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Equilibrium Pricing in Incomplete Markets
Abdelhamid Bizid and Elyés Jouini*

Abstract

Given exogenously the price process of some assets, we constrain the price process of
other assets, which are characterized by their final pay-offs. We deal with an incomplete
market framework in a discrete time model and assume the existence of the equilibrium.
In this setup, we derive restrictions on the state-price deflators and these restrictions
do not depend on a particular choice of utility function. A stochastic volatility model is
numerically investigated as an example. Our approach leads to an interval of admissible
prices much better than the arbitrage pricing interval.

I. Introduction

Pricing of contingent claims takes its roots in the pioneering works of Black and
Scholes (1973) and Harrison and Kreps (1979). Their results are based on the
key idea that the prices of the existing assets induce a unique arbitrage-free price
for any new redundant asset. When it is not redundant, the price must however
lie in an arbitrage-free interval. A large part of the literature has dealt with the
reduction of this interval in order to restrict the bid-ask spread and to obtain
an unambiguous price. An important insight is due to Bensaid, Lesne, Pages
and Scheinkman (1992) who introduced the super-replication cost in a transac-
tion costs framework. They gave more accurate upper and lower bounds for the
price of an asset than the ones obtained by the replicating strategies with simply
requiring the price functional to be non-decreasing with respect to the pay-off.
Unfortunately, even with those restrictions, the bid-ask spread remains, in gen-
eral, too large as showed in Soner, Shreve and Cvitani¢ (1995). An alternative
approach has been suggested by Follmer and Schweizer (1991), where the agents
are assumed to minimize the local quadratic risk. This approach leads to a unique
price for a given derivative security but the assumption is very restrictive. In a
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transaction costs framework and in order to obtain bounds without a particular
choice of utility function, Constantinides (1993) considers the class of power func-
tions, with restrictions on the relative risk aversion coefficient. He obtains bounds
on the option prices depending on the restrictions and valid for the considered
class of utility functions.

In our paper, we propose a new approach by exploiting partial conditions
issued from the equilibrium analysis. We assume that the price processes of some
assets are given exogenously (e.g. follow from econometric estimations) and we
want to constrain the price processes of other assets (typically, derivative assets)
characterized by their value at maturity. We a priori deal with an incomplete
market framework and we obtain bounds on the density of the pricing probabilities
and thereafter, on the asset prices. Our initial assumptions are similar to the
Consumption-based Capital Asset Pricing Model (CCAPM) of Rubinstein (1976)
and Breeden and Litzenberger (1978). However, our results are valid for all the
Von Neumann-Morgenstern utility functions, without any restriction on the risk-
aversion.

Let us go further in this comparison with the CCAPM. By assuming the market
completeness, the CCAPM allows one to link State-Price Deflators (or Pricing
Probabilities) with Global Consumption, through the existence of a representative
agent. Furthermore, in order to derive explicit pricing formulae in discrete time,
one should first make an explicit choice for the individuals’ utility functions and
then, estimate the aggregate consumption in the economy. In Breeden, Gibbons
and Litzenberger (1989), the authors point out the main measurement problems
for this aggregate consumption process : ”1) the reporting (by the Department
of Commerce) of expenditures, rather than consumption, 2) the reporting of an
integral of consumption rate rather than the consumption rate at a point in time,
3) infrequent reporting of consumption data relative to stock returns, and 4)
reporting aggregate consumption with sampling error since only a subset of the
total population of consumption transactions is measured.”

In order to avoid such an explicit choice of a utility function, we replace the
covariance approach used in the CCAPM by an ordering approach valid for all
concave VNM utility functions. This is the main concern of section III, in this
paper. Moreover, the well-known equity premium puzzle documented by Mehra
and Prescott (1985) shows the failure of the pure CCAPM approach. Zhou (1999)
gives a good review of the papers, which try to solve this problem, and gives also
a solution based on market incompleteness. This paper gives a procedure in an
incomplete framework, in order to restrain the pricing bounds of derivative assets.



In order to eliminate the aggregate consumption process from our analysis, we
identify this process with the global dividend process through the market clearing
conditions on the single consumption good market. Then, we assume that the
dividends process and the market index process are similarly ordered. This is
the main assumption of section V, which deals with a practical application in an
uncertain volatility model (as in Avellaneda, Levy and Paras (1995) ). Note that,
in Jouini and Napp (1999), it is shown that, for a large class of utility functions,
there exists at least one equilibrium for which this assumption is satisfied. From
a practical point of view, this assumption permits one to replace the consumption
process by the total wealth process or the market index one (seen as a proxy of the
total wealth). Such a substitution is compatible with the empirical conclusions
of Mankiw and Shapiro (1986): ”... it seems possible that the CCAPM holds for
the minority of consumers that hold stock and that our stock market index is a
better proxy for the consumption of this minority than is aggregate consumption”.
>From a theoretical point of view, this assumption is also compatible with the
conclusions of Huang and Litzenberger (1988, p.211) under the Markov condition.
Finally, if we want to get rid of this assumption, it suffices to specify a global
dividend process in order to obtain computational results. Note that, even in
this last case, the observation of only two processes (the global dividend and
the market index) is required, independently of the degree of incompleteness (or
the number of sources of uncertainty), in order to obtain useful bounds on the
equilibrium asset prices and restrictions on the equilibrium state price densities.

