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Ibn S1na's approach to equality and unity

S. Rahman, J. G. Granstrom and Z. Salloum?

Abstract

Aristotle did not develop the quantificationtbé predicate, but, as shown in a recent paper
by Hasnawi, Ibn Ba did. In fact, assuming the Aristotelian subjeatgicate structure, lbn
Sina qualifies those propositions that carry a quasdifpredicate adeviating (muharrafah
48 ) propositions. A consequence of Ibm#& approach is that the second quantification is
absorbed by the predicate term. The clear diffeagoh between a quantified subject, that
settles the domain of quantification, and a prddiegpart, that builds a proposition over this
domain, corresponds structurally to the distinctimade in constructive type theory, between
the type of sets and the type of propositions.

Neither did Aristotle combine his logical anaty®f quantification with his ontological
theory of relations or equality. But Ibnrd makes use of syllogisms that require a logic of
equality, and considered cases where quantificatimmbines via equality with singular
terms. Moreover these reflections provide the biasigis theory of numbers that is based on
the interplay between ti@neand theMany. If we combine Ibn a's metaphysical theory of
equality with his work on the quantification of tipeedicate, a logic of equality comes out
naturally. Indeed, the interaction between gfiaation of the predicate and equality can
be applied to Ibn@a's own examples of syllogisms involving theseams. By using the
formal instruments provided Martingf's constructive type theory, the present paper
establishes links between IbAn®s metaphysics and his logical work: links that énd»een
discussed in relation to other topics by Thom atrde®. Ibn $a did not develop a logic of
identity, but he did develop the conceptual meardotso.

1 Introduction

As pointed out by Sundholm [15] (cf., [9]), sindeetwork of Frege, quantifiers are intended
to range over the universe all objects Hence, since all quantifications concern the same
domain, there seems to be no practical or theatetieed to include explicit information
about the domain of quantification in the quantiitation. In this setting, the role of the
predicate is to pick out, from an all encompassiniyerse, the subset of objects appropriate
for analysis of the sentence at hand. Such a gyrdtas the side-effect that it liberates the
logical form from the subject-predicate structuegplicitly imposed on propositions in the
Aristotelian tradition.

However, the Fregean move is utterly unfaithfulthe corresponding natural language
expressions. It seems natural, on one hand, tohatteevery a noun, such asvery student
andevery philosopherut, on the other hand, if someone asserts that
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Soatephants are small

it looks like we pick, from the restricted universkelephants, those that are small, aod
from the universal domain of objects, those objdtéd are small and elephants. It may well
be that the elephant in question is small (for pleant), but even small elephants are big
creatures in the animal kingdom.

Crubellier, in a new French translation of falytica[2] proposes, to translate Aristotle's
formulation of universal expressions with a paragbrlike

To be small applies to some elephants

Crubellier's translation strongly suggests thatdhigject, restricts the predicate (to be small),
to the domain of elephants.

Note thaeveryandsome always are attached to a noun. In a paper ondtien of number
in Plato and Aristotle, Crubellier [7] points outat, for the ancient Greeks, a number is
always attached to a noun: two apples, two flowests. The pure number of the
mathematicians is, according to Aristotle, an austpresentation that achieves generality -
e.g.two abbreviateswo whatever objecterhaps, similarly, we should think @feryas an
abstraction fronevery appleevery flowery etc.

A crucial point in the type-theoretic formaliiat of the Aristotelian forms of propositions
is the distinction drawn between two forms of juchgat that both formalize natural language
sentences of the form

ais B,
namely:
a:B and B(a) : true,

where, in the first case, B is a set, and, in #eoBd case, a: A and B(x) is a proposition
under the assumption that x is an element of¢teA .

This distinction is linked to Lorenz and Mittebsss' beautiful analysis of Plat@3atylus
[13]. In this paper, the authors point out two eliéint basic acts of predication, viagming
(6vopadeiv) andstating (Aéyeiv). The first amounts to the act of subsuming onéviddal
under a concept and the latter establishes a topogition. Naming is about correctness, i.e.,
one individual reveals the concept it instantiateése naming is correct. Stating is about the
truth of the proposition that results from the set&ind of predication act. If the predicate
indeed applies to the individual, the associategpsition is true.

In the context of our own reconstructiamming corresponds to the assertion that an
individual is an element of a given set, or, whachounts to the same, that an individual falls
under a given concept, that is, it involves judgetseof the form a : B; andtaing
corresponds to asserting the truth of a propositien to asserting B(a) : true.

The conventional type-theoretic notation for mpifgers stresses the two-term structure of
the Aristotelian forms of propositions:

JkS)P(X) and Yx: S)P(x).

