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Abstract

In this paper we introduce a new model called Fractionally Integrated Separable Spatial Autoregressive pro-
cesses with Seasonality and denoted Seasonal FISSAR for two-dimensional spatial data. We focus on the
class of separable spatial models whose correlation structure can be expressed as a product of correlations.
This new modelling allows taking into account the seasonality patterns observed in spatial data. We investi-
gate the properties of this new model providing stationary conditions, some explicit expressions form of the
autocovariance function and the spectral density function. We establish the asymptotic behaviour of the spec-
tral density function near the seasonal frequencies and perform some simulations to illustrate the behaviour
of the model.

Keywords: seasonality; spatial short memory; seasonal long memory; two-dimensional data; separable
process; spatial stationary process; spatial autocovariance.

JEL Classification: C02; C21; C51; C52.

1 Introduction

In recent years many studies have modelled the spatial process. In 1973, Cliff and Ord [9] give an gen-
eral presentation on spatial econometrics models and introduce the STAR (Space-Time AutoRegressive)
and GSTAR (Generalized Space-Time AutoRegressive) models. The literature on spatial models is rela-
tively abundant, we can also cite the Simultaneous AutoRegression model, SAR, (Whittle, 1954 [24] ), the
Conditional AutoRegression model, CAR (Bartlett, 1971 [2]]; Besag, 1974 [6]]), the moving average model
(Haining, 1978 [12]) or the unilateral models (Basu and Keinsel, 1993 [3]]) among others. Spatial models
are currently investigated in many research fields like meteorology (Lim et al., 2002 [17]]), oceanography
(Ilig, 2006 [13]]), agronomy (Whittle, 1986 [25]]; Lambert et al., 2003 [[16]]), geology (Cressie, 1993 [10]]),
epidemiology (Marshal, 1991 [[19]]), image processing (Jain, 1981 [[14]]), econometrics (Anselin, 1988 [1f])

and many others in which the data of interest are collected across space. This large domain of applications is
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due to the richness of the modelling which associates a representation in time and in space.

Spatial time series modellings concern times series collected with geographical position, in order to use the
spatial information in the modelling. Some particularities are included in the modelling: (7) two close data
tend to have similar values; (77) it can exist repetition of values by periodicity (for example, a temperature
observed on a site can be observed in the same site after a given period). It is important to explain this repe-

tition and to model it we associate with each direction ¢ and j seasonal parameters s; et sg respectively.

The studies of spatial data have shown presence of long-range correlation structures (Kim et al., 2002). To
deal with this specific feature Boissy et al. (2005) [8]] had extended the long memory concept from times
series to the spatial context and introduced the class of fractional spatial autoregressive model. At the same
time Shitan (2008) [23|] studies the model called Fractionally Integrated Separable Spatial Autoregressive
(FISSAR) model to approximate the dynamics of spatial data when the autocorrelation function decays with

a long memory effect.

In another hand some authors have also observed seasonals in some spatial observations: Benth et al.
(2007) [5] proposed a spatial-temporal model for daily average temperature data. This model includes trend,
seasonality and mean reversion. Portmann et al. (2009) [22] studied the spatial and seasonal patterns for
climate change, temperatures and precipitations. Nobre et al. (2011) [20] introduce an spatially varying
Autoregressive Processes for satellite data on sea surface temperature for the North Pacific to illustrate how
the model can be used to separate trends, cycles, and short-term variability for high-frequency environmental
data; a multivariate GSTAR has been developed by Pejman et al. (2009) [21]] for the study of the water quality.

Thus, it appears natural to incorporate long memory seasonal patterns into the FISSAR model of Shitan
(2008) [23]] as soon as we work with data collected during several periods or cycles, allowing different sea-
sonal patterns on the spatial locations. In that context common seasonal factors will receive different weights

for these different spatial locations (Lopes et al. (2008) [18]]).

In this paper, we focus our attention on the class of separable spatial models whose correlation structure
can be expressed as a product of correlations taking into account the seasonality patterns observed in spatial
data. Therefore, we consider the Seasonal Fractionally Integrated Separable Spatial Autoregressive model,
denoted in the following by Seasonal FISSAR extending at the same time the works of Shitan (2008) [23]]
and Boissy et al. (2005) [8]] . We investigate the properties of this new modelling, providing the stationary
conditions, analytic expressions for the autocovariance function and the spectral density function. We also
establish the asymptotic mean of the spectral density function. This new modelling will be able to take into
account periodic and cyclical behaviours presented in a lot of applications, including the modelling of tem-
peratures, agricultural data, epidemiology when the data are collected during different seasons at different
locations, and also financial data to take into account the specific systemic risk observed on the global market
(Benirschka and Binkley (1994) [4], de Graaff et al. (2001) [[11]], Jaworskia and Piterab (2014) [15]).

The paper is organized as follows. The next Section introduces the new class of Seasonal Fractionally Inte-

grated Separable Spatial AutoRegressive model. In Section 3 we investigate some properties of the model,
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existence, invertibility, causality and stationary conditions. We compute the autocovariance function and
provide an analytic expression for the spectral density and its asymptotic behaviour near the seasonal fre-

quencies. In section 4 we provide some illustrations of this new modelling.

2 A new model: The Seasonal FISSAR

We introduce the Seasonal Fractionally Integrated Separable Autoregressive model and establish conditions

for its existence and invertibility.