Our approach is related to the Payoff Distribution Pricing Model (PDPM)
introduced by Dybvig (1988a, b), who considers the implications of the individual
optimality conditions on the asset price, for agents with VNM preferences and
derives conclusions in terms of ordering. This model has been extended in a
friction market case (including incomplete markets) by Jouini and Kallal (1993),
who show that this approach does not permit a reduction of the interval of the
admissible prices. The main difference with the present work is that we use
explicitly the market clearing conditions.

Perrakis and Ryan (1984) and Perrakis (1986) intuited restrictions on the fam-
ily of probabilities used to price the derivative assets, without setting an economic
model. In the first reference, the restriction is discussed for a single-period model
only. In the second reference, it is taken as a primitive assumption, in a dynamic
model, in order to obtain bounds on European and American options. In fact,
the authors propose an ordering principle on the risk-neutral probabilities. Bizid,
Jouini and Koehl (1999) established that the underlying economic assumption of



Perrakis’ papers is in fact that the market model is complete and that, at each
node, the different transitions are equiprobable. In order to prove this result, they
assume the existence of the equilibrium and use the characterization of the state-
price deflators given by the first-order conditions for the representative agent.

On the contrary, we give here some restrictive properties of the risk-neutral
transition density for a general discrete-time model without any completeness as-
sumption. These restrictions are derived from the equilibrium theory, and more
precisely from the market clearing conditions. The true probability distribution is
explicitly used and leads to a partial order principle which is less restrictive than
the complete markets one. Even if the approach seems similar to Bizid, Jouini and
Koehl (1999), a careful reader can notice that the framework and the results are
completely different from those of Perrakis and Ryan (1984) or Bizid, Jouini and
Koehl (1999). We recall that, in Perrakis and Ryan (1984), the market is com-
plete even if we don’t observe the completion (i.e. the assets which complete the
market). Therefore, applying Perrakis and Ryan’s (1984) computational method
to an incomplete framework amounts to consider the equilibrium prices for all
the admissible completions of the market. However, and contrary to the intuition
given by the optimal investment-consumption problem (see e.g. Karatzas and
Shreve (1998)), the pricing interval which is consistent with an equilibrium in an
incomplete framework is wider than the one which is consistent with at least one
completion. Therefore, from the equilibrium point of view, it appears that the
asset pricing problem in an incomplete market is not equivalent to the same prob-
lem in a complete market with incomplete data. The specific approach developed
in this paper for the incomplete market setting seems then to be worthy.

A simple example which shows the specificity of this approach is given in
Section II. Then, the discrete-time dynamic model and the equilibrium restrictions
are stated in Section III. There are m + 1 assets: one equity claim with a total
supply normalized to one and m purely financial assets, each one with a total
supply equal to zero. We can generalize this setting to a "multi assets” market
where the claim is in fact the market index and where our methodology is applied
to any asset (in zero or non-zero total supply) defined by its terminal payoff.
Note also that the derivative assets are not specified (they can depend on some
”projection” of the claim on some sources of uncertainty or even be uncorrelated
with it). Furthermore, the derivative assets are not supposed to complete the
market, as the degree of incompleteness is unknown. Agents have general Von
Neumann-Morgenstern utility functions. We recall then the classical expression of
the state-price deflators obtained by the individual first-order optimal conditions.



We assume that the price process of the equity claim is exogenously known and
we derive equilibrium restrictions on the state-price deflators. In Section IV, we
take the price processes of the equity claim and of some purely financial assets as
exogenous. As a special case, we consider the existence of a risk-free asset. We
state our main result in terms of risk-neutral probabilities and show that we can
narrow the admissible pricing interval if the information set is enlarged to other
assets. In Section V, we investigate numerically a model with uncertain volatility
and give various examples. The reduction of the bid-ask spread with respect to
the arbitrage pricing interval (i.e. the interval, compatible with the no-arbitrage
condition) justifies the interest of our approach.

This example has been previously studied in Bizid, Jouini and Koehl (1999)
; we give the interval of admissible prices (called ”Perrakis’ pricing interval” be-
cause the computing method is close to Perrakis’ one) obtained by their approach
(which considers the prices consistent with at least one completion of the mar-
ket), together with our equilibrium pricing and the arbitrage pricing intervals.
The equilibrium pricing interval appears significantly more precise than the ar-
bitrage pricing one. Of course, Perrakis’ pricing interval is always included in
our equilibrium pricing interval, as it supposes also completeness of the market.
The precision of Perrakis’ pricing interval is linked to the ratio of the discounted
expected value of the equity claim at maturity under the true probability, divided
by its initial value. Owing to the risk-aversion of the agents, this ratio is always
greater than one. Moreover, the nearer to one the ratio is, the finer the precision
of this interval is. Note that Ait-Sahalia and Lo (1998) proposed this ratio as a
measure of the market risk aversion. In an incomplete market, we find numerically
that the nearer to one the ratio is, the wider the relative precision of our equilib-
rium pricing interval with respect to Perrakis’ pricing interval is. On the contrary,
it seems empirically that with a high market risk premium, our bounds are equal
to Perrakis’ ones. Therefore, our result could be interpreted as a justification of
Perrakis’ procedure for very risky market models.

