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Abstract

A market with asymmetric information can be viewed as a repeated exchange game
between an informed sector and an uninformed sector. The case where all agents in the
market are risk neutral was analyzed in De Meyer [2010]. The main result of that paper
was that the price process in this risk neutral environment should be a particular kind
of Brownian martingale called CMMYV. This type of dynamics is due to the strategic use
of their private information by the informed agents. In this paper, we generalize this
analysis to the case of a risk averse market. Our main result is that the price process is
still a CMMYV under a martingale equivalent measure.

JEL Classification: G14, C72, C73, D44
Keywords: Asymmetric information, Price dynamics, Martingales of maximal variation,
Repeated games, Martingale equivalent measure, Risk aversion

1 Introduction

Information asymmetries are omnipresent in financial markets. We don’t mean here insider
trading which is illegal and hopefully quite marginal but, de facto, there is an asymmetry
between agents: institutionals have typically a better access to information than private
investors. They have access to more information, quicker, and they are better skilled to
analyze it. In such a situation everybody is aware that informational asymmetries exist and
knows who are the informed agents.

Actions by the informed agents on the market are therefore analyzed by the uninformed
agents in order to deduce the informative content behind these actions. As suggested pre-
vious papers (De Meyer [2010] and De Meyer and Saley [2003]), this phenomenon could
partially explain the kind of price dynamics observed on the market.

In De Meyer and Saley [2003], the game between two market makers with asymmetric
information was analyzed. This paper proved in a very particular risk neutral case that
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the price process converges to a continuous martingale involving a Brownian motion in its
description. This result gives thus an endogenous justification for the appearance of the
Brownian term in the price dynamics: it is seen as an aggregation of the random noises
introduced strategically day after day by the informed agents on their moves to hide their
private information.

This idea was generalized in De Meyer [2010] to a broader setting and the main result
of that paper was that the price dynamics must be a so called “Continuous martingale
with maximal variation” (CMMYV), see Definition 1 below. These martingales also involve
a Brownian motion. The market is analyzed there as a repeated exchange game between
an informed sector and an uninformed one. Both sectors exchange a risky asset R with a
numeraire in counterpart. In this game, the informed sector plays as a unique risk neutral
player who wants to maximize the expected value of his final portfolio. To modelize the
market in the broadest generality, an exchange mechanism T is introduced. T maps couples
of actions (7, 7) to a resulting transfer T; ; = (A; ;, B; ;) of risky asset and money between
the sectors. To make a realistic modelization, a set (H) of five hypothesis is made on T

Invariance with respect with the numeraire scale
Invariance with respect to the risk-less part of the risky asset

(H) Existence of the value.

Positive value of information
5: Continuity of Vj.

De Meyer [2010] noticed that a profit for the informed player results in a loss for the
uninformed player. The exchanges between the players are typically zero sum (no creation
of goods). It is then natural to consider in a first analysis the case of two risk neutral
players. In this framework the price at period ¢ is naturally identified with the conditionnal
expectation of the final value of the risky asset given the public information at that period.
The main result is that under (H), the price process at equilibrium p"™, (considered as a
process in continuous time ¢ — p’fnt J) converges to a CMMYV as n goes to infinity. The same
martingale appears no matter the choice of the mechanism T satisfying (H). The class
of CMMYV is therefore very robust as it doesn’t depend on the peculiarity of the trading
mechanism.

In the third chapter of his thesis Gensbittel [2010] studied the case of risk neutral players
on a market with multiple risky assets and asymmetric information. In the particular case
where all assets are derivatives that depends monotonically on a given underlying asset, the
price dynamics of all assets are again CMMYV.

The question we adress in the present paper is also about the robustness of the CMMV
class: will this class still appear without the hypothesis that the uninformed sector is risk
neutral? Since it typically represents big institutional investors, it is natural to model the
informed sector as risk neutral agent. The problem is more about player 2 which is an
aggregation of small uninformed agents. As individual, they typically display risk aversion.
We will model this aggregated sector by a single representative agent called player 2, and
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it seems then natural to assume him to be risk averse.

This risk aversion is modeled with the introduction of a non linear utility function in
player 2’s payoff. Due to this utility function, we are not in front of a zero sum game
anymore as it was the case in De Meyer [2010]. This makes the analysis more involved,
the notions of value and optimal strategies are here to be replaced by the notion of Nash
equilibrium.

In this model, since player 2 is risk averse, it makes no sense to define the price as the
expectation of the final value of the risky asset. What would be the price in this risk averse
setting with a general (abstract) trading mechanism? We chose to bypass this question by
considering a particular exchange mechanism that naturally involves prices.

The mechanism considered in this paper is very simple: the uninformed sector is repre-
sented here by a risk averse market maker called player 2. At each period ¢ € {1...,n}, he
chooses a price p, for one share of the risky asset, and player 1 will have to decide whether
he wants to sell or to buy. Both players try to maximize their utility for the liquidation
value of their final portfolio.

We first prove the existence of Nash equilibrium for a game with fixed length n. We
then analyze the price dynamics at equilibrium. Let P,, denote the law of the price process
at equilibrium. P, is referred to as the historical probability measure. We then prove that
this price dynamics is compatible with the financial theory of no-arbitrage (Harrison and
Pliska [1981]): There exists a probability measure @, equivalent to the historical one P,

<g£i =1qyp > O), such that the price process p; is a martingale under @,,.

We then analyze the asymptotics of the price dynamics as the lenght n increases to
infinity. Our main result is that under @),,, the price process p™ converges in finite dimen-
sional distribution to a CMMV Z; with probability distribution ). We further prove that
the historical distributions P, converge to a limit distribution P which is equivalent to Q.

This paper seems therefore to indicate that under the martingale equivalent probabil-
ity measure, the actualized price processes on the market should be CMMYV. This class of
martingales seems therefore to be a natural class of stochastic processes that could be used
to develop pricing and hedging models.

We now give a precise definition of CMMYV:

Definition 1. A continuous martingale of maximal variation (CMMYV) is a stochastic pro-
cess I, which is a martingale satisfying:

Ht = f(Btat)

where B is a standard Brownian motion and f : R x [0,1] — R is a deterministic function
which is increasing in its first variable.
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Remark 2. Due to Ité’s formula, this definition implies in particular that f must satisfy
the time reversed heat equation:

of 10

ot 20z2
Remark 3. The terminology "CMMV” was introduced in De Meyer [2010] due to the
following result. The n-variation of a martingale (Xt)te[o,l] 18:

=0

n—1
VE = [ Xgm1 — Xallps
q=0
Consider the problem ., of maximizing the n-variation Vg on the class of martingales
X with final distribution p (X1 ~ w). It is proved in De Meyer [2010] that the martingales
that solve My, (i.e. martingales of maximal variation) converge in finite distributions, as
n goes to infinity, to a process that satisfies the above Definition 1.

Remark 4. Note that if B is a Brownian motion on a filtration (%) and g is an increasing
Junction R — R, then X; := E[g(B1)|-%#] is a CMMYV. Indeed, due to the Markov property
of the Brownian motion, we have Xy = E[g(B1)|-%#| = Elg(B1)|By]. We get therefore
X; = f(By,t), where f(x,t) = E,[g(x + 21 —1t)], with z ~ A4(0,1). Note that f is
the convolution of g with a normal density kernel. This convolution preserves the class of
increasing functions and f is thus indeed increasing in x.

2 Description of the model

In the game we are considering, player 1 receives initially some private information about
the risky asset R. This information will be publicly disclosed at a future date (for example
at the next shareholder meeting). At that date, the value L of the risky asset will depend
on the information initially received. Since the liquidation value is the only part of the
information that is relevant for R, we can model the whole situation as follows: (1) Nature
draws initially L, once for all, with a lottery u. (2) Player 1 observes L, not player 2. (3)
All this process, including p, is common knowledge.

We define G, (1), n > 1, as the n-times repeated game where two players are exchanging
at each round a risky asset R for a numeraire. At period ¢ € {1,...,n}, player 1 decides
to buy (uqy = 1) or to sell (uy = —1) one unit of the risky asset. u, € {+1,—1} is thus the
action of player 1. Simultaneously, player 2 selects the price p; € R of the transaction at
stage q.

Remark 5. Choices are thus considered to be simultaneous: in our model, player 1 does
not observe player 2’s action before deciding whether to sell or buy. This can be surprising
at first glance. Indeed, one usually assumes that the trader will buy or sell after observing
the market maker’s prices. In fact, we argue that this sequential model where player 1 reacts
to the price posted by player 2 is in fact equivalent to our model. Indeed, we prove in section
4 that, due to Jensen’s inequality, the equilibrium strategy of player 2 in the simultenaous
game considered here, is a pure strategy. Player 2’s move pq is thus completely forecastable
for player 1 at period q. Player 1 would get no benefit from observing pq before selecting u,.
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We denote hy the history of plays until round ¢, i.e. hq = (u1,p1,...,uq,pq) and Hy
the set of all possible histories until round ¢. At the end of stage ¢, uy and p, are publicly
revealed. Then both player know and remember all the past actions taken by both of them.
Since the game is with perfect recall we can apply Kuhn’s theorem and assume, without
loss of generality, that players use behavioral strategies.

A behavioral strategy for player 1 in this game is 0 = (01, ...,0,) with o4 : (hg—1,L) —
oq(hg—1,L) € A({—1,4+1}). A behavioral strategy for player 2 is 7 = (71,...,7,) with
Tyt hg—1 = 14(hg—1) € A(R). A triple (p, 0, 7) induces a unique probability distribution on
(L, hy). When X is a random variable, we denote E,, , -[X] its expectation with respect to
this probability.

In this paper, player 1 is risk neutral. His payoff in G, () is then the expected value of
his final portfolio:

91(0,7) = Epor \/177 Zuq(L — Pq) (1)
q=1

Note that we introduced the normalization factor ﬁ The interest of this normalization
appears in De Meyer [2010]. Indeed, without this normalization factor, this particular game

corresponds to an exchange mechanism T defined by:

ie{-1,+1},j eRand T;; = (i,—i X j)

It can be easily shown that this mechanism satisfies the five hypothesis mentionned
above, and we know from De Meyer [2010] that the value V;, of the game is such that %
converges to a finite quantity. This result points out that payoffs should be normalized by
a factor ﬁ This normalization has no effect on player 1 since he is risk neutral, but it is

important for player 2.
The particularity of the current paper is that we consider a risk averse player 2. The

payoff he aims to minimize (we keep the formalism of the zero sum games where player 2
is a minimizer) is thus:

02(0,7) = EBpor | H jﬁ g ug(L — py) (2)

where H is a risk aversion function, (convex and increasing).
Throughout this paper, we will make the following assumptions on u and H:

Al: pu is a probability measure on [0, 1] absolutely continuous with respect to the
Lebesgue measure. Its density function f, is strictly positive and cl.

A2: H is a strictly positive, strictly convex and C? function and H’ is Lipschitz-
continuous and satisfies: 3K, e > 0 such that for all z € R: e < H'(z) < K.
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Observe that in A1 we assume that L takes only values in the [0, 1] interval. We could
obviously change this assumption to any compact interval by just a renormalization.

3 Results and structure of the paper

In the first part of the paper (sections 4, 5, 6), we analyse the game G, (1) for a fixed number
n of stages. We first prove in section 4 that some equilibria of G,,(x) can be found among
the equilibria of the simpler game G, (1) where the informed player 1 does not observe the
actions of player 2. We then focus on the reduced game G, ().

This game can be completly reformulated: a strategy of player 1 can be identified with
a probability II,, on the pair (w, L) where w = (uq,...,uy,). Due to Jensen’s inequality we
prove in Proposition 10 that player 2 can restrict himself to pure strategies.

We argue in section 5 that such a pure strategy can be identified with a map X,, from
Q, :={—1,1}" to R that satisfies E)[X,] = 0 where ), is the uniform probability on .
The link between X,, and the corresponding pure strategy is made precise in subsection 5.1.

We show in subsection 5.2 that, in order to be an equilibrium in G, (1), (I1,,, X;,) must
satisfy the conditions (C1) to (C4), with II,, denoting the marginal of II,, on (L, S,), with
Sp = ﬁ > i uk, and ¥, being a convex function such that X, (w) = U, (S, (w)).