Let {Xy;}; ez, be a sequence of spatial observations in two dimensional regular lattices, they are governed
by a Seasonal FISSAR model if:

(1= ¢10B1 — ¢01 B2 + d10¢01B1B2) (1 — ¥1oBy* — o1 B5* + ¢ovo1 By By?)
x (1= B)™ (1= B)P (1= By)™ (1 - B3*)” Xy = & (1)

where the integers s; and so are respectively the seasonal periods in the it" and jth directions, ¢10, ¢01,%10,

o1 are real numbers and {e;; } is a spatial white noise process, mean zero and variance o2. The back-

1,JE€EL
ward shift operators By and Bs are such that B1X;; = X;_1; and B2 X;; = X, ;_1. The long memory

parameters are denoted d; and D for the direction ¢ and for the direction j they are denoted dy and Ds.

We specify now the different components of this model in order to understand how we can investigate it, and
provide a useful methodology for estimation. First, we provide a part which characterizes the spatial short
memory behaviour, second we introduce a new modelling for spatial long memory behaviour with seasonals,
extending the work of Shitan (2008) [23].

The spatial short memory behaviour of the variables { Xy;}, ;. is explained through the process {Wi;}, ;. :

(1= ¢10B1) (1 = ¢o1B2) (1 —P1oBy") (1 — Y1 By?) Xy = Wiy (2)
This representation extends the work of Shitan (2008) [23]] introducing seasonals in the short memory be-

haviour with the filter (1 —¢19B7") (1 — 01 B5?). The process {W;;}

memory behaviour given by:

ij€Ty has a spatial seasonal long

(1-B)"(1-B"P"(1-By)®?(1-B2”Wy; = & 3)

Thus, the Seasonal FISSAR model (1)) can be rewritten formally by:

® (B, B2) ¥ (BY', By?) Xi5 = Wiy, “4)
where
® (By, B2) = (1 — ¢10B1) (1 — ¢o1B2) 5)
and
U (B, By?) = (1 —1oBy") (1 — Y01 B3?) . (6)
3
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This new modelling is characterized by four operators: two characterizing the short memory behaviour,
(1- By 11 and (1-— B;Q)D 2 and two characterizing the long memory behaviour,

(1 —410B7") and (1 — tpg1 B3?). They take into account the existence of seasonals in two directions.

We specify now the concept of long memory for stationary processes in two directions. Recall that a sta-
tionary process {X;},., with spectral density fx (.), for which it exist a real number b € (0, 1), a constant
Cy > 0 and a frequency G € [0, [ such that f,(w) ~ Cf|w — G|, when w —» G, then { Xt} has a
long memory behaviour (Bisognin and Lopes, 2009 [7]]). This definition can be extended in dimension two

in the following way:

Definition 2.1 Ler {X;;}, ez,
real numbers a,b € (0,1), a constant Cy > 0 and frequencies A1, Ao € [0, 7[ such that f,(wi,w2) ~
Cflwr — A1l wa — Aa| 7%, when (w1, w2) — (A1, Aa), then {Xi;}

be a stationary process with spectral density fx(.,.). Suppose there exist

ijery has a long memory behaviour.

We investigate now the following properties: (i) existence, (i) invertibility, (iii) causality and (iv) station-

arity for the model (I)). We first provide the causal moving average representation of the seasonal FISSAR
process (I).

Proposition 2.1 Let be the process { X} defined in equation [2)). It has the following representation:

1,JE€EZ+

“+o00 +00 400 400

Xij =3 3 3> kb it Wick—msy j—t—nss» %

k=0 =0 m=0n=0

where
“+00 400 400 400
Wis = ) ) > r(d)di(d2)dm(D1)dn(D2)€ik—msy j—i—nsos (®)
k=0 (=0 m=0n=0
jth
wi 5 (d ) _ F(k—}— dl) ) (25 (Cl ) . F(l + dg) )
MO T T+ DT(dy) * " 7 Tt + 1) (dg)
and

T(m+ )I(Dy) T(n+ D)I(Ds)’

[e.e]
['(.) is the Gamma function defined by T'(t) = / " te " dx and {e;;} is a two-dimensional white

1,JELy
0
noise process. Equations (1)-(8) have an unique solution if the polynomials ® (z1,z2) and V (21, z2) are

such that all their roots lie outside the unit polydisk, i.e
i) | ¢10l<1,
i) (14 %o — ¢f1 — ¢0¥%1) — 4d10 (1 — 10¢01) > 0

i) (1+vf) — g — ¥30vg) — 410 (1 — th1othor) > 0

do1 |< 1,

P10 |< 1 and\ Vo1 |< 1

Proof : The sketch of the proof is provided in Appendix. It derives from Basu and Reisel (1993) [3],
Proposition 1. |
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3 Some properties of the seasonal FISSAR model

We provide now the spectral density function of the process {W;;} and {X;;} and we establish the

asymptotic mean of this function. We use this result to give the stationary conditions for the processes.

Proposition 3.1 Let {W;;} be the process defined by and fyw (A1, A2) its spectral density. When |d; +
D;| < 0.5and |d;| < 0.5 (i = 1,2), its spectral density is equal to:

2 —2d1 —2D1 —2d2 —2D2
Fir(Ag, Ag) = :? [2 sin (21)] [2 sin (812)‘1” [2 sin <A22>] [2 sin <822’\2>] (11)

with A1 and Ay €]0, 7).

