+1 = 7 > /
up(cB,t) u'y(ca2t)
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The result of Lemma 6 also holds for housing.

Lemma 7 (sufficient equilibrium condition in housing economies). If a sequence
(Pt, qt, (Ci,h hiti1, Vi,t)ig[ )t satisfies:

(i) positivity of prices (py = 1 and q > 0 for any t) and non-negativity of allocations and
multipliers (c;y > 0, hiji41 =0 and viy > 0 for any i and t);

(ii) asset-pricing conditions

”g,t+1 (hit+1)
wi(Cit+1)

_ Biu}(cit41)

+ Vitt1
ug(cit) nr

qt qt+1 +

and slackness conditions v; t11hii1 =0 for any i and t;
(i4i) transversality conditions: limy_, [ fu;:(cz'7t)q1§hi,t+1:| =0 for any i;
(tv) budget constraints: c¢;+ + qhit1 = €ir + qhiy for any @ and t;
(vi) market clearing: > ,c; Hiy = H for any t;

then, the sequence of prices and allocations (pt,(]t,(Ci’t,hi’t_i,_l)iel)t s an equilibrium for the
housing economy.

8 Existence of equilibrium

We adapt the proofs of Becker et al. (2015) and Le Van and Pham (2015). We consider non-
stationary production functions F;; depending on t.

Existence of equilibrium in a truncated economy

We define a T - truncated economy £ as £ but without activities from period T + 1 on, that
isweset ¢;; =l =0fori=1,...,mandt>T+1.

Then, we define a bounded economy &I as T but sequences of consumption (c; )7, and land
holdings (1;+)Z_; lie in the following bounded sets C; := [0, B.]T™! and £; := [0, Bj]T respectively,
with B, > maxi<r » ;v [eir + Fi+(B;)] and B; > L. Therefore, the economy EbT depends on bounds
B, and B;. We write 8;[(36, By).

Let us denote &} := C; x £; and X := (&,)T+!, and define

Pi={20=(09) 90 =0p,qg>0p+q=1t=0,...,T}
=P xX

An element z € ® is a list z = (%)%, with 29 := (p,q) and z; := (¢;,1;) foreach i =1,...,m.
Remark 7. If z € ® is an equilibrium for the economy & then ¢;; € [0, Be), li € [0, L].

Proposition 9. Under our assumptions, there exists an equilibrium (p, q, (ci, l;)i%,) with p;+q =1
for the economy 53(38, By).

Proof. We introduce the budget sets:

Cl(p,q) == {(Ci,t,li,tﬂ)tT:o eX i liry1, 0571 =0,
pecip + @lipr1 < preig + peFia(lis) + qiligVt}

Bl (p,q) == {(cit,lig+1){—g € X : lims1,birs1 =0,
pecip + Gligs1 < preig + peFig(liy) + qiligVt}
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Since e; 0,10 > 0 and (po,qo) # (0,0), we always have poe;o + poFio(lio) + qolio > 0. By
consequence, Bl (p,q) # 0 and B (p,q) = C¥'(p,q).

Since B (p,q) is nonempty and has an open graph, B} (p,q) is lower semi-continuous corre-
spondence on P. And we also have C’iT (p, q) is continuous on P with compact convex values.

We introduce the correspondences. We define ¢q (for additional agent 0) : X — 27:

m T-1 m
po((20)iLy) := arg max (Zptz lein = ein = Fralin)] + > ar Y (L1 — )
=1

(p.a)EP i—0

Fori=1,...,m, we define @; : P — 2%:

i y = arg U'L Ci,
i((p,q)) l)ec(pq)ZB 1)

(Ch

The correspondence ; is upper semi-continuous, non-empty, convex and compact-valued for each
i = 0,...,m+ 1. According to the Kakutani Theorem, there exists (p,q, (¢;,1;)]~;) such that

(P,9) € po((Ci, 1)) and (G, 1) € @i((P, q))-
It is easy to prove that (p,q, (¢;,1;)™,) is an equilibrium for the economy ET O

We apply the argument of Lemma 3 in Le Van and Pham (2015) to prove the existence of
equilibrium in unbounded truncated economies.

Proposition 10. An equilibrium (p, q, (¢i, i)™ ), with p: +q: = 1, of EbT is an equilibrium for ET.
Existence of equilibrium in an infinite-horizon economy

Proposition 11. Under Assumptions 1 to 4, there exists an equilibrium in the economy &.

Proof. We have shown that there exists an equilibrium, say (p qr ( ;F, lZT)Z) for each truncated
economy £7. Recall that p/ +¢qf = 1. It is clear that, for each ¢, we have clt (0, Wy); lth € [0,L];

L) =

pl,ql € ]0,1]. Therefore, without loss of generality, we can assume that (p qr ( ¢l

(p,q, (¢i,1;);) (for the product topology).

Applying the same argument in the proof of Theorem 1 by Le Van and Pham (2015) or the proof
of Theorem 1 by Le Van, Pham, and Vailakis (2014), we obtain that (p, g, (¢;,1;);) is an equilibrium
for the economy &. O
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