(C1): Ex [¥,(Sn)] = 0, where An is the law of S, under \,.
(C2): The marginal distribution ﬁn| 1 of L under II,, is p.

(C3): The marginal distribution ﬁn| s, of S, under II,, denoted v, is such that the
density ‘g%: is proportional to Eg [H'(LS, — ¥,,(Sn)) | Shl.

(C4) I,(L € 9Y9,,(S,)) = 1 where d¥,, denotes the subgradient of the convex function
v,.

Conversely, one can always associate an equilibrium to a pair (I, ¥,,) satisfying the
four conditions.

Using the link between X,, and the corresponding pure strategy of player 2 (which is the
price process at equilibrium), we prove in the subsection 5.3 that if conditions (C1) to (C4)
are satisfied, there exists a unique probability @, equivalent to the historical probability
P, such the price process (pg)qzl,m’n is a martingale under @,,.

We next turn to the problem of existence of these reduced equilibria. In fact, the
existence could be proved by classical methods, using Nash-Glicksberg’s theorem. We give
here an alternative proof introducing in section 6 an operator T : A(R) to A(R). This
operator will be useful both to prove existence, and to study the asymptotic properties of
these equilibria.

The idea behind this operator T is as follow: as explained in section 6, the problem of
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finding a pair (II,, ¥,,) satisfying (C1) to (C4) can be further reformulated. First observe
that the marginal v, = II,g completely determines II,, and ¥,, as long as (C1), (C2) and
(C4) are satisfied.

Indeed, due to Fenchel lemma, condition (C4) can heuristically be interpreted by saying
that S, is an increasing function® g of L: S, = g(L). When L is p-distributed, g(L) must
have distribution v,. There is essentially a unique function g which satisfies that condition?
and we find therefore heuristically that L = W/ (S,) = g~1(S,). This fix II,, which is then
the joint law of (L, g(L)) when L is p-distributed. This also fix ¥,, up to a constant which
can be determined in a unique way to satisfy (C1).

So, from the above discussion, given a measure A on R, for all measure v on R there
exists a unique pair (IL,, ¥, ) satisfying (C1) with X, replaced by A, (C2), (C4) and such
that the marginal distribution of S, under II,, is v.

So we are now seeking a v for which condition (C3) is further satisfied. There exists a
unique probability p such that g—l’j is proportional to B [H'(LS — W, 5(5)) | S]. Call Ty the
map v — Ty(v) := p. With these notations, finding an equilibrium in G,,(v) is equivalent
to find a measure v satisfying the equation:

TX"(V) - Xn (3)

The existence of equilibrium in the game G,,(p) is finally proved in section 6 by showing
that the operator Ty is onto the space of measures. We first prove the continuity of the
operator Ty in term of Wasserstein distance W5. The onto property of T5, results then
from an application of the KKM theorem. Indeed, it follows from its definition that 7% (v)
is absolutely continuous with respect to v. So, if one consider the restriction of 7 X, (v) to the

set of measures having the same finite support K as \,, TXH(V) is essentially a continuous
map from the |K|-dimensional simplex to itself that preserves the faces.

Section 7 of the paper is devoted to the asymptotics of v,,. Remember that ), is the law
of L Zq 1 Ug when u, are independent and centered. Due to the central limit theorem,

An converges (in Wasserstein distance W) to the normal law Ao

On the other hand, by a compactness argument we can prove that any sequence (Vp)neN
of solutions v, of equation (3) has an accumulation point v satisfying T5_(v) = Aoo- The
convergence of (v, )nen is then obtained by proving in subsection 7.4 that there is a unique
solution to this equation.

We first prove that if v is solution to T5_ (v) = Aoo then ¥ V., 18 @ C? function. Since

_ 1
v X (Sp) is p-distributed when S, is v- dlstrlbuted we get that ¥/ - (Sn) = F ;' (F,(Sn))

where F}, and F), are the cumulative distribution functions of 4 and v. Differentiating this
equation with respect to S, gives, with f, and f, the density functions of v and u:

" _ fu(Sn) — fv(Sn)
V5. (Sn) = Fu(F (F(S0))  ful¥) 5 (Sn))

"We remain very heuristical in our explanation at this point because AW is actually a correspondence
and not a single valued function.

*Would v have no atom, we would have g(¢) = F,; ' (F,(¢)), where F, and F, are the cumulative distri-
bution functions of p and v.
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The equation T%_ (v) = Aoo indicates that f;—j‘? = 8(;‘—30 =cH'(LSy, — ¥, 5_(Sh))-

This is exactly the equation appearing in the differential problem (2) of Proposition
40. The proof of the uniqueness of the solution of that system is technically too involved
to be described in this introduction. It is done in section 7 (see Theorem 41).

Remark 6. The difficulty of this uniqueness result comes on one hand from the fact that
the equation is strongly non linear due to both f, and H. On the other hand, it is usual
in game theory to prove the convergence of the wvalues of discrete time repeated games to
a limit using the concept of viscosity solution and uniqueness result to these differential
problems. Nonetheless the corresponding equation are usually of second order. Our equation
is apparently also of the second order, but it involves an additional constant c. Such an
equation can be considered as a integral version of a third order equation without c. But
the theory of viscosity solution does not apply to third order equations and this explains the
technical difficulty of our proof.

With the convergence of v, proved in section 7, we can prove in section 8 that the
historical laws P, converge. We also get the convergence of the law @), of this process
under the martingale equivalent measure. More specifically, the discrete time price process
(pY,...,pr) can be represented by the continuous time price process t — p?nﬂ.

We first show that the processes p?mJ under the law @, can be represented (Sko-
rokhod embedding) on the natural filtration .# of a Brownian motion on a probability
space (Q, F, ]5) More precisely, there exists a sequence of variables py and an increasing
sequence of stopping times 7;' such that pj is Z a-mesurable, and has the same distribution

q
as py. We show in Theorem 49 that ﬁfnt | converges in finite dimensional distribution to a

limit process Z; defined on the space (Q, F, ﬁ) and results to be a CMMYV with law Q.
We also show the convergence in finite dimensional distribution of p’f nt] under the his-

torical probability P,. More precisely we show in Lemma 52 that the density y, = ggz
converges in L' to a density ¥, with y bounded. We can then show in Theorem 53 that the

historical law P, = y,@Q, of the process p’fm | converges to the law P = y.Q).

4 Reduced equilibrium

Definition 7. The reduced game G () is the game where player 1 does not observe player
2’s actions and player 2 is not allowed to randomize his moves (he only uses pure strategies).

In this paper pure strategies of player 2 will be denoted p. Such a strategy p is thus
a sequence of maps (py, .. .,p,) where p, is a map Hy 1 — R. p,(hy—1) denotes then the
deterministic action taken by player 2 after history h,—1. Remark however that since player
2 does not randomize before stage ¢, the action he will take at stage ¢ is just a deterministic
function of previous moves of player 1. Therefore, in this paper, a pure strategy of player
2 will be considered as a sequence (py, ..., p,) where B, is a function {—1,+1}971 — R.

In this section we show that any equilibrium in G, (p) is an equilibrium in G,, (). These

equilibria will be referred to as reduced equilibrium. Let o be a reduced strategy of player
1 and let 7 be any strategy of player 2. E, 5 -[pq | u1,...,uq—1] is just some real valued
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function fy(u1,...,uq—1) (defined only on histories (u,...,u,) with positive probability
under (u,0)). The sequence (f1,..., fn) of those functions determines a pure strategy for
player 2. Let us call p,, this trategy. The point is that p,, has a version that does not
depend on the reduced strategy o. Indeed, strategy o being reduced, we can consider that
the whole sequence of actions uq, . .., u, is selected by player 1 after observing L and before
player 2 starts to play. Then 7 will fix the law of the action p; of player 2. The law of po
conditionally on u; will be given by 72(u1, p1) when p; is 7-distributed and independent of

ui. And so forth: 7q,...,7, fix the law of p1,...,p, given uy,...,uq—1. Therefore o does
not appear in the computation of the law of p1,...,p4 given uq,...,uq—1. As announced,
Eo7pg | u1,...,ug—1] does not depend on 0. We write therefore p; instead of p, ,, and

we get thus for all reduced o:

pT7q = E 7U’T[pq | ul’ cce >UQ*1]
Moreover, p1,...,pq do not contain more information on L, u1,...,u, than the infor-
mation already contained in ui,...,uq—1. In other words, the law of L, ug,...,u, is inde-
pendent of pq,...,p, given ui, ..., ug—1.

We now compare the payoffs induced by a strategy 7 with those induced by the corre-
sponding strategy p.

Lemma 8. For any 7 a strategy of player 2, pr is such that for all reduced strategy o of
player :

{92(0,7') > g2(0, pr)

91(0,7) = g1(0,pr)

Proof. To simplify notations, the expectation E,, ;- is denoted E.

92(0, Zqu Pq)) Zqu Pq)) | u1, .. un, L]

We now apply Jensen’s inequality with the convex function H, and take into account

the fact that u, and L are (uq, ..., u,, L)-measurable:
n
92(0,7) Zuq L—pg) [ ut,.. up, L)) = E[H(Y ug(L = Elpg | v, ..., un, L)))]
q=1
As noticed above, p, is independent of (L,uq, ..., uy,) conditionally to (ui,...,uq—1).

Therefore Elpy | u1,...,un, L] = Elpg | u1,...,uq—1], and we get:

92(0,7) 2 EIH(Y _ug(L = Elp | s .-, ug-1]))] = g2(0,pr)
q=1

Similarly, we have:
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91(0,7) =Ey0,7[ug(L — pq)]

n
=Epor>  tg(L = Erlpg | ur,. .., uq1])]
q=1

=Eu o7 [Z ug(L = prg)]
q=1
=01 (07 pT)
O

The next lemma highlights another property satisfied by the strategy p, (as a pure
reduced strategy).

Lemma 9. Let p be a pure strategy of player 2 and o any strategy of player 1 (even non
reduced). Then, there exists a reduced strategy of player 1 denoted & which gives him

(0,p)
the same payoff as o against p, i.e. :
gl(ﬁ(a,ﬁ)ap) = 91(0; T?)
Proof. The strategy o is not reduced, so o4 depends on (ug,...,ug—1,P1,--- ,ﬁq_l). But
player 2 is completely deterministic since he uses strategy p. Therefore he plays action
Pqg = T)q(ul, ..., Ug—1), and the whole history p1,...,pg—1 is just a deterministic function of
Ui,...,Ug—2. In the arguments of oy, we can replace pi,...,p;—1 by this function and we
get in this way:
&(U,p),q(ul, c. 7uq—1) = a(ul, ceeyUg—1,P15 - - - ,ﬁq_l(ul, ey uq_g))

which is a reduced strategy and clearly: g1(5(45),P) = 91(0, D) O

Proposition 10. If (c*,p*) is an equilibrium in G,(u), then (o*,p*) is an equilibrium in

Gn(p)-
Proof. For all player 2’s strategy 7 in G, (1), we have:

92(0™,D") < g2(0™,p7) < g2(0”, 7)
where p; is defined above. Indeed the first equality just indicates that the pure strategy
pr is not a profitable deviation from the equilibrium strategy p* in G, (u). The second
inequality comes from Lemma 8.
Let o be any strategy of player 1. With the notation of Lemma 9 we get:

g1 (07 ﬁ*) =0 (&(o,ﬁ*)aﬁ*) < gl(a*vﬁ*)
where the inequality follows from the fact that & is a reduced strategy and can thus not
be a profitable deviation from o* for player 1. O

Based on the previous proposition, equilibria in G, (1) will be referred to as the reduced
equilibria in Gy, (u). We will only focus on this paper on the reduced equilibria of Gy, ().

10
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5 Characterisation of equilibrium

In subsection 5.1 we give an other representation of the strategy spaces in G, (). Next, in
subsections 5.2 we provide necessary and sufficient conditions on a pair of strategies to be
an equilibrium.