II. A Simple Example

In order to explain our method of pricing, and before introducing our model,
let us consider the simplest example of incomplete markets with three assets: a
quadrinomial one-period model where the sample space and the probability are

Q= {wl,WQ,CU;g, w4}



P =(1/4,1/4,1/4,1/4)

There are two assets in the market whose price processes are known :
a primitive asset whose prices are

p(0) = 25 at date 0
p(wy) = 20, p(ws) = 30, p(wz) = 40 and p(ws) = 50 at date 1

and a risk-free asset defined by an interest rate r = 1—19.

It is straightforward that the feasible range of the densities of the martingale
measures with respect to P is such that :

q(w1) = 5+ q(w3) +2q (ws)
q(w2) = 75 — 2q (w3) — 3¢ (w4)

where ¢ (w;) are positive for every i. The feasible risk-neutral probabilities are
then in an area delimited by three points (in the simplex unity) :

7 12
(1_97 E? Oa O>
15 4
(1_97 07 07 1_9>

13 6
(1_9a07 1_970>

Let us consider a completion of this market with non-redundant derivative
assets in zero net supply. There exists a representative agent in this economy
with a utility function u. Moreover, if there is one unit of primitive asset and
no other endowment in the economy, the total wealth W (of the representative
agent) is equal to p.

At the equilibrium, the maximization program of this agent leads to the fol-
lowing first-order conditions:

W (20) o/ (30)
q (wl) - u/ (25) ? q (w2) - u/ (25)
B u' (40) . B u' (50)

q (Wg) - u' (25) ) (w4) - u (25) :

Since w is strictly concave, we obtain the following relationship, already induced
by Perrakis

q(w1) > q(w2) > q(w3) > q(wa)-
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After imposing these restrictions, we get the feasible range of the risk-neutral
probability delimited by the four following points :

11 4 4
@1 <1—9, 19° 19’ 0)
26 26 5
QZ (ﬁ? ﬁ: ﬁ? 0)
12 2 2 2
Q3 <E? Ea E? 1_9>
0, (L5 5
! 152’ 152 152" 152
which is smaller than the range in the unrestricted case. Furthermore, note that
these smaller bounds have been obtained under an existence assumption of the
derivative assets but without specifying their price process. Since we deal with a
linear pricing rule, the upper (resp. lower) bound on the equilibrium price of a

given derivative asset defined by its payoff = = (x1, x2, 23, x4) is reached at one of
these four extremal points and we have then the following bounds :

inf E% (z) ; sup B9 (z)

Qi Qs
Consequently, this approach permits one to obtain bounds on the price of the
derivative asset, which are better than the usual arbitrage-free bounds.

If we consider now directly our market and we do not assume anymore that
this market is completed by some assets, we cannot apply the representative agent
technique. However, we can find necessary conditions, at the equilibrium, on the
risk-neutral probabilities. Using the maximization program of the n'* agent, the
density of his pricing probability with respect to P must satisfy :

o ) (O ()
T = o) T T o)
oy (O (O ()
A ) I e )

where C™ (w) denotes the optimal consumption of agent n at the state of the world
w. As, at date 1, we have

plwi) =) C"(w)
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Since p (w1) < p (w2), there exists at least one agent ny such that :
C™ (wy1) < C™ (wy)
Since uy,, is strictly concave, we obtain that, for agent ng

q" (w1) > q"(w2)

This restriction and the martingale measure condition leads to the fact that the
feasible range of pricing probabilities must be in the area delimited by the four

following points :
13 6
1,2
’ —0,—.0
! (19’0’19’ )
1 (2265
2 57" 57 57’
15 4
1,2 19 =
3 (19’0’0’19)

1,2 9 941
4 19°19° 19

And the equilibrium price of a given derivative must belong to

gllg B (x) ; sup E° (m)]
z’ Qv”

Using the same methodology for each pair (4, 7) such that i < j, we get that there
exist five agents nq, ns, ng, ny and ny such that :
C™ (wy) < C™(
C™ (wy) < C™ (w3
C™ (wy) < C™(
C™ (wy) < C™ (wy
C™ (w3) < C™ (wy)
leading to five other pricing intervals. Therefore the admissible interval of prices
is necessarily the intersection of the six pricing intervals. The following graph
represents the no-arbitrage probability set (the big triangle) and the different more
restrictive sets (associated with each partial order). The intersection of these sets

is the probability set for a complete market framework (Perrakis’ assumption), as
there is in fact a global order on the pricing probabilities.
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FIGURE 1
Intervals of the pricing probabilities

This Figure represents the six different intervals of pricing probabilities. Note that,
since we deal with a quadrinomial framework, these intervals are characterized by the
pair (¢ (w3),q(wy)). The biggest triangle represents the no-arbitrage interval and the
"black” interval (the intersection of the six intervals) is associated with Perrakis’ as-
sumption.

As an example, we price now a Call option with a strike equal to 35.

The classical no-arbitrage argument gives the following pricing bounds [0; 3.16]
at t = 0. Perrakis’ bounds are the following [0.44;2.11].