Proof : The proof of this Proposition is provided in the Appendix. |

Proposition 3.2 Let {X;;}, jez., be the Seasonal FISSAR process defined in (), the spectral density function

fx (A1, A2) of this process is equal to

Fx O da) = [@ (&7 o) |7 (o o) i () (12)

where fyy (A1, A2) is the spectral density function of the process {W;;} given in (T1)) and ®(.,.) and

U(.,.) are respectively defined in (3)) and (6) with A1 and X2 €]0, ).

1,JE€Ly

Proof : This result derived from the definition of the spectral density function. |

Corollary 3.1 The spectral density of the process {X;;}i jer.. defined in ) can be rewritten as
fx(A,A2) = (1—2¢igcos(Ar) + gb%o)_l (1 — 2¢p1g cos(s1A1) + 1/1%0)_1 (13)
(1 — 2¢01 COS()\Q) + gb%l)_l (1 — 2401 COS(SQ)\Q) + 1/1(2)1)_1 fW()\l, )\2)
where fy (A1, \2) is given in (TT).

We analyse now the behaviour of the spectral density for the processes {W;;}, jez, and {Xij}i ez, hear

the seasonal frequencies.

Proposition 3.3 The asymptotic expression of the spectral density of the process {W;} 7, hear the sea-

i,j€
sonal frequencies is such that
(i) For \og = 0,

S (A1, A2) ~ C [Ar — Ao| 72ABHDD ny — Xg| 72 2HD2) - yonen (g, Ag) — (0,0), (14)

with
02 9D, 2D,
(ii) For \; = 2??’ Aj = QSLQj, i=1,...,[s1/2]and j = 1,...,[s2/2], where [x] means the integer part of
Z,
fw (A1, Ag) ~ Ca [ = X 2P0 g = N 7272 when (A, d2) — (A, ) (16)
with 2d1 2d2
2 \: - s -
Cy = 4‘7;231—”1 55202 {2 sin <2>} [2 sin (;)} (17)
5
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Proof : The proof of this Proposition is provided in the Appendix. |

Proposition 3.4 The asymptotic expression of the spectral density of the process { X;;}, jez, hear the sea-

sonal frequencies is such that
(i) For Ao =0,

Fx(A1, A2) ~ Cs | Ay — Ao 2D g — x| 722702 yhen (A, Ag) —> (0,0) (18)

with
02 oD, —2Ds —ido a—ido)| 2 —ido a—ido)|”
Cy = 471281 54 @(e O e 0)’ ‘\I/ (e Oe 0) (19)
2
oz _ _ _ _ _ _
= 47:251 P50 (1= 10) 2 (1 —t10) (1 — o) 7 (1 —2b10) 2.
(ii) For \; = 2?7’ Aj = QSLQj, i=1,...,[s1/2]and j = 1,...,[s2/2], where [x] means the integer part of
Z,
Fx(A,A2) ~ Cu A — Ni| 7220 g — N 7222 when (A1, A2) — (A, \)) (20)
with
2 A\ 724 A\ 242
Cy = 40;:25;”15;2’32 [2 sin (21)] [2 sin <2J)] 1)
’q) (e_i)‘i e—i/\j> ‘_2 ’\If (e—isl)\o e—z‘sQ/\(J) ’_2
the polynomials ®(.,.) and ¥ (., .) are introduced in (5)) and (0).
Proof : The proof is given in the Appendix. |

We investigate now the stationary conditions for the model (I]) as well as its long memory behaviour. We

give also two expressions for the autocovariance function of the Seasonal FISSAR process.

Proposition 3.5 The two-dimensional process {W;;}, jez, defined in
(i) is stationary when d; + D; < 0.5, D; < 0.5,1=1,2.
(ii) has a long memory behaviour when 0 < d; + D; < 0.5,0 < D; < 0.5,1 =1,2.

Proof : The proof is given in the Appendix. |

Proposition 3.6 Ler {X;;} be a Seasonal FISSAR process defined in (I). The process {X;;}

i,jELy i€y
(i) is stationary when d; + D; < 0.5, D; < 0.5,7 = 1,2 and ® (z1,22) ¥ (2{,25) # 0

for|z1| < land |z < 1.

(ii) has long memory property when 0 < d; + D; < 0.5,0 < D; <0.5,7=1,2
and O (z1,22) U (211, 252) # 0, for |z1| < 1l and |z| < 1.
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Proof : The proof is given in the Appendix. |

To investigate the autocovariance function of the process defined in (2)), we show that its autocovariance func-
tion can be written as a product of the autocovariance function for two processes { Z;; }; jez. and {Yi;}i jez.
defined in the following way.