5.1 Alternative representation of the strategy spaces

When playing a reduced strategy player 1 does not observe player 2’s actions and we can
therefore assume that he selects his actions after getting the information L and before the
first move of player 2. Thus, joint with u, a reduced strategy o induces a joint law II,, on
(L,w) where w = (u1,...,u,) belongs to Q, := {~1,+1}". The marginal IL,; of II,, on
L is clearly p. We can further recover the strategy o from II,, computing the conditional
probabilities given L. Therefore the player 1’s strategy space may be seen as the set of II,,
in AR x Q) such that IL, , = p.

Let us now consider the set of pure strategies & of player 2. If p € &, then p, is
a function €, — R which is measurable with respect to (u1,...,us—1). Note that the
strategy p only appears in the payoff functions (see equations 1 and 2) thought the quantity
Xnp(w) := ﬁ 2221 uqgpy(w). We can therefore identify the strategy space of player 2 with
the set X, := {X,5/p € #} C R

Next lemma characterizes this set. Let A\, be the uniform probability on €2,,. Under A,
(uq)qzl,l_,,n are mutually independent, and have zero expectation.

Lemma 11. X,, = {X € L}(\,) | E),[X] = 0}

Proof. Let X € X,,. Then X = X, 3 for some p € &. Since (2, is a finite set, X as a map
from Q, to R belongs to L'(\,). Moreover, using that Py is (u1, ..., uq—1) measurable:

E\, |— Upg | = F | — Ey, [ugpglut, ... ug—1]| = F | — peEx, [ug]| =0
] el oo -l

We thus have proved that X, C {X € L'(\,) | Ey, [X] = 0}.
Suppose now that X € L'()\,) is such that Ey [X] = 0. For k € {1,...,n — 1}, we denote

XFE(uy, .. ug) == Ex,[X | u1,...,ug). Let 14y,—1y denotes the random variable that takes
the value 1 if ux = 1 and 0 otherwise. An easy computation shows that 1y, ;3 = u‘];r L

One gets therefore

Xk(ul, .. '7uk) = l{ukzl}Xk(ul, o up — 1, 1) + 1{uk:_1}Xk(U1, o up — 1, —1)

ug + 1 1—u
= k2 XF(u, g1, 1) + EXF(u, . uper, 1)
 upg(w) Xk(ul,...,uk_l,l) -I-Xk(ul,...,uk_l,—l)
- + ,
vn 2
11
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where:

Xk:(uly sy Uk—1, 1) - Xk(ula sy UR—1, _1)

Pilw) = 5 @)

- XF(ua,youp—1,)+ X" (ug,.up—1,—1
Now observe that X* =1 (uy, ..., up_1) = Ex, [X*|u1,. .., up_1] = RIS )+2 (w1, tem1,=1)

Therefore X*(uy,...,ux) — X*(ug, ..., up_1) = M\/}%C‘J)_

Summing up those equalities for k = 1 to n, we get:

n _

_1 U w

X™"(Upy ey Up) = 2191\}11%()

But X"(u1,...,u,) = X and Xog = E)\(X) = 0. We get thus:

+ Xo

. D ey UKDy (W)
Y

for the strategy p defined in 4. O

= Xn@v

Let us make more precise the relation between X and the strategy p such that X = X, 5.

Proposition 12. Let X € X,,. There exists a unique pure reduced strateqy p such that
X = X, 5. Moreover we have the explicit formula:

T)q(ul,...,uq_l) Z\/ﬁE)m[qu ‘ ul,...,uq_ﬂ (5)
Proof. Let p; be (u1,...,uj_1)-measurable. Then observe that if j < ¢:
E)\n [ﬁjuquﬂul, e Uqfl] = pjquAn [uq\ul, . ,uqfl] =0

On the other hand, if j > g,

By, [Tajuquj\ul, e ,uq_1] =FE,, [E)m [ﬁjuquﬂul, e uj_l]]ul, e ,uq_l]
=By, [PjugEn, [ujlus, . . uja]lu, ... ug—1]
=0

We get thus By, [pjuqujlut, ..., uq—1] = p, if j = g and 0 otherwise. Let now X be in X,.
According to the previous lemma, X = X, 5 for some p. We can therefore write E), [uqX |

D1 Pili p

w e tger) = By Jug B ] = S By [Brgu | g = 2

as announced.

O

We can now reformulate the completely reduced game G, (u) as follow: player 1 select
I, € A€, x R) such that I, ;, = p. Simultaneously player 2 chooses X € X,.
The payoff functions are now given by the formula:

g1, X) = B, [LS, — X]
gg(Hn,X) = EHn [H(LSn — X)]

where S, (w) = ﬁ Y pq Ug-

12
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5.2 Characterization of equilibrium strategies in G, (x)

In this section we provide necessary conditions for a pair (I, X*) to be an equilibrium in
Gr(p).

Our first result is Proposition 13 that claims that any history w has a positive probability
at equilibrium. We next argue in Proposition 14 that if a strategy X of player 2 is such
that there exists a best response of player 1 which charges all history w, then X has a very
particular form: X (w) is a convex function of Sy, (w).

The next result is that if player 2 plays a strategy X = ¥,,(S,,) for a convex function ¥
then II,, is a best response to X if and only if II,,(L € 0¥, (S,)) = 1.

Finally we express the fact that the strategy W(S) is a best reply to the probability II
in Proposition 16.

We say that a strategy II% of player 1 is completely mixed if for all w € Q™ : II* (w) > 0.

Proposition 13. If player 2 has a best reply to a strategy IT% of player 1 in Gy (i) then 1%
1s completely mixed.

Proof. 1I7 is a probability on (L,w) where w = (u1,...,u,). It induces therefore a marginal
distribution on wy = (u1, ..., uq). Denote I'; the set of w, such that IT (w,) > 0. We want
to prove that I';, = ,,. Assume on the contrary that I';; # €2,,. We can then define ¢* as the
smallest ¢ such that I'; # Qg = {—1,+1}9. There is then a history (u1,...,ug—1) € [g»—1
such that one of the histories (u1,...,ug—1,1) or (u1,...,ug—1,—1) does not belong to I';.
Whence, this history (ui,...,uq—1) has a positive probability under II} and is followed
by a deterministic move of player 1 at stage ¢*. But after observing this history, player 2
could increase his benefit by posting a higher or lower price according to the forecoming
deterministic move of player 1. This contradicts the hypothesis that there is a best reply
against II7. Therefore, assuming I'), # €2, leads to a contradiction. O

Proposition 14. If player 1 has a completely mized best reply I to a strategy X* of player
2in Gp(u), then X* = U,,(S,(w)) where ¥y, is a convex function such that Ey, [V, (S,)] =0

Proof. Suppose that player 2 is playing X* and player 1 wants to maximize his payoff
Eq, [LS — X*]. After observing L = ¢, he will select an history w € V; where V} is the set
of w that solve the maximization problem A({):

A(l) = max 0S, (W) — X* (). (6)
w’€ n
Therefore
I (we V) =1. (7)

Since all history w has a positive probability under II’; we conclude that the set of values
¢ such that w € V; can not be empty. Otherwise w would never be selected by player 1 and
would have zero probability under II7.

Now remark that it follows from the definition of A that for all ¢ and for all w:

A(l) > LSy (w) — X*(w) (8)

Therefore, for all w, for all ¢:

13
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X*(w) > 08, (w) — A(f)

and thus for all w:

X*(w) >sup  £S,(w) — A(L).
LeR

As observed above for all w, the set of £ such that w € V} is not empty.
For those ¢, equation (8) is an equality, and thus:

X*(w) =sup LSp(w) — A(L).

LeR
We get therefore X*(w) = ¥,,(Sp(w)) with U, : s € R - sup  ¢s— A({). Observe that
LeR
as supremum of affine functions of s, the map s — ¥,,(s) is convex.
Finally, since X € X,, we get with Lemma 11 that E) [V, (S,(w))] = 0. O

Note that the function A(¢) was also defined as a maximum of a finite number of affine
functions of ¢ and is therefore also a piece-wise linear concave function of £. The Fenchel
transform Af of A is defined as:

Af(s) = sup ls — A(0)
l

The function ¥,, introduced in previous proposition is just the Fenchel transform A% of
A. As it is well known from Fenchel lemma (see Rockafellar [1970]), A(¢) = \1121(6) and we
have the equivalence between the following claims:

e (1) ¢ is optimal in A%(s) = sup fs — A({)
L

(2) s is optimal in \I/El(ﬂ) =supls — U, (s)

S

(3) ¢ € 0¥ (s) where 0V, (s) is defined as the subgradient of the convex function ¥,
at s: OW,(s) = {€|V2U,(2) > U, (s) +L(z — s)}.

(4) s € 0A()
o (5) A(l) + U, (s) = st

Now coming back to the definition of V; as the set of w that are optimal in 6 with
X* =U,(S,) , we claim that:

we Ve e dUy(Sy(w)) (9)

Indeed w € V; if and only if A({) = S, (w)l — X*(w). On the other hand we also
have for all r, A(r) > Sp(w)r — X*(w). Combining these two relations, we have that
A(r) > S(w)(r —£) + A(¢) and thus S(w) € JA({) or equivalently £ € 9V, (S, (w)).

Conversely assume that ¢ € 0V, (S, (w)). With condition (5) in Fenchel lemma above,
this means that A(¢) = S, (w)l — ¥, (Sp(w)) = Sp(w)l — X*(w). According to the definition

14
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of Ay in (6) as max 05, (W) — X*(w'), the last equality means that w is an optimal w’ and
w'e n

thus belongs to Vj.
We are now ready to prove the following proposition:

Proposition 15. Let X be a strategy of the form X (w) = ¥,,(Sn(w)) where ¥, is a conver
function. Then a strategy I3 of player 1 is a best response to X if and only if:

H:L(L € 8\1’71(571)) =1

Proof. We proved above in equation (7) that I} is a best response to X if and only if
IT} (w € V1) = 1. With our claim (9), this is equivalent to II (L € 0V, (S,)) = 1. O

The next proposition expresses the first order conditions of player 2 optimization prob-
lem. H:ﬂw just denotes the marginal distribution of w under II7.

Proposition 16. A strategy X* is a best reply to a strategy I of player 1, if and only if
An has a density with respect to II*, = given by the formula:

njw

dAn
dirx

njw

= a, B [H' (LS, — X}) | «]

for a constant ay,.

Proof. Suppose that X* is a best reply to a strategy Il of player 1. Then X* is a solution
to the minimization problem of player 2:

min Ems [H (LS, — X)].
Xex, "
Note that the map X — Ep:[H(LS, — X)] is convex in X and we are in front of
a convex minimization problem. In such a problem the first order conditions are both
necessary and sufficient. We get these first order conditions considering for fixed § € X,
the map G : e € R = G(e) := Enx (H(LS, — X* + €0)). This map must reach a minimum
at e =0.
Observe now that H is C' and so is G. We get then G'(0) = Ery: [H'(LS,, — X*)4], and
therefore, for all § € X,;:

Em: [H'(LS, — X*)8] = 0

Since 9§ is just a function of w, this equality can also be written as:

0 = B [E[H' (LS, — X})8|w]] = Enz [8Y,)]

where Yy, (w) := B [H'(LS™ — X™*) | w]. Yu(w) > 0 because H' > € > 0 according to
A2.
Since A, puts a positive weight on every history, H;lw is absolutely continuous with

*

n|w

d
respect to A\, and has a density y, = Fhwat
We can rephrase previous conditions as: for all § € X,,,

15
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Ey, [ynYnd] =0

This relation can interpreted as an orthogonality relation in L2()\,) with the scalar
product < A, B >:= E), [AB]. The space X,, must then be orthogonal to y,Y,. But
Lemma 11 shows that X,, = {1}*. Therefore y,Y,, is co-linear with 1: it is equal to a
positive constant that we denote ﬁ

*
nlw

d
Since y, = oo~ > 0, A is absolutely continuous with respect to H;‘w and we get
= = - = anYa. O

nlw Yn

Propositions 13, 14, 15 and 16 clearly lead to a system of necessary and sufficient
conditions for equilibrium which is summurized by the following corollary:

Corollary 17. A pair of strategy (I1%, X)) is an equilibrium in G,(n) if and only if X} =

U, (S,) where ¥, is a convex function that jointly satisfy with II% the following conditions

(C1),(C2),(C3),(C4).