In the example above,=S{elephant}, and P(xE "x is small", where the variable x stands
for an elephant This clearly reveals that S and P have diffestatius.

2 n this paper, we use the sigrior definitional equality: in this case, the dhifiion of S has type “set' and the
definition of P(x) has type ‘prop".



Aristotle did not apply his logical analysis afiaqtification either to relations or equality,
but Ibn Sna considered the latter, as well as propositionssyfidgisms where quantification
combines via equality with singular terms.

These reflections provide the basis for his thew numbers that is based on the interplay
betweenOne and theMany?. Certainly, as pointed out by Hasn&wAristotle discusses the
case of relations and unity in many places of hiskwsuch as in the boolss andI of his
Metaphysics. Moreover, Ibni&'s classification of unity, which we discuss in theesent
paper, is Aristotelian.

However, and this is the main claim of our papers Ibn Sna's quantification of the
predicate that allows him to introduce these du$itoms into the object language and
prefigure, perhaps for the first time, a logic waih equality predicate.

2 Quantification of the predicate

Many logicians of the middle-ages avoided relatigrasticularly in the context of building
syllogisms. Thus, syllogisms were based on monpdidicates and the logic of monadic
predicates does not naturally lead to repeate@sted quantification.

However, Ibn $a devotes two chapters of al-alta to the quantification of the predicate.
Al-"Ibara ¢k is the third book of the logical collection ofshphilosophical encyclopaedia
entitled al-Shif (the Curesiil)). It is in these texts that Ibrird shows that his approach to
quantification is very close to Aristotle's anatysif relations, mentioned above, though Ibn
Sina's own understanding of quantification allows hiatrbto study double quantification and
defend its study from detractors. This has beenemguparent in the excellent paper of
Hasnawi [12] on Ibn Ta's double quantification - a paper that, by the wegntains an
English translation of these two chapters, thé firany language.

Indeed, one of the mediaeval objections agalmstquantification of the predicate is that,
because of the possibility of a negation in thepscof the second quantifier, propositions
could not anymore said to be either affirmativenegativé. For example, doesome man is
not every animakxpress an affirmative or a negative propositiodasnawi sums up lbn
Sina's position very well:

"Avicennd upholds here a radical point of view: accordinchim the predicate in double
quantified propositions is constituted by the qufeemtplus the initial predicate, which form
together a unit. So a proposition which has thenfof a normal affirmative proposition will
keep this quality even though a negative quantifi@s been prefixed to its predicate. The
quantifier of the predicate is conceived of as edmate-forming operator on predicates: it
generates new predicates from previous ones bghatga quantifier to them." [12, pp. 304].

It very much looks as if Ibnifa thinks of quantification of the second term adding a
new predicate, and this deviates from the normal afsquantification. Let us once more
guote Hasnawi, who this time quotes Ilnahimself:

® Rahman/SallouniThe One, the Many and b3 's Logic of IdentityPaper in preparation.

4 Personal communication of Ahmed Hasnawi.

® In the 19th century, this debate was revivedhywin one side, W. Hamilton defending quanttfa of the
predicate, and, on the other side, A. De Mordemngly objecting to it [10].

® Recall that Ibn Ba's Latinized name is Avicenna.



"The same semantic core, namely that a claudedatb a proposition or to a part of it,
makes the proposition deviate from its normal fiomhg, is present in the description
Avicenna gives of propositions with a quantifie@égicate as mun agif (—l_~i): "If you try
then to add a quantifier, the proposition will bevidte (irh arafat-é ~3): the predicate will
no longer be a predicate, but rather it will becquag of the predicate. The consideration of
the truth will thus be transferred to the relathich occurs between this sum and the
subject. That is why these propositions were calledating” (al-'llara: 64,17-65,1)." [12,
pp. 323].

Before formalizing Ibn ®a's quantified predicates, recall that the subjeantS in the
Aristotelian forms of propositions
somel/every S is P

can be taken in two different ways when formalizetiype theory : either as aet as above,
or as asubset of a larger domain of quantification, the uniersf discourse D, i.e., as a
propositional function, or a predicate, in the &ajisense of the word, on the set D. For
example, the propositicsome white thing is rourzhn be formalized using

D = {physical thing} universe of discourse,
S(X)= x is white subject,
P(x)= x is round predicate.