The incomplete market framework gives the following bounds [0.44;2.37] at
date t = 0. Therefore, even in an incomplete framework, we can obtain restrictions
on option prices which are distinct from - but quite close to, the complete market
framework. From a mathematical point of view, if we denote by T;, i = 1,...,6
the six different sets, Perrakis’ bounds are given by :

{infE(x) : supE(m)]

NT; NT;

and our bounds by :
N {infE (x) ; supE (:1:)]
T; T

Even if this definition looks like the previous one, these sets are not equal unless
the market is assumed to be complete. In such a situation, there is one agent
which satisfies all the consumption constraints (in fact all the agents do). In
other words, it is possible to take ng =n; = ... = ns.

In the following, we consider a multi-period framework and explain how to
use this recursive procedure for pricing derivatives in an incomplete discrete-time
market.

III. Framework and Equilibrium Restrictions

In the following, we suppose that there is one nonstorable consumption good. For
the sake of simplicity, we assume that this good is produced by only one firm.
At each date t, the supply d; of this good is the production of the firm. This
production is distributed as dividends to shareholders who own the firm. There is

9



one equity claim which is tradable at date ¢t with post-dividend price p; in terms
of consumption good, and perfectly divisible. After date T, the firm becomes
obsolete and is valued at zero. A quantity 6 of this claim insures to the owner a
quantity 6d; of the perishable good at date ¢t. Throughout the paper, the total
supply of the equity claim is normalized to one. Our results are not modified if
we assume the existence of more than one productive asset. In that case, it would
suffice to replace the process (d;) by the total dividend process and to assume,
in the numerical examples (Section V), that this total dividend and the total
wealth (instead of p;) are similarly ordered. Furthermore, when there is more
than one asset, our approach provides pricing bounds for productive assets as well
as for derivative assets on any underlying asset and not only on the index. More
precisely, it suffices to observe the index process and the terminal payoff of any
asset in order to derive pricing bounds on this asset with our method.

In addition to the equity claim described above, there are m purely financial
assets (that is to say, assets with total supply always equal to zero). For i =
1,...,m, the i'" financial asset is tradable at each date and has a price ¢! in terms
of consumption good.

Formally, we consider a model with finitely many states and dates, where all
random processes share a common filtered probability space in which P is the
(true) probability and E; [.] denotes the expectation conditional on what is known
at t. We denote by X, the set of all date t-nodes and, for o; € 3, f (o) is the set
of the immediate successors of the date t-node o;.

There are N consumers. The n'* consumer has a Von Neumann-Morgenstern
utility function U™ (.), which associates with any consumption process (Cy)y<;<7 »
the following utility level at date O : o

T
U™ (C)=E | u"(Cyt)
t=0
where u™ maps R™ x {0, ..., T} in R. We assume the following classical properties
on u":

For all n, u™ is continuously differentiable, increasing and strictly concave.

Moreover, we impose the following Inada condition
Vt, t=0,...,T, u"(x;t) — —oc.

z—0t

The sequence of events is: firstly, the firm produces and distributes the div-
idends among the shareholders; secondly, consumption, new portfolios and new
prices take place. The prices come from the equilibrium conditions, and as usual,
are considered as given for the agents in their utility maximization program.
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A trading strategy S is a vector

I
/N
—
H-Qs
N—"

|

l—‘

3
N———
[l
1§
N~

———

{(Ct>t_0,...,T ; (Ht)tzl,...,T ; (at>t:1,...,T

where:
e Vi, t=0,..,T, C;depends on the information available at date ¢;
o Vi, t=1,..,T, 0, and a; depend on the information available at date ¢t — 1.

We interpret 6; (resp. of) as the quantity of equity claim (resp. " purely
financial asset) owned at date t by the agent who follows strategy S. Hence,
0y and «p are the initial quantities of assets owned by the agent. We take, by
convention, &, = friq = 0.

We denote by «}.q; the inner product between a; and ¢;. The budget con-
straints at dates t = 0, ...,T" are then:

Cy+ Opiape + oy .qe = 0y (py + di) + qe = Wy (0.1)

where W, is interpreted as the wealth before consumption, at date t.

For a given agent n with an initial endowment W', we can define the convex
set of the admissible strategies A" as the set of the strategies S satisfying the
budget constraint (3.1) and the consumption constraint C; > 0 for all ¢ between
0 and T

By definition, a state-price deflator is an adapted stochastic process ¢ so that,
for all ¢t between 0 and T' — 1, we have:

Pt = By [Sep1 (Pre1 + diga)]
qt = éEt [§t+IQt+1}

In the following, we will denote by = the set of the state-price deflators. This
set is non-empty since we assume that there is an equilibrium. It is well known
that, at the equilibrium and from the first-order optimal conditions, the process
(S7)i—q....r defined, for any agent n, by :
=1

and for all £ between 0 and 7" — 1:

St — (un),< ffr*l7t+ 1)

St (um) (G, 1)

>0 (0.2)
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is a state-price deflator.