(C1) U, issuch that Ey, [¥,(S,(w)] =0
(C2) :L|L =M
(C3) 8%/\*" = an B [H'(LS,, — X};)|w] where o, is a constant

nlw

(C4) II*(L € 8%, (S,)) =1

5.3 The price process and the martingale equivalent measure

Before proving the existence of equilibrium in section 6, let us emphasize that the above
characterization of equilibrium implies that under an appropriate equivalent measure the
price process is a martingale.

Consider an equilibrium (II7, X*). We already know that X* = ¥,,(S,,(w)) for a convex
function ¥,,. Since X* € X, there exists p such that X = X,, 5. The price process posted
by player 2 will then be p;,Po(u1), ..., 0, (U1, ..., up—1). When (uq,...,u,) are randomly
selected by player 1 with lottery I, the law of this process p is called the historical law.
We now prove that if (ug,...,u,) are selected under )\, the process is a martingale.

Theorem 18. The price process (ﬁg)qzljwn 1s a martingale under the probability \,.

Proof. With equation (5) we have:

T)g(ul, e uq_l) = \/EE)\H [qu* ’ ULy ,uq_l]
= \/ﬁE}m [uq\I/n(Sn) ’ Ulye ooy uqfl]
= VnEy, [unPn(Sy) | ut,. .., ug—1] (10)

The last equality follows from the fact that, conditionally to wu1,...,us—1, the vector
(ug, Sn) and (up,Sp) have the same law under \,. The price process p" is written as a
conditional expectation of a terminal variable with respect to an increasing sequence of
o-algebras. It is then a martingale under the probability A,,. O

16
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We further aim to prove that A, is the unique probability on €2, that makes the price
process a martingale. To do so, we need the following lemma.

Lemma 19.
T)g(uh sy Ug—2, 1) > T)g(uh sy Ug—2, _1)

Proof. Since V,, is convex, his derivative exists except on a countable number of points,
and the following definition is not ambiguous:

x(z) = 2 /f W (2 + v)dv (11)
NG

We also set S, := ﬁ > i_q ug. According to formula (10), we get:

T?Z(ul, R ,uq_l) :E)\n |:\gﬁ <\I/n(sn_1 + \}’71) — \Iln(Sn—l — \}ﬁ>> ‘ UL,y .- ,uq_1:|
:E)\n [X(Sn_1)|u1, ceey uq_l]
=B, [X(Sn-1)[5¢-1]

=Ex, [X(Sg—1 4+ V)|Sg-1]

L:”’l Since V' is independent of S, 1, we get therefore pj (u1,...,ug-1) =

where V =
7(Sq—1) where r(x) := Ey, [x(z + V)]. To prove the lemma, we just have to show that y is
strictly increasing on the support U = {%‘;%Uc €0,...,n} of \,. Indeed, r will therefore
be strictly increasing, and the lemma will follow immediately.

Denote v, the marginal law of S,, under II’. The condition (C3) indicates that v,
has the same support as \,. Condition (C4) implies that IT (L € [¥/,(S, ), U, (S;)]) =1
where W/ (s7) and ¥/ (sT) stands respectively for the left and the right limits at s of the
derivative W/ . Indeed for all s, 0¥, (s) = V] (s7), ¥, (sT)].

Note that any point of z € U has a strictly positive probability under v,. Therefore
V! (z7) < W (z1). Otherwise, on the event {S,, = x}, which has strictly positive probabil-
ity under IT%, we would have L = W/ (). This is impossible since u, the marginal law of L
under II*, has no atom.

We next argue that if x,y are two successive values in U, then W/ (z%) = ¥/ (y7).
Indeed, suppose on the contrary that W/ (z7) < W/ (y~). There would then exist £1, /s
such that W/ (z7) < #; < ly < W (y~). Define & := inf{s|¥] (s7) > £}, and § :=
sup{s|¥! (s7) < f2}. Observe that W/ (Z) > (1, as it follows from the definition of Z.
Therefore ¥/ (Z) > W/ (z") which implies z < Z. A similar argument leads to y > .
Let A denote the event {¥/ (S,) < L < W/ (S;)}. We know that IT%(A) = 1. Consider
then the event B := {{; < L < {3}. On AN B we then clearly have ¥/ (S,) < {3 and
01 < W (S;F). Tt results then from the definition of # and § that AN B is included in the
event {Z < S,, < g}. Therefore: I ({1 < L < {y) <II}(Z < S, < g) <IIi(x < Sp < ).
But remember that x and y are two successive points in the support of v, therefore
Nz < S, <y) =0=1IIH < L < ¥lz) = p(ll,062]). According to our hypothesis
A1 on p, this implies that ¢; = ¢ which is in contradiction with our definition of ¢1, 5. It
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must therefore be the case, as announced, that ¥/ (z) = ¥/ (y™).

If z € U\{—n,n} then formula (11) joint with the fact that ¥/, is constant on ]z, y[ im-

plies that x(z) = w For z € {n,—n}, one gets: x(—n) < \I};L((fn)ﬂg%((*n)i)

arlld i((n), 27W' Therefore/ifz: <,y are two successive points in U, x(z) <
M <W (2H) =V (y7) < w < x(y). x is therefore strictly increas-
ing. O

Theorem 20. A, is the unique probability on $), that makes the price process (Toq)qzl,,,,,n
a martingale.

Proof. Indeed, let An be a probability on §2,, under which the price process is a martingale.
We find with the similar computation as that made to get equation (5) that:

_ Ug +1_ Ug —1_
Py(ur, ... ug—1) = q2 Py(ur, ... ug—2,1) + g Py(ut, ... ug—2,—1)
Since p is a martingale under \,, we find pq(ul""’1)+§q(u1""’71) = T?q—1(ula Cey Ug—2)
And thus
Pyut, .. ug—1) = Py_q(u1,. .., ug—2) + cq(ur, .. ., ug—2)ug—1
where ¢, = ﬁq(ul’“"1)_5‘7(“1"“’_1) > 0.
So if p is a martingale under A, we must have for all ¢: Ey [ug—1|ut, ..., uq—2] = 0.

Therefore 5\n = A\
O

From Lemma 19 we remark that observing the price process, one can recover the whole
history uyq, ..., u,. The natural filtration of the process (ﬁq)qzlv,_’n coincides with the nat-
ural filtration of (uq)g=1,.. n. There is therefore a one to one correspondence between the
laws of the price process (ﬁ)q:L__,n and the law of the process (uq)qzl’,_m. The historical
law P, corresponds to the law II7, and the martingale equivalent measure @, to A\,. Our

last result claims that @, is the unique martingale equivalent measure.

6 Existence of equilibrium

In this section we aim to prove the existence of equilibrium in G, (u). According to section
4 we can focus on the game G, (u). According to the last corollary we just have to prove
the existence of a pair (II,,¥,) such that conditions (C1l) to (C4) are satisfied with
X =U,(Sh). -

In the next subsection we prove that we can focus our analysis on the marginal II,, €

A(R?) of II,, on (L, S).

18
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6.1 The marginal II,,

I1,, is a probability on €2, x R and it induces a marginal law II,, € A(R?) for the pair (S, L).
(C1), (C2) and C4) are in fact conditions on (II,,, ¥,,). (C3) is the unique condition that
involves the conditional law of L given w. As proved with the first claim of Lemma 21, it
turns out that (C3) implies the following necessary condition on IT,, and ¥,:

O\
(C3’): There exists a constant o, such that ——— = o By [H'(LSn — ¥p(Sn))|Sh]
nl|S

An important part of this paper is devoted to the analysis of the pair (IL,,, ¥,,) satisfying
(C1), (C2), (C3’) and (C4). In particular, the asymptotics of these pairs is analyzed in
the following sections. In section 8, we will infer the convergence II,, from the convergence
of I1,,.

It is useful to note that various equilibria (I, ¥,,) could have the same marginal IL,.
On the other hand, we will prove in Corollary 37 the existence of pairs (II,,, ¥,,) that satisfy
(C1), (C2), (C3’) and (C4). To prove the existence of reduced equilibrium in G, (u) we
therefore need the second claim of the next lemma:

Lemma 21.

1/ Any reduced equilibrium (I1,,, ¥,,) in Gp(u) is such that (IL,, ¥,,) satisfies (C1), (C2),
(C8’°) and (C4), where I1,, = My (2,5,)-

2/ Conversely, to any (I1,,, ¥,,) satisfying (C1), (C2), (C3’) and (C4), there corresponds
at least one equilibrium (I1,,, ¥,,) such that (1,5, = 1L,,.

Proof. We start with the first claim. We just have to prove that (C3) implies (C3’). Let
® be a continuous and bounded function. According to (C3) we have:

dHn‘w]

=En, [®(Sn(w))an B, [H (LSy — Up(Sh))|w]]
—Fr, [®(Sn(w)) o H' (LS, — U,,(Sp))]

=FEn, [(I)(Sn(w))anEnn [HI(LSn - \Ijn(Sn))‘SH

Therefore Ex [®(Sn)] = E),[®(Sh(w))] = Eﬁn‘s[@(Sn(w))anEﬁn[H’(LSn — U, (Sn)|Sn]]
which is exactly our condition (C3’).

We now prove the second claim. Let (II,, ¥,,) satisfy (C1), (C2), (C3’) and (C4).
Consider then the probability II,, induced by the following lottery: select first L and S,
according to II,. If S, = s, select an history w with the uniform probability on the set
K = {w|Sh(w) = s}.

The marginal of II,, on (L, S,) coincides with II,, and (II,,, ¥},) satisfies therefore (C1),
(C2) and (C4).

Observe then that under II,, L is then independent of w given S, and therefore the
conditional law of (L, S,) given w coincides with the conditional law of (L, S,,) given S,,.
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So: En, [H'(LS, — Vn(Sh))|w] = Eg [H'(LSy, — ¥,,(Sn))|Sk], and (C3) then follows from
(C37). O

6.2 Reformulation of (C1), (C2) and (C4)
In this subsection we show that a pair (IL,, ¥,,) satisfying (C1), (C2) and (C4) is com-

pletely determined by the marginal law v := ﬁn| s, of Sy.
It will be convenient to introduce the following notation: A(R2, u,v) is the set of prob-

ability distributions on (L, S,) € R? with respective marginal laws y and v.

Definition 22. For v € A(R), we define ¢,(€) := F; Y (F,({)) and v,(s) := Fu_l(F,,(s))
where Iy, and F, are the cumulative distribution functions of p and v, and Fljl and F,*
are their right inverses i.e. F,;1(y) =inf{z | F,(z) > y}.

We further define:

T, (s) = / o (t)dt (12)

0
¢
D, (f) == ; Py (t)dt (13)

We denote 11, the law of the pair (L, ¢, (L)) when L is p-distributed.
Finally we set:
Uy, = ['y(Sn) — Ex, (Ty) (14)

Lemma 23. Let (I, ¥) be a pair such that II € A(R?, u,v) and ¥ is a convex function.
Then (IL, ¥) satisfies C1, (C2) and (C4) if and only if (IL, ¥) = (II,, ¥, »,)

Proof. First observe that IT, € A(R?, u,v). Indeed, according to the definition of II, the
marginal law of L is p. On the other hand since p has no atom U := F),(L) is uniformly
distributed and as well known F, }(U) is v-distributed. Therefore the marginal law of I,
on Sy, is just v.

V¥, ) is a convex function since v, is increasing and thus I', is convex. It further satisfies
(C1) since, due to equation (22), Ey,[¥, ] = 0.

TI, satisfies (C2) since it belongs to A(R?, , v).

vy is right continuous and therefore it follows from the definition of I',, that 0¥, »(s) =
[, (57), ()] where 7, (s7) is the left limit of v, at s. Under II,,, S,, = ¢, (L). Therefore,
condition (C4) is equivalent to:

I [w((éu()7) < L < w(¢w(L)] =1 (15)
We first prove that for all z:

F,((FH(2))7) < 2 < Fy(F () (16)

v

Let A := {s|F,(s) > 2} and a := F, !(x). It results from the definition of F, ! that
a is the infimum of A. Furthermore, since F, is increasing, |a,00[C A C [a,00[. Since
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F, is right continuous, we get F,(«) = in£ F,(s). But if s € A, F,(s) > x, and therefore
se

infl F,(s) > x and the right hand inequality in (16) is proved.

se

On the other hand, F,(a™) = limyqu<a Fu(u). But if u < a, u € A° and thus
F,(u) < x. Therefore F,(a~) < z which is the second inequality.