Let respectively {E;‘j }, {fi;j} be two orthogonal two-dimensional white noise processes with mean zero and

respectively variance o2. and 02, we define the processes {Z;;}; jez, and {Y;;}; jez,
(1-BM” (=B 7y = & (22)
(1-B)"(1-B)"Y; = & (23)

Shitan (2008) prove that the autocovariance function of the process {Y;;}; jez, is such that:

(=1)M+h2 (1 — 2d))T(1 — 2dy)

hi,hy) = o2 24
’7Y( 1 2) O¢ F(hl_d1+1)F(1—h1—dl)r(hQ_d2+1>F<1_h2_d2) -
We can derive the expression of the process {Zij H, jez, from (24) and obtain
—1)MFhp — 2D))T(1 = 2D5)
h h = ol (

Vz(sth+ Cuszhy + €2) & T(hy — D1 + DI(1 — hy — D1)T(hz — Dz + DI(L — hz — Dy)
if (&1,&2) = (0,0) (25)
Yz(s1h1 + &1, 82h2 +&2) = yz(s1h1 + &1, s2h2 +&2) = 01if (£1,82) € A1 x Az (26)

where A} = {1,...,s1 —1}and A2 = {1,...,s9 — 1}.

We can now give the autocovariance function of { X;}; jez, introduced in (2):

Proposition 3.7 Let (1,0 € Z, (£1,&2) € A1 x Agwhere Ay = {1,...,s1—1}and As = {1,...,s9—1}.

The autocovariance function of the process { X;;}; jez.. is given by:

400 +00 400 400 400 +00 +00 +00

Yx (b1, h2) =D DN TN TN TN NN e P Wi v

k=0 =0 m=0n=0 p=0 ¢q=0 r=0 t=0

><’yw(hl—|—k‘—|—81(m—7‘)—p,h2+l+52(n—t)—q) 227)

where
+oo +0oo
ywlhiha) = 02 ) Y yz(sim, sava)yy (ha — s1vn, ha — sawa), if (ha ha) = (s1ly, s2l2)(28)
v1=01v2=0
Yw (ki he) = 0, if (h1,h2) = (s161 + &1, s22 + &2) (29)
with yz(.,.) and vy (., .) given respectively in 25))-(26) and (24).
Proof : The proof is given in the Appendix. |

Corollary 3.2 The variance of the Seasonal FISSAR process has the following expression

+00 +00 400 400 400 400 +00 +00

1x(0,0) =Y "3 "STNONNN TS e oo it

k=0 =0 m=0n=0 p=0 ¢q=0 r=0 t=0

X yw (k+s1(m—r) —p,l+s2(n—1t) —q) (30)

where vy (., .) is given by (28)-(29) where hy = hay = 0.
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For practical purpose, we propose a general formula of the autocovariance function of the stationary process
{Xij}ijez, which does not depend on the two-dimensional seasonal fractionally integrated white noise
({Wi;}i,jez..)- For that, we introduce two new processes {U;; }; jez. and {Vj;}i jez, -

Let respectively {Eij} {?Zj} be two 2-dimensional white noise processes with mean zero and respectively

variances o2 and a~ . We introduce respectively the processes {Uj;}; jez, and {Vi;}i ez,
J b R

€ij
U (B, By)(1- B (1 - B2 U; = & 31)

®(By,By) (1—B)" (1-Ba)™2Vy; = & (32)

where ¥ (Bj§, B3) and ® (B, Bs) are respectively defined in (3)) and (6).

Note that the process {U;; }; jez., generalizes the process { Z;;}; jez, introduced in (22)) through the operator
VU (B{, B3) and the process {V;;}; jez, generalizes the process {Y;;}; jez, introduced in (23) through the
operator ¢ (B, Bo).

Proposition 3.8 The autocovariance function of the stationary process {Us; }i jez., in spatial lags (hy, hs)

is equal to:
+oo +oo
Y (hi he) = o2 Z Z Vg (s1v1, 8212)77(h1 — s1v1, ha — save), if (b1, ha) = (s1/1, s2f2) (33)
v1=012=0
yu(hi,ha) = 0, if (h1,he) = (s101 + &1, 5202 + &2) (34)
where U is equal to:
U (B, By?) Uy = €%,
+00 +00
’Yﬁ(slyh SQVQ - O-~ Z Z 901/1+m90m901/2+n90n’
m=0n=0

and vz(.,.) is introduced in 23)-26). The coefficients ¢} and @} are linked by the relationship

+00o 400
v 1 (21,23) Z Z @k%pz Zslk 821
k=0 =0
Proof : The proof is given in the Appendix. |

Proposition 3.9 The autocovariance function of the stationary processes {Vi;}; jez., in spatial lags (hy, hs)

is equal to:

+00 +00o
W (hi, he) = ng > vk Dy (hy =k ha — 1) (35)
k=0 =0
where V is given by:
® (B, Bs) ‘Z‘j = €~’z‘j,

“+00 +o00

2 1 1 2 2
’Yf/(kv l) = O-g/ Z Z PlamPmPlanPn>

m=0n=0
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vy (., .) being defined by 24)) and the coefficients cp]1€ and cplQ are linked by the relationship

—+o0 +00
(21, 22) ZZS%% 21 22
k=0 1=0
Proof : The proof of this Proposition is given in the Appendix. |

Now we provide the autocovariance function of the Seasonal FISSAR process defined in (@).

Proposition 3.10 Let (1,0, € 71, & € Awhere A={1,...,s—1}.

The Seasonal FISSAR stationary process {X;}; jez., has autocovariance function at spatial lags (hi, ha)

given by
+oo +oo
vx(h1,h) = oF Z Z Yo (s1v1, s2v2) v (hh — s1v1, ho — sava), if (R, he) = (5141, s2l2) (36)
v1=01v5=0
vx(hi,he) = 0, if (h1,h2) = (5101 + &, 52l + &) (37)

where the autocovariance functions vy (., .) and yy (., .) are defined respectively in (33)-(34) and (33).