If we suppose that the stochastic evolution of the underlying asset price and
the prices at the terminal date of the purely financial assets (i.e. their payoffs)
qr are known exogenously, our problem consists in how to use those primitives
in order to restrict the initial prices of the purely financial assets qo which are
compatible with an equilibrium. The classical procedure would be to use the set
A of state-price deflators for the stock price process, i.e. the set of the adapted
stochastic processes ¢ so that, for all ¢ between 0 and T' — 1, we have:

1
Pt = g_Et [St+1 (D1 + ditr)]
t

and to remark that, by a no-arbitrage condition, one must have, for all ¢ between
1 and m:

4y € g}élg gE [§TQT} 7?1612 §0E [CT(]T]

We call this interval the no-arbitrage interval.

For a given node o, € %;, and for every pair (¢’,0") of successors of oy, we
will say that a given state-price deflator is in reverse order of d;.; on (o/,0") if
we have

(s (0") =< (")) (dit1 (") — disa (67)) < 0.
Then, the following lemma holds:

Lemma 1. At the equilibrium, for every node and for every pair (o/,0”) of suc-
cessors of this node, there exists a state-price deflator in reverse order of
diyq on (o', 0").

Proof. See Appendix.

This result implies that for every pair (¢’, 0”), there exists a state-price defla-
tor ¢ which satisfies the ordering property, and not that there is one state-price
deflator ¢ which satisfies the ordering property for any (o’,0”). Of course, if the
set of admissible state-price deflators is in fact reduced to one process (complete
market at the equilibrium), we get back Perrakis and Ryan’s ordering property,
as a special case. We recall that we need not observe the price processes which
complete the market in order to have this result (see Bizid, Jouini and Koehl
(1999)).

Henceforth, we denote by Z(, . the set of all the state-price deflators for the
stock-price process that are in reverse order of d; 1 on (o’,0”).

12



Theorem 2. Consider a date t—node oy, with ¢ in {0,...,7 — 1}. We suppose
that the price values ¢, of the i" financial asset (where i € {1,...,m}) are
known for the successors of o;. Then, ¢ (0;) must lie in the interval

. 1 i . 1 i

max inf  —FE; [qu10i4]; min sup  —E [1014] (0.3)
(0—/,0'//) ge‘:‘(a/,g”) St (0—/’0”) (EE(U/J//) St

where the infimum and the supremum are taken over Z(, ,») and the maxi-

mum and the minimum are taken over all the pairs of successors of ;.

Proof. See Appendix.
Interval (3.3) is not equal to the following interval :

1 , 1 ;
[ inf —F; [ct+1qZ+J; sup —E; [<t+1q2+1]]

gemE(U/,U”) St §€I’TE(0/7GH) St

Indeed, this last interval (which is Perrakis and Ryan’s one) is in fact much more
restrictive and does not mean anything in an incomplete market framework. How-
ever, we can state the following corollary due to Bizid, Jouini and Koehl (1999):

Corollary 3 (Perrakis-Ryan) Consider a date t—node oy, fort € {0,...,T — 1}.
We suppose that the price values ¢ 41 of the i" financial asset (where
i € {1,...,m}) are known for the successors of ;. If the market is com-
plete after the introduction of the financial assets, then ¢/ (o;) must lie in
the interval

. 1 i 1 3
inf —FE, [gthtH} ; sup  —k [§t+IQt+1}
§€ﬁ:(a/,au) Ct geﬁE((,/#,u) St

where the infimum and the supremum are taken over all the state-price
deflators for the stock-price process that are in reverse order of d;.; on
(o', ") for all pairs of successors of 0.

Proof. See Appendix.
In an equilibrium framework (with incompleteness), the state-price deflators
satisfy:
El(iaj>€{1""7.f(o-t)}27 i<j7 §t+1(i)§§t+1(j>
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It appears then that in the complete market case, it suffices to restrict our atten-
tion to state-price densities that are ”globally” in reverse order with d;; :

<61 (f (o1))
2> dis1 (f (00))

instead of looking to all the state price densities sets satisfying one of the con-
straints ¢;11 (1) < 6411 (j) for some pair (4, ) such that diq (1) > diyq () -

Let us now go back to the incomplete market case. Since, for each asset
i € {1,...,m}, the pay-off ¢¢ is assumed to be known, we can apply Theorem
2. We are now in position to compute by backward induction, as for instance in
Ritchken (1985), an interval in which ¢} must lie ; we will call this interval the
equilibrium pricing interval. This result gives bounds on the equilibrium price of
any financial asset, only with the knowledge of the dividend process and of the
claim price process (interpreted as a market index).

St+1 (1)
Wlth dt+1 (].)

IV. Adding Assets to the Information Set

In the previous sections, we assumed that the price process of the equity claim was
known exogenously and we found equilibrium restrictions on the price processes of
the purely financial assets, given their values at the final date 7T". In this section,
we suppose as given exogenously not only the price process of the equity claim
p, but also the price processes of the m first purely financial assets (¢°) =1,
with m < m. Using the same approach as above, we want to restrict the possible
values of (¢'),_m,1. .- We are particularly interested in the special case where
m = 1 and where the exogenous price process of the first purely financial asset
corresponds to a risk-free asset.