Replace z by F,(L) in (16) to obtain: F,((¢,(L))”) < Fu(L) < F,(¢,(L)). Since F),
is increasing and one to one, we get therefore FJI(F,,((qb,,(L))_)) <L< FJI(FV(QS,,(L)))
which is exactly (15) according to the definition of v, and (II,, ¥, ) satisfies thus (C4).

Let now II, belong to A(R?, u,v) and ¥, be a convex function such that (IL,,¥,,)
satisfies (C1), (C2) and (C4).

The derivative p(s) of ¥, (s) exists for every s except possibly on a countable set.

The function p can always be taken right continuous and we have then for all s,

OV, (s) = [p(s7),p(s)]. Since £ € 9V, (s) & s € 8‘?%(6) according to Fenchel lemma,
we get 9L (0) = [p~1(¢7), p~1(£)] where p~1(¢) := inf{s|p(s) > ¢}.

Condition (C4) implies therefore IT,, (p~}(L™) < S,, < p~}(L)) = 1. Observing that p~!
is an increasing function, there are at most countably many points in A := {£|p~1({7) #
p~1(£)}. Since p is non atomic, u(A) = 0 and thus II,[S, = p~(L)] = 1. It follows that,
under II,,, (L, S,) has the same law as (L,p '(L)). Since II,, € A(R?, u,v), we conclude
that p~!(L) is v-distributed when L is p-distributed. As observed in the beginning of this
proof ¢, (L) ~ v when L ~ u. It turns out that ¢, is the unique right continuous increasing
function having that property®, and we may therefore conclude that p=! = ¢,,.

It follows on one hand that II, = II,. On the other hand, p = ¢, ! = 7,. Therefore,
0V, (s) = 0T, (s) for all s. As a consequence ¥,, = I'), + ¢ where c is a constant. Since ¥,
satisfies C1, we conclude that ¢ = —Ex [[',] and thus ¥,, = W, 5, as announced. O

As explained in the introduction of this section, we are seeking for pairs (I, ¥,,) sat-
isfying (C1), (C2), (C3’) and (C4). According to lemma 23, this is equivalent to find v
such that (IT,, ¥,) satisfies (C3’).

(C3) is a condition on the density of ), with respect to the marginal of s, = v.

Namely it express that this density % is proportional to Y, y defined as:

YV,/\ = Eﬁy [H/(LSn - \IJV,A(SH)) | Sn] (17)

Since H' is strictly positive, so is Y, . There exists a unique constant «,, ) such that

p = a,\Y, \v is a probability measure, namely «,, \ = ﬁ

Definition 24. For A € A(R), T\ is defined as the map from v € A(R) to Ty(v) :=
Oé%)\.YV,)\.l/ S A(R)

3Let indeed f1, fo be two right continuous increasing functions such that f;(L) ~ v when L ~ p. Then
for all a € R, A; := {{|fi(£) > a} is a closed set. Since f is increasing, A; must be an half line and we must
have therefore A; = [, 00[. Since f;(L) ~ v and F), is continuous, we get:

vl 00]) = p(fi(L) > a) = (L > &) = 1 = Fy(ax)

Therefore F), (1) = Fj,(a2) and thus a; = «g, since F), is strictly increasing according to the hypothesis A1
on p. As aresult, A1 = Ay, or in other words: for all £ and for all a, f1(£) > a if and only if f2(£) > a. We
conclude therefore that fi = fo.
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With this definition, we get:
Lemma 25. For all v, the pair (11,,,V,) satisfies (C3’) if and only if T5 (v) = An-
Proof. Obvious from the definition of T and condition (C3’). O]

The aim of this section is to prove the existence of such a v. We first prove in the
following subsection that T} is a continuous operator for the Wasserstein distance Ws. This
result will also be useful for our asymptotic analysis.

6.3 Continuity of T

T) is thus a map from A(R) to A(R) and we now analyse its continuity with respect to the
Wasserstein metric of order 2. We remind the definition of this concept:

Definition 26. For p € [1,+oo] we define P, the Wasserstein space of order p as:
P,(R) :={v € A(R), such that / | z |P v(dx) < oo}
R

For vi, 1, € P,(R) we define:

Definition 27.

p

Wp(v1,12) = [ inf /Rlx—yp dr(z,y)

FEA(R2,I/1,V2)

W, is finite on P,. Moreover (P,(R),W)) is a metric space. This metric is usefull to
deal with weak convergences (see Proposition 30).

Definition 28. The weak convergence on Py(R) is defined by: v, — v (weakly in Py(R)) if
for any continuous functions ® such that there exists C € R such that | ®(z) |< O(1+ z)?,
we have E,, [¢] — E,[¢] as k — oo.

Definition 29. The weak convergence on A(R) is defined by: vy — v (weakly in A(R)) if
and only if for any bounded continuous function ¢ : R — R, we have E,, [¢] — E,[¢]| as
k — oo.

The following proposition is well known (see for instance theorem 6.9 in Villani [2008],
or Mallows [1972] for a proof). It makes the link between weak convergence in A(R) and
W convergence.

Proposition 30. The three following statements are equivalent:
1/ WQ(Vn7V) —0
2/ vp — v (weakly in Py(R))
3/ vy — v (weakly in A(R)) and E,, (s*) — E,(s?).

The next representation formula for W is well known and proved in Dall’Aglio [1956]%.

4 Actually we just used the fact that minimizing Llz—y |2 dr(z,y) is equivalent to maximizing E, (zy),
then to maximizing cov(XY) with X ~ v, and Y ~ vp. This maximum is reached when X and Y can be
written as increasing functions of the same uniform random variable, here F),(L) with L ~ p.
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Lemma 31.

Wa(v1, v2) = \/ /O 1 (Fot(2) — F'(2) dae

We will prove the continuity of the operator step by step. The following lemma are
useful in the proof of the continuity.

Lemma 32. The mappings v — ®, and v — T, are continuous from (P2(R), Wa) to the set
of convex functions on respectively 10,1 and R with the topology of uniform convergence.

Proof. Let v1,v2 be two measures in P5(R) and x €]0, 1[.

H(I)Vl (SC) - (I)VQ(-T)HOO <

/0 "N EL0) — F (Fu(0)de

=, | E (Eu(0) = F (Fu(0) | de

V2

< [T |E E0) - B EL0) Wﬁ ar
0

" Jull
|Fo (Fu(D) — Fip (Fu(L)
< By - fu(L) ]
< B (B0~ B R0 Bl

the last inequality follows from Cauchy Scwharz theorem. Next observe with Lemma
31 and the fact that F},(L) is uniformly distributed on [0,1] when L is p-distributed (p has
a density with respect to the Lebesgue measure) that the first factor in the right hand side
is equal to the Wasserstein distance between 14 and v5. Since f), is bounded from below by
e > 0 ( assumption A1) we get:

[®o, (2) — Puy (%) ][00 < Wa(v1,v2) Eu[fu(lL)Q} < Wa(vy, Vz)\/g

Then we proved that the mapping v — ®,, is \/g-Lipschitz continuous for the uniform
norm.

We now prove that v — I', is also Lipschitz continuous.

Observe that T, (s) = ®%(s) — ®%(0). Indeed from the definition of T, and ®, we get
that the 0®,(¢) = [¢,({7), ¢, (¢)] and thus by Fenchel lemma :

00} (s) = (6,1 (s7), 0, ()] = [w(s7), w(s)] = ATu(s)

The two functions ®} and T, just differ by a constant, and since I',(0) = 0 we find
I(z) = @ﬁ(:ﬁ) — @ (0). As well known Fenchel transform in an isometry for the uniform
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norm®. We conclude that the mapping v — I',, is also Lipschitz continuous for the uniform
norm. O

Lemma 33. If Wy (vg,v) — 0 then Wy(IL,,,II,) — 0.
Proof. Let L be a random variable with law p. Let X1 = (L, ¢y, (L)) and X2 = (L, ¢, (L)).
Then Xy ~1I,, and X5 ~ II,.
Wa(Ily,, IL)? < || X1 — Xa[72 = L = Llf72 + |64, (L) — ¢u(L)[I72 = Wa(vg, v)?
where the last equality follows from equation (31). O
Lemma 34. If Wy(Ag, A) = 0 and Wa(vg,v) — 0 then:

/1 = Poalloo =0

2/ For all continuous function © such that O(e)

1422

1 bounded, we have:

Bu,,, [0(Sn) H'(SnL = Wy 3, (Sn))] = B, [O(Sn) H'(Sn L — Wy A (Sn))]
Proof. 1/

1o, = Yoalloo =T = Ex, (Lo, ]) = (T = EA[T])]oo
SITw = Tulloo + 1B, [T ] = EXc[Tullloo + [Ex, [Tv] = EX[LW]]
<2[|Ty, = Tulloo + | EX, [T] — EXLL]|
The first term of the right hand side goes to zero by Lemma 32. Next observe that
o, = [y(s7),7v(s)] € [0,1] and T',(0) = 0 therefore, |T,(z)| < |z| < C(1 + 22) for a
constant C'. Since I' is further continuous as claimed in Proposition 30, the last term goes
also to zero.

2/
| En,, [©(Sp)H'(SpL — Wy, 5, (Sn))] — B, [©(Sn)H' (Sn L — Wy (Sn))]| < I + Ji
where Iy, := \Enyk [©(Sp)H' (S L — ¥y, 1, (Sn))] — Em,, [O(S)H'(SpL — ¥, (Sy))]| and
Ji = i, [O(S)H'(SuL — Wy A(S))] — Eir, [0(S) H'(SuL — W, (Sa))]|-
According to A1, H' is Lipschitz continuous. Let K denote the Lipschitz constant, then:

I < En,, [IO(S)IK|[ W0z, = Yualloo] = KW 0 = Yoalloo B, [10(S0)]]

Since |O(S,,)| < C(14S?) and W (v, v) — 0 we get with Proposition 30 that E,, [|©(S,)]] —
E,[|©(Sy)|] < co. On the other hand ||¥,, x, — ¥, 1|l — 0 according to the first claim of
this lemma. I converges therefore to 0.

The map (L, S,) — ©(S,)H'(S,L — ¥, (Sy,)) is continuous and is also bounded by
C(1 4+ ||(L,S,)||?) since H' is itself bounded. Since II,, converges to I, in Wy, it follows
from Proposition 30 that J goes to zero. O

SLet indeed f and g be two lower semi continuous convex functions R™ — R, then || f*—¢* ||co=]|| f—9 ||oo-
Indeed, for all = € R: f¥(z) = sup, x.t — f(t) < sup, .t — g(t) + || f — glloc = ¢*(x) +||f — gl|oo. Interchanging
f and g we get therefore for all z: |f*(x) — g*(x)| < ||f — glloo- Since the right hand side doesn’t depend on
z, we get: || ¥ — g%loc < || — glloo. The reverse inequality follows from Fenchel lemma: f* = f and ¢ = g.
Therefore: [|f — glloo = [[f* = g%]loc < [If* — ¢*]lo as announced.
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Wo(vg,v) =0

then Wa(T: ,Tr\(v)) = 0
Wa(Ak, A) =0 en Wa (D, (vi), Ta(v))

Corollary 35. If{

Proof. We have to prove that if ® continuous and satisfies | ®(s) |< C(1 + s?), then:

ET/\k (I/k) (¢) - ET)\(V) (é)

According to the definition of T}, (1) this amounts to show that:

Eyk (q)(Sn)'aka/\k'Yka/\k (Sn)) — EV((I)(Sn).CkV’)\.YV’)\(Sn)) (18)
We start by proving that:

By [0(50)- Yo, 0, (Sn)] = Eu[@(50)-Yy(Sn)] (19)

But due to the definition of Y, we get:

KMk

By [(Sn) Yoy, i (Sn)] =Eu, [2(Sn) B, [H'(LSn — Uy, 0, (Sn))[Snl]

=En,, [2(Sn)-En,, [H'(LSn = Wy, (Sn))|Sn]]

=En,, [2(Sn)-H'(LSn = Wy 5, (Sn))]

and we have a similar formula for E,[®(S),).Y,, A(Sy)]. We thus have to prove that
EHuk [q)(sn)~Hl(LSn 7 ()] = En, [q)(sn)'Hl(LSn - \PV,A(Sn))]

But this is exactly our claim 2 in previous lemma and formula (19) follows.
According to the Definition 17 we get a,, », = ﬁ, but with formula (19) for
v v, Ak
the particular © = 1, we get that F,, [Y,, 1] = E,[Y,]. Since Y,  is the lower bounded
by € > 0 (assumption A2 on H), we conclude then that a,, », — @, ). Finally combining
this result with formula (19), we get the convergence announced in formula (18) and the

corollary is proved. O

According to Lemma 21 and 25, to prove the existence of an equilibrium in G, (u),
we have to show that there exists v, € A(R) such that T5 (vn) = A,. Remember that
An € Af(R) where A¢(R) is the set of probability measures on R with finite support.
Observe next that Ty(v) is defined by a density function with respect to v. In particular
T\(v) < v and therefore T)(v) € A¢(R) if v € A¢(R).