Clearly some S is Ihas to be formalized asdX:D) S(x) & P(x) in this case. We introduce

the following compact notation for the case whea shbject term is taken as a subset of a
larger universe of discourse:

some SisP
every Sis P

3S(x)) P(x)
(VS(x)) P(x)

(IX:D)S(x)& P(x),
(Vx: D)S(x)U P(x),

where both S(x) and P(x) are propositions utigeassumption that x is an element of the
universe of discourse D. The symbadl stands for logical implication. This interpretatiof
quantification over a restricted domain is standanchodern predicate logic (cf., e.g., [8]).

Using this notation, we can now make sensemf3ha's cryptic remark that "the predicate
will no longer be a predicate, but rather it widdmme part of the predicate". For example,
consider the senten@very S is some, Br, which amounts to the samevery S is equal to
some RPwhere P is a propositional function on S: wetbetformalization

(Vx:S)(3P(Y) (x=y)= (Vx:S)@yY:S) P(N)& (x =y).

By substitution, P(x) is logically equivalent taF(y))(x=y) , whence "every S is some P" is
logically equivalent to "every S isP"

3 The Oneand equality

" Cf., Maritain: “In every affirmative, the predie is taken particularly” [14, p. 125].



The discussions on thene and theMany are ubiquitous in the work of lbrir&, and they
share the features of many Neo-Platonists whogefien, attempt to combine the Platonic
and Aristotelian Metaphysics. In fact these twoiortt set the basis for lbrir's theory of
numbers. A salient sense of the notiorQufeis, according to our authadentity developed

in the first chapter oMetaphysicsn theBook of Sciencb, pp. 121-125] and in the second
chapter of third book of thmetaphysicof the Shifi [6, pp.160-164] In this context, Ibn
Sina distinguishes between

* One in natureno aspect of multiplicity is involved, such &jd and the geometrical
point.

* One in an aspect: this is said of specific thiniglsez
- according tessenceor
fer accidens

The first sense dDneg i.e.,One in natureis related to the unity of an object - even with
very concept of existence of an object. The secam$e ofOne (by essence or per accidens)
is the one that builds Ibrir&'s theory of equality and that combines with hiamjification of
the predicate. It is crucial that the interactiogtviieen quantification of the predicate and
equality can be applied to Ibnrd's own examples of syllogisms involving these nugiorhe
investigation of this second senseQie will occupy the rest of this paper. We will inteep
One in essenceas dealing with equality, interpreted in typedityeeither as definitional
equality, & b : A, or as propositional equality, (a=b) : true

In hisAutobiographyour author claims that he has reconstructed aliriference steps of
the Euclid's geometry. This certainly requires afyse use of the logic of equality. On the
topic of equality, Ibn a discusses transitivity of equality in @Qg/1.6: "Thus when you say
C isequalto B and B is equal to D, so C is etuad ."°

There are quite a number of syllogisms in 1BnaS work on logic involving equality and
equivalence: they have not all been compiled yét)di us analyze a few examples.

At Qiyas 472.15f we find:
Zayd is this person sitting down, and
this person sitting down is white
So, Zayd is white.

Here Ibn $na makes use of the substitution rule

(a=b):true P(a):true
P(b) : true

wherea and b are elements of a set A and P(x) is a preddefi@ed on the set A.

The syllogism discussed at @sy488.10 could be read with equality too:

® The Schoolmen referred to the distinction betwe®® in natureandone in an aspeds ““duplex est unum",
cf., Aquinas De Potentiag. 3, a. 16, ad 3.
® Transl. W. Hodges.



Pleasure is B.
B is the good.
Therefore pleasure is the good.

However, it is perhaps more natural to interpret wordis in these sentences as logical
equivalence.

4 One per accidens

Ibn Sna distinguished six cases of unity per accidensnity by species, unity by genus,
unity by accidental predicate, unity by relatiomshunity in subject, and unity in number. In
general, sentences expressing this form of uni tiae form

aand b are one by/in A.

Our analysis of this form of sentences will asst@ a (possibly higher order) schema S with
the aspect A, and the interpretation of the seetevilt be that the predicate applies equally to
botha andb, i.e., the interpretation will be th&(a)andS(b)are both true.

This analysis holds good for the first four saeéunity per accidens, but, as we shall see, it
breaks down for unity in subject and unity in numbe

Let us first consider unity by species (wahid bilnw g sib 21 5ll), An example due to Ibni
IS given by

Zayd and Amr are one by humanity
In this case, the schema is simply the predicate
SH(x) = x is human,

where X ranges over some suitable domain, sutihimg being That is, Zayd and Amr are
one in the sense that both propositions SH(Zayd)Sth(Amr) are true. Put differentlzayd
and Amr are one by humaniyinterpreted agZayd and Amr are both human

Next, let us consider unity by genusafid biljns o«lb 2s1 ). An example due to Ibniss
IS given by

The human and the horse are one by animality

Again, we pickliving beingas the universe of discourse L, and we interptah&h(x) and

Horse(x) as predicates on L. In this case, themahis of the second order as it takes a
predicate X on L as argument:

SA(X) = (Vx: L)X(X) Animal (x).