Adapting the results of the previous sections, we define the set of state-price
deflators for the known price processes, i.e. the adapted stochastic processes ¢ so
that, for all ¢ between 0 and T'— 1 , we have:

1
Pt = g—Et [St1 (Peg1 + dis)]
¢

and for i =1,...,m,
. 1 .
q = g_Et [§t+1QZ+1}
t

14



Obviously, this set is contained in the one defined by the no arbitrage condition
for the equity claim only. Therefore, for any asset i between m + 1 and m, the
arbitrage pricing interval is defined as follows:

q) € |inf 1p [<rdt] ;sup 1p [srdh]
So So

where the infimum and the supremum are taken on the set of state-price deflators
for the known price processes. Using Lemma 1 and the fact that every state-
price deflator is, in particular, a state-price deflator for the known price processes,
we can apply the methodology of Theorem 2. It is then possible to restrict the
interval in which the price of the m — m last purely financial assets must lie. As
above, we will call this interval the equilibrium pricing interval.

We apply now this result to the special case where i = 1 and ¢! is a strictly
positive predictable process. Then we can define the adapted process (r4),_y 7 ;

by
1
1+Tt:qt—J£l
q:

In other words, ¢' is a risk-free asset, and 7, the risk-free rate between dates t
and t + 1. Then, the set A of state-price deflators for the known price processes
is equal to

1
A= {C; St = (1 + Tt) E; [§t+1] and p, = g_Et [§t+1 (pt+1 + dt+1)]}
t

The following proposition is the equivalent of Theorem 2 when there exists a
risk-free asset with an exogenously given price process. The proof is very close to
that of Theorem 2; therefore, it is omitted. The main difference is that we must
now work on the risk-neutral probabilities and not on the state-price deflators.
For the rest, it is the very same as the previous sections: we prove that we can
price the derivatives with a sub-class of the risk-neutral probabilities consistent

with the no-arbitrage condition. These risk-neutral probabilities are linked to A
. T-1
as follows: for a fixed ¢ € A, let us define P by [] (1+ 1)L, its density with
=0
respect to P (note that this quantity is strictly positive, which implies that P
is equivalent to P). Furthermore, between a given date-t node o; and one of its
successors, the transition probability 7 induced by P must then be equal to the
transition probability 7 induced by P multiplied by (1 + r;)

St
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Since ¢ defines a state-price deflator for the known price processes, it is easy to
see that P is a martingale-measure for the stock price process normalized by the
risk-free price process and augmented by the dividends. More precisely we have:

1
1+Tt

Z% (0) (Pr1 + dpyr) (0)

2 (Ut) =

where the sum is taken over all successors of o;.
For a given pair (¢’, 0”) of successors of o, so that d, 1 (0') < d11 (¢”) we will
say that P, is in reverse order of dy1 on (o', 0”) if

The following holds:

Proposition 4. Let us assume that the price processes of the equity claim p and
of a risk-free asset (with a total supply always equal to zero) ¢' are given

exogenously, and define 1 + r, = qt;?, for 0 <t < T —1. Then for all ¢

between 2 and m, given ¢!, ,, we get that ¢/ (o;) must lie in :

Biiom ¢ ) Bioiom ¢ s
t(a’ ) [q§+1] ; min - sup Et( - [QZ-H}

(@)

max _inf

(0',0") P(a_/,o.//) 1 + T 1 + Tt

ﬁ(o,/’a.ll)

where the infimum and the supremum are taken on the martingale measures
P o) that are in reverse order of dy.1 on (¢/,0") and where the maximum
and the minimum are taken over all pairs (o', 0”) of successors of o;.

V. An Example of Stochastic Volatility Model

In this section, we investigate numerically an example in a quadrinomial frame-
work. We consider as given the prices of the equity claim p and of a risk-free asset
q' and the final pay-offs of the m — 1 other purely financial assets ¢r. Then, using
Proposition 4, we compute the arbitrage pricing and equilibrium pricing intervals
for each purely financial asset by backward induction.

We consider a n time-steps lattice. Then, the underlying random process is
(ka/n)k:O,...,n’ which distribution is assumed to be known. The discount rate

between two successive dates r1'/n is assumed to be constant.
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We consider the following reconnecting tree-structure, which models the evo-
lution of the equity claim. If its value at date t is p;, then

{prur (1 +rT/n), prus (1 +7T/n) ,puy’ (1 +7T/n) ,pu;* (1+7T/n)}

are the four possible values of p; 7/, + dii1/ at date t + 7T /n, with
Uy = e"ma"\/g and uy = e"mi“\/g

The tree structure is stationary, and we assume the ordering principle with respect
to the price process instead of the dividend process.

The true transition probabilities are denoted {m;}
4

L €10, 1%

izl)"v

4
Let {7}, 4 € [0; 1]* which satisfy S 7; =

' i=1 i=1

such {7;},_, 4 is guaranteed by the no-arbitrage conditions.

In the rest of the paper, we explain how to use our method for the numerical
obtention of the equilibrium pricing interval. We also compare this interval with
the arbitrage pricing interval and the interval obtained by Perrakis and Ryan’s
methodology (denoted Perrakis’ pricing interval).