Proof : The sketch of the proof is provided in the Appendix. |

Corollary 3.3 The variance for this second representation of the Seasonal FISSAR process is given by,

+oo +o00
7x(0,0) = o2 Z Z Yo (s1v1, sav2) v (8101, S212) (38)
v1=01v95=0
where the autocovariance functions vy (.,.) and vy (., .) are defined respectively in (33)-(34) and (33)) with
h1 = he = 0.

4 Illustrations

A realisation of the two-dimensional seasonal fractionally integrated white noise processes { Wj; }, ez,
with d; = 0.1,dy = 0.1, D7 = 0.15, D3 = 0.2,s; = sy = 4 is shown in Figure In this study, we
generated 100 x 100 grid and we use only the values in south east corner in the matrix (they correspond to

the interior values of grid size 30 x 30).

Figure 1: Simulation of the 2D seasonal fractionally integrated white noise, d; = 0.1,d» = 0.1,D; =
0.15, Dy = 0.2, s1 = so = 4 and size 30 x 30.
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The spatial white noise process {W;;}, jez, can be considered as a special case of the Seasonal FISSAR
model. However, it is rare to see applications in a phenomenon that is only modelled by white noise.
We simulated the Seasonal FISSAR process in two stages. First we generate the two dimensional white

noise {&i;}, ; ez, and second using (@B) we obtained {V;;} . Then using the relationship (2), we get

1L,JELy
{Xij}i,j ez, We use also the 30 x 30 values in south east corner by simulating 100 x 100 values in a regular
grid with d1 = 0.1, d2 = 0.1, D1 = 0.1, D2 = 0.2, ¢10 = 0.1, ¢01 = 0.15, ¢10 = 0.1, ¢0.2 and S§1 = S92 = 4.

,44 J
w,t M
e

Figure 2: Simulation of the Seasonal FISSAR model: d; = 0.1,d2 = 0.1,D; = 0.1,Dy = 0.2,¢10 =
0.1, d)Ol = 0.15,1/110 = 0.1, @0.2, S§1 = S = 4 and size N x N = 30 x 30.

In practice, the Seasonal FISSAR model has many possible applications of real data sets from different
fields when the observations are collected during different seasons at different locations: temperature data,
agricultural data, systemic risk etc. In practice then, many observations are reporting by longitude and altitude
and this new modelling is defined in two dimensional regular lattices. In this case we re-coded the position of
the stations by assigning an integer value from number for both longitude and altitude, reflecting the relative

position on the lattice into which the study region has been mapped.

5 Conclusion

The spatial modelling has a lot of applications in different fields. To take into account at the same time exis-
tence of short memory behaviour and long memory behaviour in time and space permits a greater flexibility
for the use of these modellings. It is the objective of this paper which introduces and investigates the statistical
properties of a new class of model called Fractionally Integrated Separable Spatial Autoregressive processes
with Seasonality. The stationary conditions, an explicit expression form of the autocovariance function and
spectral density function have also been given. On another hand, a practical formula of the autocovariance
function as a product of covariance for the Seasonal FISSAR process is given. Extension of the results to
the spatio-temporal data or d-dimensional (d > 2) fields is immediate but not provided in this paper. For the
spatio-temporal representation, time can be represented by the direction ¢ and the spatial components by the
direction j taken in Z%, d > 2. We provide some representations of these models. It remains to provide a

way to identify and estimate these models from data sets: this will be the purpose of a companion paper.
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Appendix: Proofs of the Propositions

In this section we establish the main results and give the necessary technical proofs for some propositions.

Proof of the Proposition[2.1]
According to equation (2)), we have

Xij=(1—¢10B1) " (1 —¢10B]") " (1 — do1Ba) " (1 — w1 BS2) ' W

Thus,
o0 00 +o0 +o0
5 = (Sotnt) (X winor ) (Sohet) (Seaer) s
k=0 m=0 1=0 n=0
+00 00 +00 400
= (Z > 2.2 ¢’foBfw%B{"Sl¢élBé¢&B;”> Wi

k=0m=0 [=0 n=0

If ® (21, 29) and ¥ (21, z2) have their roots outside the unit polydisk then we have the convergent represen-
tation (/)), see Proposition 1 in Basu and Reisel (1993). |

Proof of the Proposition 3.1
We consider (3) and denote f.(A1, A2) the spectral density of the process {e;; }. Let

Uz, 20) = (1—21) " (1 —2i) ™71 (1 - 20) ™2 (1 —252)7 "2,
Then

FwrOde) = W (ei/\l,eM2> v (e*i)‘l,e*zh) £\, A2)

= (1 — ei)\l)_dl (1 — eisl)ﬂ)_Dl (1 o ei)\z)_dQ (1 o eiSQ)\g)_DQ

X (1 - e_i)‘l) - (1 - e—iSIM)*Dl (1 - e—W)*dQ (1 - e—“?k?)*Dz £-(M, o)

() ()] (1) (1 )]
0= () =) ()] s

Thus
—ing | T2 —isyag |2 i | 2% —isoho| 7
fW()\la)\Q):)l_e ! I—e ™ —e 72 1L —e "7 Je(A1, A2)
as soon as )
(1 — ei’\1> <1 — e_’)“) = ‘1 e~ M| = {2 sin <>\21>] )

o2
we obtain (1)) since f: (A1, \2) = prer [ |

™
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Proof of the Proposition

(i) We consider the spectral density function of the process {IV;;} defined in (T1) and we use the

1,JE€ELy
following approximations:

in(sA
sin(sh) =1 and sin(s\) >~ s\,
A—0 S
then
) = s I T2 (02 gl 3202 3, 2P
— 4771_2 |>\1|*2(d1+D1) |)\2‘*2(d2+D2) 81_2D152_2D2

when (A1, A2) — (0,0). As soon as \g = 0 we obtain (I4).