The next theorem can then be applied to I5, to conclude the existence of equilibrium.

Theorem 36. A map T : Ay(R) — Ay(R) that is continuous for the Wy metric and
satisfies T'(v) < v for all v is necessarily onto.

Proof. Let X be a measure in A¢(R) and denote K its support. If T'(v) < v, then necessarily
the support of T'(v) is included in the support of v. Therefore ' maps A(K) to A(K). A(K)
can be identify with the |K|-dimensional simplex hereafter denoted A and the restriction
of T to A is a continuous map. It further preserves the faces F; := {z € Al|z; = 0}. It
follows for an argument used in a proof in Gale [1984] that T is onto. Indeed, let A € A and
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define C; := {x € A|T(x); < A;i}. Since T is continuous, C; is clearly a closed subset of A.
Furthermore, if x € F; then x; = 0 and thus T;(x;) = 0 < ;. We conclude therefore that
for all 4, F; C C;. We next argue that A C U;C;. Indeed, for all x € A, T'(x) € A. There
must exists ¢ such that T'(z); < A;. Indeed otherwise we would have for all i, T'(z); > \;,
and summing all those inequalities we would get 1 > 1. Therefore there exists ¢ such that
x € Cj. According to KKM theorem (see Mertens et al. [1994]) there exists x € N;C;: for all
i, T(z); < A;. Since the sum over i of both sides equal to 1, we infer that these inequalities
are in fact equalities, and thus T'(z) = A. O

Corollary 37. For all n, there exists v, such that Txn(Vn) = \,. The corresponding pair
(IL,, ¥, 5,.) satisfies (C1), (C2), (C3°) and (C4). There exists therefore a reduced
equilibrium in G ().

7 Convergence of v,

In this section we analyze the asymptotics of any sequence (v) that satisfies for all n:
TXH(Vn) = \,. From now on, v, denotes any such sequence.

First observe that ), is the law of S,, = % when (u1,...,u,) are independent and

centred. It follows from the central limit theorem that \,, converges in law to A := .4(0, 1).
Observing that the second order moments Ey [S2] = 1 for all n, this weak convergence in
A(R) implies (see 30) the Wa-convergence of A\, to Aso.

In the first subsection we use a compactness argument to prove that any subsequence
of (v,) admits an accumulation point v which further satifies T5_(v) = Ao

In the second subsection we prove that if v is a solution of that equation, the pair
(¥, ﬁ) is a smooth solution of a differential problem 2.

The third subsection is devoted to the proof of the uniqueness of the solution to this
differential problem which in turn will imply the uniqueness of the solution T5 (V) = Aoo-

In the last subsection, we infer from these results that v, converges to this unique
solution.

7.1 The accumulation point of (v,).

Lemma 38. The sequence (vy,) is relatively compact: any subsequence of (vyn) has an ac-
cumulation point in Py(R).

Proof. We just have to prove that E,, [s?] is bounded by some constant M. Indeed, if this
is the case, the sequence v, is tight, as it follow from Markov inequality that: [—,/ %, v/ %]

M M

is a compact set such that v, ([— \/7]) = 1 —n for all n. It admits therefore a

n>\ n
subsequence that converges weakly in A(R). This subsequence having bounded moment
of order 2, one can select a sub-subsequence v, with converging moment of order 2.
According to Proposition 30, v, converges weakly in P»(R), and thus also in the sense of
W5 metric.

We now prove that F,, [s%] is bounded. It follows immediately from the assumptions

A2 on H as well as the definition of Y,y and «a, ) (see equation (17)), that e <Y,y < K,

26

Documents de travail du Centre d'Economie de la Sorbonne - 2015.54



and % <y < % Therefore: & < a,3.Y,\ < % According to the definition of A, we
have Fy (52) = 1. And thus:

1= By (5°) = Er;_([5°] = By, la

>‘71/

€
)2 By, [

ananl/nyxn
Which leads to E,, (s?) < % O

Corollary 39. Any accumulation point v of the sequence (v,) satisfies Tx_(v) = Ao where

Ao = A(0,1).

Proof. Take a subsequence v, ) converging to v in Wa. Since we also have A n(k) — Moo
in Ws, we may apply our continuity result on T" (see Corollary 35) to conclude T5_(v)

Aso-

O

7.2 Equivalence between equation T5_(v) = A and a differential problem.

Proposition 40. Suppose that v is a probability measure such that TXOO(V) = oo With
Ao = A(0,1), then:
1/ The function ¥, 5 (see Definition 13) is Cc2.

2/ The pair (,c) == (V5 _, ?) is a solution of the following differential system P :

(1) VseR, fu(¢ (S)W’( VH' (s (s) —(s)) = e (s)
(2) (2) lims——oo?'(s) =

(3) hms—H-oow (3)

4) JIZ () <z>dz =0

_z2
2

. €

where N (z) == N

Proof. Let v satisty the equation T%__ () = Aso- This implies that Ay, has a strictly positive

density with respect to v, and therefore v has a density with respect to Aso. In turn this
implies that it has also a density f, with respect to the Lebesgue measure.

We first deal with the smoothness of ¥ 5 . Remember that ¥ 5 - differs from I'y just

by a constant. I', was defined as an integral of 7, (s) = FJI(FV(S)). Since F), is a strictly
increasing and continuous map from [0, 1] to [0, 1], its inverse is itself continuous. Since F,
is also continuous, it follows that ', and \IJVXOO are C'! and \IIL . =T

We next prove that v, is absolutely continuous®. This will imply on one hand (see

theorem 7.18 in Rudin [1987]) the existence of a function g integrable with respect to the
Lebesgue measure such that 7, (s) = [°_ g(t)dt and on the other hand (by the Lebesgue
differentiation theorem) that =, is almost surely differentiable and for almost every s:
v.,(s) = g(s). The first claim of the proposition will then be proved by establishing that g,
which is only defined up to negligeable set, admits a continuous version.

SA function f: R — R is absolutely continuous (see definition 7.17 in Rudin [1987]) if for all ¢ > 0, and
for all sequences of disjoint real intervals [a,, by], there exists § such that:

Z|bn—an|<5:>2|fan— n)| < €

n>0 n>0
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v is absolutely continuous:
Since v is absolutely continuous with respect to the Lebesgue measure, its cumulative
distribution function F,, is an absolutely continuous function 7.

We next observe that F), 1is Lipschitz continuous. According to A1, f, is C* on [0, 1]
and strictly positive. Let then £ > 0 be such that x < f,. For 5 < s, we set b = Fu_l(s)

and b = Fu_l(§) then:

~ b ~
s — 5| = s— 5= Fu(b) — Fu(B) = /b fula)de > m(b— )

Therefore, we have:

_ 1= 1 -
[EH(s) = F N (3)| < —ls—3l.

The function , introduced in Definition 13 is therefore absolutely continuous. Indeed,
since F), is absolutely continuous, for € > 0, and [ay,, b,] disjoint real intervals there exists §
such that:

D lbn = an| <5 =) |(Fu(an) = Fy(by)| < ke

n>0 n>0

Ww(s) = F, H(Fy(s)).
Suppose that > o |bn — an| < d. Then:

Z ’F;L_I(Fu(an)) - F;L_I(Fu(bn)” < Z %|(Fu(an) — F,(by)| <e.

n>0 n>0

Since f, is C! (see conditions A1) and positive, Fu_l is itself C! and Fu_l’(u) =

m. Since F,, is absolutely continuous, it is almost surely differentiable and F),(s) =
fu(s). Therefore, by the composition rule:
fu(s fu(s
o5) =25) = i) = o Ae) (20)

 SuECEA) Fuln(s)
Since ¥ 5 _is C1, and 11, satisfies (C4): II,(L € oV, 5 (S)) =1, we conclude that L

is almost surely equals to \I/:j 1 () under II, and thus:

oo

B, [H'(LS = ¥,5_(9)S] = H'(¥ 5 _(5)S - ¥,5_(9))

Our equation Tx_ (v) = Aso becomes then:
oo

W = O[V,XooEﬁy [H/(LS — ‘;[IV,Xoo (S))|S] = aV,Xm'H/(\IJ/V,XOO (S)S — \Ijl/,xoo (S))

Finally ag—;o is also the quotient fi of the densities with respect to the Lebesgue measure.

We get therefore almost surely:

"If v is absolutely continuous with respect to the Lebesgue measure, we have F,(z) — Fy,(a) = [T f, (t)dt.
Theorem 7.18 in Rudin [1987] implies that F), is absolutely continuous.
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N (s) = aV’XM.H'(\I/ 1 (8)s =V 5 (s)fu(s)

V,Aoo

Combining this equation with equation (20), we get almost surely:

N () =a,5 H(Y, 5 (s)s =T, 5 (s)ful1w(s)g(s)

O e H (W 5 (8)5=W, 5 () Fulw(s))

From this equation we get g(s) = B ) almost surely.

Since the right hand side of this equality is continuous, it is the continuous version of g
we were seeking. W 5 is thus C? which is the first claim of our proposition and for every
s:

5 = aV’XOO.H’(\I/’V’XOO(s)s -V, 5 (s))fu(\I!”/’Xoo(s))
A (s)
The pair (¢, c) := (¥, 5 ,a%) is then a solution of the first equation of the system
y oo v, oo
2.

It also satisfies the following ones. Indeed, since [0, 1] is the support of u we get:

{limsﬁ_oolll’ < (s)= lims%_ooF!L_l(F,,(s)) =0
=1.

V, Ao
lims— 40 < (8) = lims—yooF, H(Fu(5))

v, oo

Furthermore we have ¥ 5 =1, — E5_[I')] and thus:

—+o00
/ U5 ()N (2)dz = Bs_[W,5 | =0

7.3 The unique solution of the differential system Z.

Theorem 41. There exists at most one pair (¢, c) solution to the system 2.

The proof of this theorem is made of several lemma that are presented in the remaining
part of this section.

Let (¢1,c1) and (12, c2) be two solutions of the problem 2. Without loss of generality
we may assume that ¢; > ¢ > 0.

Indeed 2-2 and Z-3 imply that ¢ must be strictly positive at some point s, and from
2-1 that ¢; > 0. Define then 6 :=1); — . 6 is a C? function.

By 2-4: fj;o 0(z) A (z)dz = 0. Since 6 is a continuous function and .4 (z) > 0 for all
z, there exists so such that 6(sg) = 0.

Let T = {s > s¢ | &'(s) = 0} and I'™ := {s < so | 0'(s) = 0}. We also define
st :=infI'" and s~ :=supl'™
We denote
A(s) = si(s) — hi(s) (21)
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Observe that 6'(s) can not vanish on ]sg, s*[ nor on =|s™, so[. ¢ has thus a constant sign
on each interval.

Lemma 42. Suppose that so < sT. Then 6/ <0 on ]sg, s™|.

Proof.
Assume on the contrary that sg < s™ and 6/ > 0 on |sg, s™|.