Computations of the equilibrium pricing interval are difficult when the true
transition probabilities are not explicitly given. In the following, we consider two
concrete examples of true transition probabilities.

mu; = 1. The existence of

A. Equiprobable states of the world

First assume that Vi = 1,...,4, m; = %. We have to solve 6 linear optimization
problems respectively defined by the conditions % <

Ry T Ry T3 Ty
me? my — w3’ p3 — my’
% < %7 % < i—i and % < % Since all the problems are linear, it suffices to
determine the extreme points of the polyhedron defined by the constraints and
then to maximize on these points.

We obtain the following intervals of prices for a European Call at the money

with K =100, T'= 1 year, r = 0% and for varying values of [0 min; Tmax]-
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TABLE 1
Call Price Bounds for a varying range of [0min, Omax]
[Omin; Omax] ~ Perrakis’ pricing  Equilibrium pricing  Arbitrage pricing

[05% ; 20%] [5.7991; 5.8264] [4.0180; 6.4859] [1.9895; 7.9457]
[06% ; 19%] [5.6058;5.6298] [4.2778; 6.1860] [2.3873; 7.5496]
07% ; 18%] [5.4367;5.4574] [4.4887; 5.9090] [2.7851; 7.1534]
08% ; 17%]  [5.2907; 5.3083] [4.6575; 5.6527] [3.1827; 6.7569)]
[09% ; 16%)] [5.1714;5.1855] [4.7879; 5.4245] [3.5803; 6.3604]
[10% ; 15%]  [5.0800;5.0906] [4.8842; 5.2326] [3.9778; 5.9636]
[11% ; 14%]  [5.0198;5.0265] [4.9458; 5.0899)] [4.3752; 5.5667]
[12% ; 13%] [4.9857;4.9881] [4.9698; 5.0086] [4.7725; 5.1697]

We consider here a quadrinomial reconnecting tree, which models an equity claim dif-
fusion, which volatility belongs to a range [0'min; Omax]- We assume that the number of
time steps of the model is n = 100. An important information comes from the true
probability distribution. In this Table, we give results coming from our approach and
from no-arbitrage conditions for a Furopean call at the money, with a varying range of
volatilities. We give also for guidance, results coming from Perrakis’ method, even if
they are out of context, in an incomplete market. It is clear that the equilibrium bounds
are not as precise as Perrakis’ ones, but this is due to the fact that we did not suppose
arbitrarily the completeness of the market, and then, the possibility to be completely
hedged ”in Vega” (i.e. against volatility).

As remarked in Bizid, Jouini and Koehl (1999), the very good results for
Perrakis’ pricing interval come in part from the fact that the true transition prob-
abilities make the price process of the equity claim near to a martingale under the
true probability. Indeed, as the states of the world are supposed equiprobable,
the ratio E [pr| /po is very close to one. In this example, the risk premium for the
equity claim is approximately equal to 1% for one year, which is in fact very low.

B. Non-equiprobable states of the world

1. One polar example

It is interesting to investigate a polar example: 7 = %, Ty = i, Ty = é and
74 = 3. For instance, with n = 100 steps, the ratio E [pr] /p is equal to 2.0017.
The equity claim risk premium is then about 100% for one year. Therefore, instead

of computing Perrakis’ bounds, which suppose the equiprobability of the states of
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the world, we adapted here his results to a non-equiprobable situation, as done in
Bizid, Jouini and Koehl (1999).

We calculate the pricing interval for a European Call at the money with K =
100, r = 0%, T = 1 year, [Omin; Omax] = [10%; 15%)] using a backward induction
as in the previous example.

TABLE 2
Convergence Results for the Call with a high risk premium
n =10 n = 100 n = 1000
Perrakis’ [4.7137;5.5578]  [4.6853;5.5418]  [4.6890; 5.5369]
Equilibrium [4.6331;5.6630] [4.6332;5.6788] [4.6418;5.6786]
Arbitrage [3.8895; 5.8312] [3.9778;5.9636] [3.9868;5.9770]

We use the same methodology as in the previous example : a recombining quadri-
nomial tree structure where the volatility of the underlying asset belongs to a range
[0 min; Omax] = [10%;15%)]. We give the intervals of prices for a varying number of
time-steps 7 in the lattice. We investigate here a polar example where the risk premium
for the equity claim is about 100% for one year. We give as before, for information, the
interval associated with Perrakis’ method (equivalent to a complete market situation),
which has been adapted to a non-equiprobable context.

This example shows (at least heuristically) that:

e on the contrary to the complete markets case (Perrakis’ interval), the preci-
sion of the equilibrium pricing interval seems to be less affected by the value
of the equity claim risk premium.

e the completeness hypothesis does not permit one to improve the accuracy
of the method for high values of the equity claim risk premium.

This example shows the importance of the equity claim risk premium in a
derivative asset pricing.

2. Varying the risk premium

In the following example, we vary the value of the risk premium as done in Bizid,

Jouini and Koehl (1999). We consider varying true probabilities depending lin-
early on a parameter ¢ € R, as follows: m =1, m=1+¢e, M3 =1, Ta =1 — ¢

In this case, we can easily draw the risk premium as a function of the parameter
¢ (see Figure 2).
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FIGURE 2
Risk Premium for the stock vs a measure of the risk premium (parameter ¢)

We consider a quadrinomial stationary tree, representing the binomial volatility model.
We assume that the probability, in the true world, for the risky asset to be at a given
state, depends linearly on a parameter €. More specifically, we assume that, at each
node, as e increases to 1/4, the transition probability associated with the lowest pos-
sible value decreases to 0 and the transition probability of the second possible value
increases to 1/2. As this parameter increases, the expected return (or equivalently the
risk premium) of the underlying asset increases also (almost linearly). This means that,
as e increases, the true probability moves away from the martingale case (i.e. which has
no risk premium). We represent here the risk premium when holding the risky asset for
one year.