(i) Let \; = 27” and \j = Q’Tj foralli =1,...,[s1/2] and j = 1,...,[s2/2], where [z] means the integer
part of z, then

o2 YD 51)\1 31/\ o

. )\2 )\ 1 —2d> . 59 )\2 82)\ —2D2
9 L4 92 2279
[31n<2+2>] [sm(2 + 5

If A\ — 0 then
N ELNELY b —2D|y|—2D
2sin - T ~ s VN
Therefore,
o2 A\ 12 A\ 242
Fiv O+ 0 da 4 Xg) = 257200 g [P 202 202 [2 sin (2>] [2 sin (;)} (39)
Replacing A; by A1 — \; and A2 by A2 — A; in (39), we obtain (16). |

Proof of the Proposition

(i) For this proof we need to use the corollary (3.1).
Suppose that the process {X;;}
cos(sA) ~ 1, A — 0, then

i jez., defined in (I) is causal and invertible. Using the expressions (13]),and

S he) = B AV e PP B al E B

(1 $10) 2 (1 —10) 2 (1 — ¢o1) > (1 — t10) >

U ’/\ ’—2(d1+D1 ’)\ ‘—2(d2+D2) —2Dy —2D2
A A2

(1= ¢10) 72 (1 = ¢h10) > (1 = ¢o1) " (1 = ¢h10) >
when (A1, A2) — (0, 0). For Ao = 0 we obtain (I8].
(ii) Let A\; = 27” and \; 27;j foralli =1,...,[s1/2] and j = 1,...,[s2/2], where [z] means the integer

part of x.
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FxOn+ A da+ ) = \@ (e*“h“f),e*M“j)) ‘_2 ]xp (e*m“l“i),e*m(*ﬁ*a’)) \_2
fW()\l -+ )\j, Ao + )\j)
o2 (A AN (s sih ]2
= W[Zsm<2+2)] [251n< 2 +2>}
O IED VAN Rl B 9 PR VAN R
[QSln <2+2>} 2sin 5 + 5
‘@ (e_i’\",e_i’\j) )_2 ‘\I/ (e—isl)\o’ e_i”)‘(’) —2
If A\ — 0 then
_[(SA | s P —2D|y|—2D
2sin -5 T ~ s VN
Therefore,
o? 2D 2D1 _—2D 2D, A\ ] A\
€ o~ - —2D2 - ; 4 i
x(A1+ A, ) = 2 i~ -
x(M+ X, A2+ X)) ~ 1251 YA N PV [251n<2>} [28111(;)]
T
‘(I) (e—m’e—uj) ‘*2 ‘\If (e_islxo’e—iSQ,\()) -2 “0)
Replacing A; by A\ — A; and Ag by Ay — \; in (0), we obtain (20). [ ]

Proof of the Proposition
(i) Let fw (., .) the spectral density function of the process {Wi;}, ; ez, givenin (TI). Then fiy (A1, A2) =
fw (=M1, —A2) and fir (A1, A2) > 0. Therefore the processus is stationary if

/ fw (A1, A2)dA1dAg = 4/ / Jw (A1, Ad2)dA1dAe < oo 41
-7 J—7 0 0

From and we have

el / A2 / o 2®FP) )y < oo
0 0

and - -
02/ Ap — |72 d)\l/ A2 — N[ 722 d)g < 00
0 0

when d; + D; < 0.5 and D; < 0.5, ¢ = 1,2. Thus @I is verified, and the process {W;; } is stationary.

1,JELy

(i) From the asymptotic expression of the spectral density function of the process {W;;}, ez, and using
Propositionwe derive that the process {Wzy}” ez, has long memory property if 0 < d; + D; < 0.5 and
0<D;<0.5,i=1,2. |

Proof of the Proposition
(i) The process { X; }i jez, can be rewritten as

Xy = @ (BuBo) W (BB (- B (1 B (- ) (- By Py
Let

P21, 2) = D (21,22) 7 W (7, 257) 7 (1= 20) ™ (1= 20) P8 (1= ) (1 257) P2y
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Then
Xij = 7T(Bl, BQ)Eij

If di + D; < 0.5and D; < 0.5, ¢ = 1,2 the item (z) of Proposition assures that the power series
expansion of (1 — 21) 7% (1 — 271)7P1(1 — 29)792(1 — 25?)~P2 converges for |z1] < 1 and |z2| < 1. In
another hand, the polynomial (®(zy, z0)¥ (25, z5)) " converges for |z1| < 1 and |z3| < 1 when the roots of
D (21, 22) (2], z5%) = 0 are outside the unit disk. Therefore, the power series 7 (21, z2) converges for all

|z1] < 1and |z3| < 1 and the process { X;;}; jez, is stationary.