The sentence is now interpreted in type theory Ad8man) and SA(Horse) both being
true.

OThis classification of the various senses of fityefis derived from Aristotle,Metaph, Bk. 5, Ch. 6.



Unity by accidental predicate (al-wahl bi -al-aragh »lL 2al5ll).  An example due to Ibn
Sina is given by

Snow and camphor are one in being white

Here we take the universe of discourse tsudestanceabbreviated S, and the schema is
SW (X) = (Vx: S)X(x) U White(x),

where X is a predicate on S. If we view Snow(xyl &@amphor(x) as predicates on S, it is
clear that both propositions SW(Snow) and SW(Canmjplawe true.Note that, in the
formalizatian of unity by genus, the universe of discourse oane taken to banimal as
this would make the schema SA(X) vacuously trueaoy predicate X rterestingly, the
type-theoretic formalization is the same as fotyuhy genus. This is because the Aristotelian
distinction between essential and accidental pateléc pertains to semantics, or meaning,
rather than to logical form. In type theory, anfial distinction is made between the universe
of discourse (which always is a set) and predicatethis universe, but a distinction between
essential and accidental predicates can only be d@nhave access to the definitions of the
predicates involved: a predicate on a genus iméaé it is amark', of the definition of the
genus, or a combination of such marks. In summin, Aristotelian distinction between
essential and accidental predicate holds goodpe tiyeory, but it is not visible in the logical
form of the identity sentence — however it can la@ewisible in the so-callddrmationrules

for the semantic elements of those sentences.

A particularly interesting kind of unity is upiby relationship (whid bilmurisabass/ !
4ulidl), An example due to Ibrilsa is given by

The relation of the sovereign to the aityl the relation of the soul to the body are.one

We read this example as unity with respect éorétationis governed hylLet us introduce
two universes of discourse, one for things govergedernees,abbreviated GE, e.g., cities
and bodies, and one for governors, abbreviated &g, sovereigns and souls. We view
City(x) and Body(x) as predicates on the set GEaddition, we view Sovereign(x, y) as a
dyadic predicate o@a governee »anda governor y so that Sovereign (X, y) meagss a
sovereign of xSimilarly, Soul(x, y) means thatis the/a soul of .x Other formalizations are
also possible, such as taking Sovereign and Soube functions, or restricting the first
argument x to be an element of the subset adscibir bodies respectively. However, the
formalization we have chosen is probably the sistpl&@he schema related to unity with
respect to governance is given by

SG(X, Y)= (Vx:GE)(VY : GN) X(X)& Y(x,y) U Governs(x, y),
where X ranges over predicates on GE and Ygemmwver dyadic predicates on GE and

GN. The propositions SG(City, Sovereign) and SG{Bdbul) come out as true under this
interpretation.

" Nota, in the scholastic terminologyr Merkmalin the terminology of Frege



Next we have unity in subject (wahid bilmwdu g sa sl 2alll). An example due to Ibrig
is given by

Whiteness and softness are one, in sugar.

Here we cannot fit the formalization into the getheschema presented above. Instead we
directly formalize this sentence as

(Vx : S)Sugar(x)! (White(x) 00 Soft(x)),

wherel Ustands for bidirectional implication, the universé discourse is substance
abbreviated S, and Sugar(x), White(x), and Spfse predicates on the universe of
discourse. That is, our interpretatioreigery substance that is sugar is white if and drityis
soft

Finally, we have unity in number (wahid bil dad 22211 2a)5l)). It is important to recall here that
Ibn Sna thought, as did Aristotle before him, that numbenes properties of terms - a claim
that lost popularity after Frege's incisive objenst in hisGrundlagen der ArithmetiKL1]. Be
this as it may: it is natural to formalize a secgsuch as

A and B are one in number,

as the sets or subsets A and B admitting atmje between them.

5 Conclusion

This paper suggests that Ibm&explored new paths of logic beyond the work ofsfoile,
particularly so in relation to equality. As alrgachentioned in the introduction, Ibrirg's
quantification of the predicate, rejected by Ariktt, allows him to combine, perhaps for the
first time, a logical analysis of quantificationrmabined with a theory of equality.

A topic that deserves further study is Itna$ theory of the relation between equality and
existence in the context of his overall philosophmew on mathematics, and particularly in
the context of his theory of numbers.
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