First case: suppose that st < +oo0.
Since 6 is increasing on |sg, sT|:

0(sT) > 0(s0) =0 (22)
and also, by definition of s,
0(s%) = 0, 50 a = W (s7) = vh(s7) (23)
From 2-1 we get:
"o o+ _JV(8+) 1 _ C2
P T Tea— ) Hista—talsh)
JV(8+)02( 1 B 1 ) >0
~ fula) CH'(sta—4i(st))  H'(sTa—1a(sT))

since 1 (sT) > 1ho(sT), as indicates equation (22) and since H' is strictly increasing and
c2 > 0. But this is not possible since §'(s7) = 0 and ' > 0 on |sg, s7[ (which implies that
0" (sT) <0).

Second case: suppose now that st = +o00. It is convenient in this case to introduce the
function R on [0,1]: R(u) = ¢'(F ' (u)) where F 4 is the cumulative function of the normal
law 47(0,1). We first prove that lim, 1 R (u) > 0. Indeed:

limy—1 R (u) = lim5_>+oo§;;(((z))
= liMs—ico €1 — €2
= ey F DA R OH () (24)

limsﬁ+oofy(1)(H/(A1(3)) B H/(AQ(S)))

where A was defined in 21.
We now claim that limysoA1(s) < limysoA2(s). Indeed, since lims— 1006’ (s) = 0 ac-
cording to Z-2, we get ¢'(s) = — [ 6" (u)du.
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By assumptions A1 and A2, there exists k1 be such that for all s: 0 < k; < H'(s) and
ks be such that for all s: 0 < ka < f,(s).

C1 — C9

|89/(s)|:|s/ 0" (wdu] < A s\/ N (u)du — 0

limy o1 (8) — Aa(8) = lim o080 (s) — 0(s) = 0 — lim_o0(s).
But lim0(s) > 0. Indeed: 6(sp) = 0 and Vs € [sg, +00], we have 6'(s) > 0.
And thus as announced lim4ooA1(s) < limiooAa(s), this implies with equation (24)
that:
limy—1R'(u) >0 (25)
Note that according to the definition of R and the fact that 8’ > 0 on |sg, +oo| we get:

R(x) > 0 for z €]F 4 (s0), 1] (26)

Finally,
limy—1R(u) = limuﬂle'(Fi/_Vl (w)) = limy 1 000" (u) = 0 (27)
but relations (26) and (27) are in contradiction with (25). This conclude the proof of the
lemma. O

A similar argument leads to a dual result on the left side of sg:
Lemma 43. Suppose that s~ < sp. Then 6/ >0 on |s~, sp|.
Lemma 44. 0(so) = 0'(so) = 6"(sp) = 0.

Proof. Suppose 6'(sg) > 0. There must exist 6 > 0 such that 6'(s) > 0 for s €]sg, so+0[. The
definition of s* implies therefore s™ > sg +d > s9. Furthermore, @’ is strictly positive on
]s0, sT[. But this is in contradiction with Lemma 42. Similarly, the assumption 6’(sg) < 0
is in contradiction with the dual result Lemma 43. And we must therefore have 6'(sp) = 0.

Suppose now that 6”(sg) > 0. Then there exists € > 0 such that ¢ > 0 on ]sg, so + €[ in
contradiction with Lemma 42. With the same arguments, it is impossible that 6”(so) < 0
and the lemma is proved. O

Lemma 45. ¢; = c¢s.
Proof. Indeed, equation Z-1 gives, for i = 1, 2:

fu(i(50))¥7 (s0) H' (5095 (s0) — 9i(s0))
A (s0)

But, according to Lemma 44 the right hand side does not depend on <. O

C; =
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Proof of Theorem /1.

Let ¢ denote the common value ¢ := ¢; = ¢3. Our two functions ¢ and 9 are now
solutions to the same differential equation:

U (s) = F(s,4(s),9'(s))

F(s,z,y) := e N (s)
H'(sy — =) fu(y)

Due to our assumptions A1, A2 on f, and H, F is C! with respect to (s,z,y). There-
fore, according to Cauchy-Lipschitz theorem, ¢ and s must coincide since they are both
solution of the same differential equation and have the same initial conditions ¥(sg), ' (so)
at s = sg. ]

where

7.4 Convergence of v,.

We are now ready to prove that 75 (v) = Ao has a unique solution and that 1, must

converge.
Corollary 46. There exists a unique measure v such that T5_(v) = Ao Where Aoo =
A(0,1)

Proof. If v1 and vy are two solutions of T (v) = Aso, then the pairs (P, 5. ﬁ) for
i = 1,2 would be solutions of the system % according to Proposition 40. As a result
of Theorem 41: ¥ v = ¥ < . Thus the derivatives of these functions also coincide:
Y1 = Vv, Where v, are defined in Definition 12. Since F), is one-to-one, this implies that
F,, = F,, and thus v; = 1». O

Corollary 47. The sequence (1) is convergent to the unique solution v of of T5_(v) = Moo

Proof. Otherwise there would exists a subsequence (vy,(;)) that does not admit v has accu-
mulation point. This is impossible since this sequence has an accumulation v according to
Lemma 38 which is solution to the equation T5_ (7) = Awo. But it follows from Lemma 46
that v = v. O

8 Convergence of the price process to a CMMV

Our analysis in this section applies to any sequence (I1,,, X},) of reduced equilibria in Gy, ().
We will focus on the price process (pg)qzljm,n posted by player 2 in these equilibria. In a
reduced equilibrium, the strategy p, of player 2 is pure (non random) but his moves depend
on the past actions w = (uy,...,uy,) of player 1 which are random. The process (p’ql)qzl,wn
is then a stochastic process. Its law when w is II,|-distributed is called the historical
law and is denoted F,,. When 2 is endowed with the probability A, the law of the price
process is denoted @Q,,. We have seen in section 5.3 that under @),,, the process (pf})q:l,m,n
is a martingale. Furthermore @, is the unique martingale equivalent measure as stated in
Theorem 20. Our purpose on this section is to analyze the asymptotics of (Q,,) in subsection
8.1 and (P,) is subsection 8.2.

32

Documents de travail du Centre d'Economie de la Sorbonne - 2015.54



8.1 Convergence under the martingale equivalent probability

Let (II,, X,,) be a sequence of reduced equilibria in Gy (n). We already know that X,
W, A, (Sn) and that II, = II,,, for a measure v, satisfying Ty, (v,) = A,. According to
formula (10), the price posted a period ¢ is:

q = \/ﬁE}m [un\I/l,m)\n (Sn) ‘ ULy .- ;uq—l] (28)

It is convenient to analyze this discrete time process through the continuous time process
Z":te0,1] = Zp = P, where |x] is the largest integer less or equal to .

We analyze in this section the asymptotics of the law @,, of Z" when (uq,...,u,) are
endowed with the probability A,.
q .
Let us introduce the notation Sg = % The formula (28) can be written as:

:\/EE)\TL [un\Ijl/ny)\n(Sn 1 + \/>) | ULy .- ’uq_l]

n n 1 n 1
:{E)\n[ V'ru)\n(S \/ﬁ) - \Ill/ny)\n( n—1 %) | ULy 7uq_1] (29)

:\éﬁE)\n[ yn,)\n(Sn \}ﬁ) _\Ilun,)\n( n—1 " \/>) | ]

Heuristically we have that py ~ E), [V}, \ (S5_1) | Sg_1]. From corollary 47, we have
that v, converges to v. Furthermore, according to Donkster theorem, S}, | converges in
law to B; where B is a standard Brownian motion. We can heuristically expect therefore
that Z] converges in law to Z; := E[V! ,(B1)|By]. Since ¥/ , is an increasing function, it
results from Remark 4 that this asymp‘éotic process Z is a CMMYV. This is the result we
will establish formally in this section.

Let us remind here the definition of the weak convergence in finite distributions of a
sequence of stochastic processes:

Definition 48. A sequence (Z™) of processes converges in finite dimensional distribution
to a process Z if and only if for all finite family J of times (t1 < -+ < t), the random
vectors (Z}')ycg converge in law to the random vector (Zy)ic.

Our main theorem is then:

Theorem 49. Under the equivalent martingale measure, (Z™) converges in finite dimen-
sional distribution to the CMMYV Z where Zy == E[V! | (B1)|By]

Proof. We will prove this convergence by proving that the Wa(py, p) — 0 when p,, and p
are respectively the laws of the vectors (Z]')ics and (Z¢)ies. We use ”Skorokhod represen-
tation” technics to get that result. Let (Q 4 P) be a probability space on which B is a
Brownian motion. In this section, unless otherwise stated, all expectations on ) are taken
with respect to P. Z; = EW, (B1)|Bt] can be considered as a process on that space.
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We will introduce hereafter a sequence of processes Z” defined on € such that:

1/ Zm™ and Z" have the same laws.
2/ swpl|Zf — Zill > — 0. (30)
t

Theorem will then be proved. Indeed, (Z”, Z) is a pair of processes on the same prob-
ability space (2,.o7, P). The joint joint law of (Z]', Z;)tcs is a probability distribution on
R/ with respective marginals p, and p. Therefore:

Walpup) < BL [S° 12 = 20P) < 1TTsup |23 = Zull 2 — 0
ted

In order to construct those random variables Z", it is convenient to apply the embedding
techniques already used in De Meyer [2010]. Let .%; denote the natural filtration of the
Brownian motion B. Define 7§ = 0 and, recursively, 7', as the first time ¢ > 7' such
that |B; — Brn| = ﬁ Since the one-dimensional Brownian motion is a recurrent process
74 < oo almost surely and clearly tg := v/n(Brp — Brn ) has the same distribution as u,
under \,. Indeed 4, € {—1,+1} and E[g,] = 0. They are furthermore independent since
the increments Brn — BT;L , are independent of 357;7 -

Therefore, Brp = 377 _1(Brp — B ) = ﬁ -1 @; has the same distribution as Sy
under A,. We set:

n N 1 1
Zn .— 7 (\I/n(BTZI + %) - \Ijn(BT:;,l — \/ﬁ)> (31)
Zn, has then the same distribution as p;!. Furthermore, if we define:
Zg = Elzn|ta, ... lg-1] = E[ZM,?T;A]

the process (,521)(1:1,_..7,1 has the same distribution as the process (pg)q:17_,_7n under A\, as it
follows from equations (29) and (31). We next define:

Ztn = gfmﬁj

It is then clear that Z" and Z" have the same laws which claim 1 in (30). We next
prove claim 2:

128 ~ Zillzz =| B T, )~ Zillse
<IEEFm, )~ Zen e+ 12, — Zillis
=Bz ~ 2| Fe Moz + 2oy, |~ Zillse
<lzp ~ Zillge +11Zep,, ~ Zille

nt|—1

We next argue that both terms of the right hand side go to zero as n goes to oco.
Let us start with the second one. First observe that all the martingales on the Brownian
filtration are continuous (see Revuz and Yor [1999], theorem V.3.5), and Z; = E[Z1|.%;] in
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particular. If HZ — Zt|| 2 was not converging to zero, there would exists a subsequence

Lnt]—1

n(k) such that (Z nx) ) does not admit Z; as accumulation point in L?. We prove in
Ln(k)t -1
Lemma 50 that TL o1 ¢ in L2. The sequence n(k) can thus be selected such that
Ln(égk)) o1 t almost surely. By continuity we get then that (Z n(k) ) converges almost
Tln(k)t) -1

surely to Z; and the convergence also holds in L? since (Z;) is uniformly integrable (Z; is
bounded). This contradicts the definition of the subsequence n(k).

Assume now that the first term does not converge to zero. There would exist a subse-

(k)

quence n(k) such that ZZ(k) does not have Z; as accumulation point in L?.

Setting a := B » ——A _andb:=B., + —L—, equation 31 becomes % n(k) _
& i V) i Vem n(k) =

M With the mean value theorem, we conclude that there exists @, € [a,b]

such that 2z ((k:)) € ov (k)(xn( ))

But it follows from Lemma 50 here below that BTn(k) converges in L? to B;. The
n(k)—1
subsequence n(k) can thus be selected in such a way that B _n(v)  converges to B; almost
n(k) 1
surely and so does does z,). Since ¥,, = \IJVm)\n‘S uniformly converges to ¥, ) which is

C?, we may apply the forecoming Lemma 51 to conclude that Z? converges almost surely
to W;,(B1) = Z1. Since z]} belongs to OW,,(k)(x,)) C [0,1], it follows from the Lebesgue
dominated convergence theorem that ZZ((:)) converges to Z; in L?, in contradiction with the

definition of the subsequence n(k). Hence, as announced both terms go to zero. Therefore
both claims in (30) are satisfied by the process Z" and the Theorem is thus proved. O

We next prove the announced lemma.