(i) Let {Xj;}; jez, be a Seasonal FISSAR process in (@) whose all roots of ®(z1, 22) (27", 25%) = 0 are

outside the unit polydisk. From the asymptotic expression of the spectral density function of {X;;}

1,JEL+
and the Proposition the Seasonal FISSAR process has long memory property when 0 < d; + D; < 0.5
and 0 < D; < 0.5,7 = 1,2 if all the roots of ®(z1, 22)¥ (2§, 25) = 0 are outside the unit polydisk. [ |

Proof of the Proposition

First, we prove the expression of the autocovariance function for the process {W;;}; jez, as a product of the
autocovariance function of {Z;;}; jez. and {Yj;}; jez. -

Let {Z;j}i jez. the process defined in (22)). Then

+00 400 +oo too
Zij = ZZ@k(Dl)Bflkw(D )B3?' (e ZZ% (D1)pi(D2)ei_s, k. j—ss1 (42)
k=0 1=0 k=0 =0

where the quantity ¢ (D7) and ;(D2) are

I'(k+ D)
[(k+ 1)T(Dy)

(I + Dy)

¢x(D1) = T+ 1)T(Dy)

s di(D2) = (43)

For an easier representation we note in the following ¢ (D1) = ¢}, and ¢(D3) = 7.

Therefore

vz(h1,ha) = CoV(Zitny,j+ny» Zij)
+00 +00 +00 +00
vz(hi,he) = Z Z Z Z CrPrPom P2 es (h1 — s1k + s1m, by — sl + son) (44)
k=0 1=0 m=0n=0
When hq — s1k + sym = 0 and hg — 59 + son = 0, we have k = g—ll +mand! = I;—;—Fn,thuscanbe
rewritten as

“+00 +00

m=0n=0
Taking (hl, h2) = (81(1, ngg) for 1,45 € Z, then

+o0 +oo
Vz(s101, s2b2) = 02 Z Z Pby+m Pyt n PP

m=0n=0

if (h1,he) = (s161 + &1, 8202 + &) for by, by € Zy, (§1,€2) € Ay X Ag, where Ay = {1,...,s1 — 1},
Ay ={1,... 59y — 1} then vz (hy, hy) = 0.
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Thus the autocovariance function of the stationary process {Z;;}; jez., is given by

+00 400
2 1 1 2 2 .
lopt Ot 4m P Plyin®rn  if (h1,h2) = (5141, s202)
Yz(h1,ha) =4 ° n;);) ' ’ (46)
0 if (h1, ha) = (s161 + &1, 5102 + &2).

Now the process {W;;}; jez. can be rewritten by

“+o00 +o0o

Wij = Z Z et Yicsik,j—sal

k=0 (=0

Then its autocovarianec function is given by
yw(hi he) = Cov(Withy jiny, Wij)

400 +00 400 +o0o
1, 2 1 2
= Cov Z Z CrP1Yithi—s1k, j+ho—sals Z Z O PnYi-msi,j—nss

k=0 [=0 m=0n=0
400 +o0 400 +o0

= Z Z Z Z (pi(p%(p},n(picov (}/i+h1—81k,j+h2—52la }/i*mslyj*n52)

k=0 =0 m=0n=0
“+00 400 400 400

= 02D D D> reienenry (b — sik + sim, hy — sal + san).
k=0 =0 m=0n=0

Thus

+00 400 400 400

yw (b1 he) =02 ) > > weieneary (= si1(k—m), by — sa(l —n)). (47)
k=0 =0 m=0n=0

Taking vy = k — m and v» = | — n in {7)), we get

+

o0 400 +00 +0oo

yw (b h2) =02 3 3 oh Py snPmPaty (hn = s1n), ha — savs) . (48)
k=0 1=0 m=0n=0

. . 2 _ 2 2 . . . . .
Using ({@6) and denoting o2 = o7, /o2 the variance of the two-dimensional white noise process {;;}; jez.,

we obtain (28) and (29).

We give now the proof of the of the expression of the autocovariance function for the Seasonal FISSAR
model defined in (2). Since E(W;;) = 0 we have E(X;;) = 0 and

yx(h1,he) = E(Xiyny jrnXij) -
Thus
+00 +00 +00 +00

Yx(h1,he) = E Z Z Z Z ¢7130¢81¢71n0¢(t)1w/i+h1—p—rsm—l—hz—q—tw

p=0 ¢=0 r=0 t=0
+o00 +00 +00 +oo

X Z Z Z Z ¢]f0¢61¢%¢81WifkfmshjflfnSQ

k=0 =0 m=07n=0
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and

—+00 +00 +00 +00 +00 +00 +00 +00

x(hhe) =3 D D N N D DD g ot s v

k=0 1=0 m=0n=0 p=0 ¢=0 r=0 t=0

xE (Wi+h17p7rsl,j+h27q7t32 Wifkfmsl,jflfn@) .