Note that ¢ lies by definition in the following closed interval [—0.0033,0.25].
Figure 3 represents the pricing bounds for the European Call (with o, = 10%,
Omax = 15% and a 100 time-steps tree) and varying e. Perrakis’ bounds widen
continuously as € increases (i.e. as the true probability moves away from the
martingale case). For the equilibrium interval, however, this phenomenon is less
important.

FIGURE 3
Bounds of a European ATM call price vs a measure of the risk premium
(parameter ¢)

This Figure illustrates that the bounds of a European Call option price widen as €
(which defines the distribution of the true probability) increases. We consider more
specifically an ” At The Money” Call with one year maturity, in a stochastic volatility
model, as a function of €. In fact, only the lower bound of the Call price varies much,
because the Call price is an increasing function of the stock price. In this example, the
constraint associated with the complete market case is € = 0.1483. The constraint on
the probabilities associated with the incomplete market case is for ¢ = 0.0485. Note
the exact match for the lower boundaries between an incomplete and a complete market
if parameter € is greater than 0.1483.

VI. Conclusion

In this paper we have shown that the equilibrium conditions give strong restric-
tions on the admissible martingale-measures and then on the asset prices compat-
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ible with a large class of utility functions : namely, the non-decreasing, concave,
Von Neumann-Morgenstern ones. Our results are based upon ordering properties
on the state prices as in Perrakis (1986) and Perrakis and Ryan (1984) and involve
the true probability as in Jouini, Koehl and Touzi (1999).

We do not assume any completeness assumption on the financial market nor
the existence of any completion at the equilibrium (such an existence is equivalent
to the equality of the marginal utilities over all the agents). Our bounds are then
larger than Perrakis’ bounds and this permits us to establish that the set of prices
compatible with an equilibrium for a given asset in an incomplete market is larger
than the set of all possible prices for that asset compatible with the equilibrium
in at least one completion.

In all the paper, we assumed that there is only one productive asset but it is
easy to generalize our method to a model with many productive assets and many
derivatives on those assets. To do so, it suffices to replace the process (p;) by the
total wealth process or by the index process considered as a proxy of the total
wealth.

Appendix

Proof of Lemma 1. For any date t and any o; € 3, the total consumption of the

N N
economy is d; (o) (remember that Y 67 =1 and ) o} =0).
n=1 n=1

Then, for a given pair (¢, ") of successors of o such that d;. (¢’) > dyyq (0”),
there exists (at least) one agent ng such that C/;" (o) > C;?7" (¢”). Note that ng
depends on oy.

Consider the state-price deflator associated with the ni" agent, as defined in
(3.2). As u™ is concave and increasing, we get:

0.< (u™) (CI2 () £ +1) < () (G5 (0") s+ 1)

And multiplying both terms of the inequality by a positive value depending only
on oy, we get

o1 (') <62y (07)
Then ¢™ is in reverse order of d; 1 on (0,0”) and is a state-price deflator by
construction. H

Proof of Theorem 2. Let fix i in {1,...,m} and a node o; € ¥;. Applying
Lemma 1, for a given pair (¢/,0”) of successors of o;, we obtain the existence of
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a state-price deflator ¢ in reverse order of d;y1 on (¢/,0”) and we must have

; . 1 . 1 .
q; (1) € [ inf  —F; [§t+1q;+1} ; osup  —Fy [<t+1qi+1}]

SEE(g7,011) St € (o 011) St

where the infimum and the supremum are taken over all the state-price deflators
for the stock-price process that are in reverse order of d;; on (¢’,0"). Using the
same argument for any pair of successors of o, we obtain that ¢!(c;) must lie in

1 . 1 ,
N [ inf —FE; [§t+1Q§+1}; sup —F; [<t+1q§+1}

(o' ,a') CGE(U/’U//) Ct CGE(G/,U,,) Ct

where the intersection is taken over all pairs of successors of ;. This gives the
bounds of equation (3.3) and ends the proof. B

Proof of Corollary 3. Let fix i in {1,...,m} and a node o; € %;. Applying
Lemma 1, for a given pair (¢’,0”) of successors of g;, we obtain the existence of
a state-price deflator ¢ in reverse order of dy 1 on (¢’,0”). Furthermore, since the
market is complete, we know that there exists only one state-price deflator. It
must then be in reverse order of d;.; on (0/,0”) for all pairs of successors of o,
and we must have

i . 1 i 1 i
q; (0y) € inf —FE [§t+1qt+1} ;o osup —E [§t+1q7f+1]
ger‘l:,(o_/’au) Ct §€ﬂE(U/’U//) St

where the infimum and the supremum are taken over all the state-price deflators
for the stock-price process that are in reverse order of d; 1 on all pairs of successors
of o t- |
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