Lemma 50.
s . n
Claim 1: Tt ;) t
Claim 2: B B By
n— L2

Proof. As well known:

E(ry) = B(BY) = Bx, ((S))%) =
On the other hand, 7, — 7 is independent of F;n. Therefore, 77’ Zl 0Ty — T is
a sum of independent random variables with expectatlon %
Moreover we have V(M“(Tflnt J) — 0 when n — oo.
Indeed:
Var(ryy —73) < Bl(rja — 7)) < CEl|Bgy,, ~ Byl = ()t = 5
Ta+1 — Ta+1 — Ta41 Tq \/ﬁ n?

where C is the Burkholder’s constant for p = 4 (see Theorem IV.4.1 in Revuz and Yor
[1999]).
Therefore:

qC
"2

IN

Var(r, Z Var(ri, — 1) <

SlQ
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And:

° (32)

q
I = L2 = Iy — Bl = Var(sy) <
Replacing ¢ by |nt|, we get claim 1 as announced.
It is also well known that E[(Bmm_ — B1)?] = E[|7;_; — 1]]. With equation (32) we get:
HBT:L1 — BlH%2 = |lm_y =1 < |7y — ”T_lHLz + % < % — 0. Claim 2 is thus also
proved. O

Lemma 51. Let (U,,) be a sequence of conver functions that converges uniformly to a C*
function V. Let (xy,) and (z,) be two real sequences such that:

(1) x,, converges to x.

(2) for all n: z, € OV, (xy).

Then z, converges to V'(x).

Proof. Since z, € 0V, (zy), we get with u € {—1,+1} that:
U(xy +u) + |V —Uplloo > Up(zn +u) > Up(zy) +uzy > V(zy,) — | Un — Voo + uzy

Therefore uz, < V(z, +u) — ¥(z,) + 2||¥,, — ¥||» and thus:

|zn| < max  U(z, +u) — VU(z,) +2[| ¥y — ¥|leo
ue{-1,+1}
Since the right hand side is bounded, any subsequence of (z,) has an accumulation point.
All these accumulation points must be in OW(z). Indeed, if a subsequence (zy(y)) converges
to z, we have for all y: W,y (y) = Wp) (Tn(k)) + 2nk) (¥ — Tn(r)). Letting &k go to infinity,
we get then for all y: W(y) > ¥(z) + z(y — z) and therefore z € 9V(x) = {V’(z)} since ¥
is Ct. All subsequence of (z,) has ¥/(z) as accumulation point, this is only possible if 2,
converges to ¥'(x). O

8.2 Convergence under the historical probability

Let (II,,, X,,) be a sequence of reduced equilibria in G, (). We already know that X,, =
¥, 5,.(5y) and that the marginal II,, of II,, on (L, Sy) coincides with II,,, for a measure
vy, satisfying TXn(Vn) = \,. We further know that v, converges to the unique solution v
of T5 () = Aso. Therefore, II,, converges to II,. Our aim in this section is to analyze the
asymptotics of the law I, of (uq,...,up, L).

Let yn(w) denote the density of ag)’iw. So y,, is a function of w = (uy,...,uy,). In the

previous subsection, we created sequences Sg' = BT(;L and @ of random variables on (2, o7, P)

a probability space on which B is a Brownian motion in such a way that SZL and % have the
same distribution as .5, and u under \,.

Setting §n = Yn (@1, . . ., Gy), we infer that g, is a probability density on (€2, <7, P), and
under the probability P, = gn.ﬁ’, the process (a1, ..., Uy,) is 1L, ~distributed.

We first prove the following lemma:

Lemma 52. §j, converges in L'(P) to § := 2 where Y := H'(¥(By)B; — ¥,(B})) and

,8: 1

Epl3]

<o
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Proof. Our first task will be to define a variable L, on the space (2, .27, P) such that the
process (@1, ..., {n, Ly) is II,-distributed under P,.

This can be done as follow: & := (4, ..., Uy) is .Fn measurable. Let V,, := Brny1—Brn.
Under P, V,, ~ N (0,1) and is independent of .%.». Since ,, = yn(©), V;, will have the same
law .#7(0,1) and will still be independent of .#.» under P,. Let F,, denote the cumulative
dlstrlbutlon function of the conditional law of L conditionally on w under II,,. We then set
L,:=F;'(F (0, 1(Va))- L, has the same conditional law given @& as L given w under II,,.

Therefore (&, L,) under P, has the same law as (w, L) under II,,.

We now prove that, under P, L, converges to ¥’ »(B1) almost surely. Indeed, since
Ly, belongs Il,-almost surely to 9V, (Sy;), we infer that L, belongs P,,-almost surely to
W, (S"). Since P, is equivalent to P, we conclude that L, € ¥, (S”) P-almost surely.

Since WU, converges uniformly to ¥, € C?, and since S” converges almost surely to By,
we apply Lemma 51 to conclude that L, converges P almost surely to W/ '(B1).

We define Y,, := Eyy, [H’(I;/S” n(S7))|w]. Y, is then a function Y,,(w). It follows from

Corollary 17 that a%’\'; = En, [Va]

We set NY” = Yq(d)) We clearly have P,-, and thus P-almost surely that Y, =
Ep [H'(LySy — Va(Sh))|@]. Note that S} is @-measurable, and the law of L, condi-
tionally to @ is the same under P, and P. Therefore, Y, = Es[H'(L,S}; — ¥, (S}))|&] =
Es[H' (LS — U, (S1))|F7n]. We claim that Y, converge in L' to Y = H'(V],(B1)B1 —
U, (B)). Indeed:

1Yo = Yo =l Es[H'(Ln

(S| Frg] = V10
<\ EpH' (L .|

v
—Un(S) = Y Zrlllip + | BplY [ Frp] = V1

We clearly have that H'(L,S? —¥,,(S")) converges almost surely to Y. Indeed (L, S")
converges almost surely to (¥, (B1), B1), and ¥,, converges uniformly to ¥,, (remember that
H' is continuous). Since H' is bounded, this convergence holds also in L' and thus:

IES[H (LnSy; — Wn(ST)) = Y| Frpll < [H'(LnSy; — Wn(S3)) = YL — 0

We next claim that E3 [}7|JTn] converges to Y in L'. On the contrary one would have
a subsequence n(k) such that E3 [Y|ﬂ ] does not admit Y as accumulation point in L.

Since %; is the natural filtration of a Brownlan motion, it results from theorem V.3.5
in Revuz and Yor [1999] that the martingale r, := E[Y|.%;] is continuous and uniformly

integrable. Therefore, due to the optional stopping theorem, we have E 5 [}7|§Tn(k>] =T (k)
Since 77 converges in L? to 1, there is no loss of generality to assume, possibly after

selection of a smaller subsequence, that n(k) further satisfies that = ((:)) converges almost

surely to 1. But then r_nx) converges almost surely to ry = E Ig[Y\J’ﬂ Y. But due to

the uniform integrability of the martingale 7, this convergence also holds in L', in contra-
diction with the definition of the subsequence n(k). Therefore, as announced, Eps[Y|.Fn]

converges to Y in L',

37

Documents de travail du Centre d'Economie de la Sorbonne - 2015.54



. oIl
According to Corollary 17, 6%’\7 = «ap.Y,, and thus aﬂ“ = % for a constant S,.

Therefore for all w, y,(w) = V(o) and ¢, Since Y}, is a probability density under P

1 RS
t = —.
WO 8 Fr = Bl
Since 0 < € < Y < K (assumptions A2 on H), }% converges in L' to % and it results
as announced that 7, converges in L' to § = v where § = El[ - O
Ply

Theorem 20 claims that the martingale equivalent distribution @Q,, converges to a limit
distribution ). The next theorem is the counterpart of this result for the historical distri-
bution. It claims that P, converges to a limit distribution P which is the law of the process
Z when Q is endowed with the probability measure §P. Therefore the limit distributions
P and @ are equivalent.

This result is the main result of this paper. It claims that the asymptotics of the
historical price process is a CMMYV under an appropriate martingale equivalent measure Q).

Theorem 53. The price process Z;' under the historical probability 1L, converges in finite
dimenstonal distribution to the process Z when @ is endowed with the probability yP where
~ 1
= —== > 0.

Y= .07

Proof. Let J a finite family of times. Let ¢ be a continuous and bounded function: RV — R.
It is convenient to introduce the notations Z7 := (Z')tes and Z} = (Z;')tes. Then
observe that B, [¢(Z])] = Ep [¢(Z])] = Ep[jng(Z])]. We next claim that Ep[j,¢(Z7)]

converges to Ez[g¢(Z)]. Indeed, on the contrary there would exist a subsequence n(k)
that Ez [gn(k)¢(23(k))] does not admit Ep[j¢(Z;)] as accumulation point. However, as it

results from equation (30) and Lemma 52, we have that Ztn ®) Zy in L? for all t and that
Un(k) — ¥ in L'. Possibly after selection of a smaller subsequence, we may assume without

(k)

loss of generality that the sequence n(k) is further such that Z;L — Zj and that g,y — 9

almost surely. Due to the continuity of ¢, we get that yjn(k)qb(zg(k)) converges almost surely
to g¢(Zy). Since both ¢ and g, are bounded, we have with Lebesgue dominated convergence
theorem that Ez [gn(k)gﬁ(Z;(k))] converges to Ep[j¢(Z )], which is in contradiction with the
definition of n(k). Therefore, as announced, Er, [¢(Z%)] — Ep[g¢(Zs)] for all J: the law of
Z"; converges weakly in AR to the law of Z; under §P and the theorem is proved. [J

9 Conclusion

To conclude this paper we would like to make some remarks on the obtained results.

The first one is about the dual game. In a previous unpublished version of the paper,
we were using duality techniques to analyze the game. The dual game G (¢) is in fact the
reduced game where player 1 is allowed to select privately the value of L but his payoff is
reduced by a penalty ¢(L). Strategies and payoffs are the same for player 2. A strategy II
for the player 1 is a joint probability on (w, L) but there is no constraint on the marginal
. It can be easily proved that if (I*,p) is an equilibrium in G}, (¢) and if p = HTL then
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(IT*,P) is an equilibrium in G, (u). It can then be proved that there exists a function ¢,, and
an equilibrium (IT},p,,) in G} (¢y) such that I = p. Therefore (IT7, p,,) is a sequence of
equilibria in G, (1). One of the reason for introducing the dual game was that the asymp-
totics of the reduced equilibria in G} (¢) was quiet easy to analyze (with ¢ independent of
n). However, to analyze the asymptotics of the equilibria in G, (u) using the dual game,
we would have to analyze a sequence of equilibria in G} (¢, ) for an appropriate sequence of
¢rn. This makes the analysis more involved and explains why we decided to limit our paper
to the game G, ().

The second remark we want to make is about the generality of our results. The results
obtained in [De Meyer, 2010] were somehow more general than those obtained in the present
paper: in the risk neutral case, if the mechanism satisfies the hypothesis (H), then the price
process at equilibrium converge to a CMMYV for all sequences of equilibria in G, (). The
current paper is only concerned with one particular price based mechanism satisfying (H).
For this mechanism we do not analyze the asymptotic of any sequence of equilibria, but only
of reduced equilibria: we prove that the price processes at a reduced equilibrium converges
to a CMMYV under the risk neutral probability. This naturally raises two questions: do we
have the same asymptotic for any sequence of equilibria in our game? and will this dynamic
appear for more general price based mechanism? We conjecture a positive answer to both
questions but are presently unable to prove it.

Finally, we just want to mention an alternative approach to our results. It would
indeed be possible to introduce continuous time games quite similar to the Brownian games
introduced in De Meyer [1999] : a strategy II, in the reduced game can be viewed as a
pair (yn, pn) where p, is a conditional law of L given w and y,, is the density 8;:‘1”. Player
's payoff is given by E\, [yn(LSn — >_0_1 pg(Sq — Sg—1)]. Heuristically this converges to

Ely(LB; — fol prdBy)]. Similarly player 2 payoff would be E[yH(LB; — fol prdBy)].
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