Now,

E (Wi-i—hl—p—?“S,j+h2—q—tsWi—k—ms,j—l—ns) = 7w (hl +k+ msy —p—r1sy, h2 + 1+ nsg —q — t32)
= ywh+k+si(m—r)—pha+l+sa(n—1t)—q)),

then we obtain (27). [ ]

Proof of the Proposition 3.8

Let U a causal and stationary process,

“+o00 +00

- | g~
Uij = Z Z@k@l E%i—s1k,j—sal

k=0 =0
where the coefficients 4,0,1, and gof are such that,

+o00 +00

s1k _sal
v z1>z2 E E (Pk(plz Z9" -

k=0 =0

Therefore

Yg(h1,he) = Cov (ﬁz’+h1,j+hga Uz‘j)
+00 +00 +00 +00

Vg (h1,he) = Z Z Z Z ChPtom ez (b1 — sik 4 s1m, hy — sol + son). (49)

k=0 [=0 m=0n=0
) h h
When hy — s1k + som = 0 and hy — sal + son = 0 in @9) we have k = s +mandl = S—;—i-nthen(]zf_g[)
can be rewritten as

“+00 400

p(hhe) = 0% > D Pl Pl i (50)

m=0n=0
Taking (h1, h2) = (s141, s2¢2) in (50) for ¢1, 42 € Z, then

“+00 +o00

Yo (101, 5202) = 02 Y > O LBl PimPr
m=0n=0
If (hl,hg) = (8151 + &1, 85009 + fg) for 41,45 € Zy, (51,&2) € Ay x Ao, where A = {1, ce., 81 — 1},
Ag ={1,...,s9—1} thenyz(h1, ha) = 0. Therefore the autocovariance function of the process {ﬁw Yijez.
is equal to
+oo +oo
Ui? Z Zﬁﬁm%ln@?ﬁn@% if (hy, ho) = (5141, 5202)
Vg (h, he) = m=01=0 (51)
0 if (h1, ho) = (5161 + &1, s2l2 + o).
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Now the process {Uj; }i jez, can be rewritten by

“+00 +o00

Zj - 5 5 (Pk(Pl i—s1k,j—sals

k=0 1=0

where the process {Z;;}; jez. is given by (22)). Then its autocovariance function is equal to

yu(h1,h2) = Cov <5z'+h1,j+manj>

+00 00 +oo +o0
= Cov <Z Z (Pllc(PlQY;Jrh1fs1k,j+h2752la Z Z @}ngpizi—mshj—n&)
k=0 [=0 m=0n=0
+00 00 +00 +oo
_ 1200 2Cov (Z: ‘ i
- Z Z Z PrPr SDmSOnCOV< i+h1—s1k,j+ha—s2l> z—msl,]—nsg)
k=0 =0 m=0n=0
+00 +00 400 400
et Z Z Z Z orot ot 027 (hy — 51k + s1m, by — sal 4 s97)
k=0 [=0 m=0n=0
00 +00 +00 +00
= oz, Z S eretenenvz (b — si(k —m), hy — s2(l — n))

k=0 =0 m=0n=0

Il
Q.

Taking 1 = k —m and v, = [ — n, we get

+00 +00 +00 +00

Y (hi, he) = Z Z DO O imPrainimnyz (hy — s11), hg — sav) (52)

=0 m=0n=0

Using (51) and denotmg o2 =02/ a~ the variance of the two-dimensional white noise process {€; }; jez.,
we obtain the results (33) and (34). [ |

Proof of the Proposition

Let V a causal and stationary process,

+00 +00

Vii =D D heleimnj—

k=0 =0
where the coefficients 4,0,1C and 9012 are given in

+00 +00

(21, 22) ZZS%SDZ Z1227

k=0 [=0

then

vy (h1,h2) = Cov (‘7@'+h1,j+h2, ‘N/zj)
400 400 +00 +0oo

Yol ha) = D 3NN oletenenva(h —k+m,hy —1—n). (53)

k=0 =0 m=0n=0
Whenhy —k+m =0and ho — [ +n =0,wehave k = hy + mand [ = hy + n.
Now (53)) can be rewritten as

+00 400
v (b1, ha) = 0%, Z Z ChatmPmPho+nPis (54)

m=0n=0
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and the process {V }jez, is equal to

“+o00 +00

Vij = Z Z e P Yo i

k=0 [=0

where {Y;;}; jez, is given by (23). Then its autocovariance function is given by

Yy (hi,hg) = Cov (‘71'+h1,j+h27‘7ij)

+00 400 +oo +o0
1 2 1 2
= Cov Z Z PLP1 Y;‘—f—hl—k,j—&—hg—lv Z Z (pm(pnyvl'*m:j*”
k=0 1=0 m=0n=0
+00 +00 +00 400

= YYD ereienenCov (Yitny —kjiho—t Yiomjn)
k=0 =0 m=0n=0

and

+00 400 +00 400

W (b1, ha) = o2 > ereiemenyy (b — k+m, hy — 1+ n). (55)
k=0 =0 m=0n=0

Applying (34) into (35) , with o.gg = 0%/ 0527 the variance of the two-dimensional white noise process
{gij }i,jez+, we obtain (35). .

Proof of the Proposition[3.10]

We obtain the autocovariance function of the Seasonal FISSAR stationary process by repeating the same
method as in the proof of the Propostion (3.8) where the processes {U;;}; jez. and {V;}; jez. are respec-
tively defined by (31)) and (32)) and taking the variance of the two-dimensional white noise process {¢;; }i jez.,

equal to 02 = 02 /02, [ |
3
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