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A. BAB.2.32-33: THE PULVERIZER

A BAB.2.32-33: The pulverizer

Bhaskara has two general interpretations of the procedure given in verses 32-
33 that describe a “pulverizer computation” (kuttakaraganita). He reads in
these verses a “pulverizer with remainder (sagrakuttakara)” and a “pulverizer
without remainder (niragrakuttakara)” . Having explained and illustrated
these two different interpretations, he then gives a long list of solved exam-
ples which show how one or the other procedure is used in an astronomical
context!.

We will describe and comment on the two different procedures given by
Bhaskara, and then we will explain the many astronomical situations in which
he applies them. Descriptions, under the label “General comments”, will use
a symbolical algebraization of the problem.

A.1 Two different problems

The problems that a pulverizer “with remainder” and that a pulverizer “with-
out remainder” solve, are different but nevertheless equivalent.

Indeed, the problem solved by a pulverizer “with remainder” is the fol-
lowing:

What is the natural number N that divided by a leaves R; for remainder
and divided by b leaves R, for remainder??

In a modern mathematical language:

N=axr+ R 0<Ri<a
N:by+R2 0< Ry<b

The problem solved by a pulverizer “without remainder” is the following;:

What is the integer x, that multiplied by a, increased or decreased by ¢
and divided by b, produces an integer y?

In other words the problem consists of finding two integers (x,y) that
verify:

_axj:c
=

'For Aryabhata’s and Bhaskara’s treatment of the pulverizer, see [Jain 1995; p. 422-
447).

2Concerning the conditions under which this problem is solvable, please see the the
section A.2 of this supplement.
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Where a, b and ¢ are known positive integers. x is called the pulverizer
or the multiplier (gunaka), y the quotient (labdha).

If we consider the problem solved by a pulverizer with remainder: R >
Rg, and Rl - R2 =C,

{N: ar+ R ar +c

N= b+ R, 7 YT T

What is called “the divisor of the greater remainder” (a) in the pulverizer
with remainder process is called in the pulverizer without remainder “the
divisor which is a large number” or "the dividend”; what is called “the divisor
of the smaller remainder” in the procedure of the pulverizer with remainder
is called here “the divisor”; and what is called the “difference of remainders”
(R; — Ry) is called “the interior of a number”.3

As we will see, the pulverizer with remainder transforms the problem
it solves into a pulverizer without remainder problem. Both procedures,
therefore, share common steps. However the two problems and their two
procedures are separated in Bhaskara’s commentary.

We will now describe the process followed for a pulverizer without re-
mainder.

A.2 Procedure for the pulverizer “with remainder”

We will present here the different steps of this algorithm. We will then expose
some of its variations as observed in solved examples, and finally present a
mathematical analysis of it.

General case

Problem

The problem this procedure solves is the following:

What is the natural number N that divided by a leaves R; for remainder
and divided by b leaves Ry for remainder?4

In a modern mathematical language:

N=ax+ R 0<Ri<a
N:by+R2 O§R2<b

3For a brief description of how Bhaskara proceeds to give two different interpretations
of the same compound see [Keller 2000; Volume I, I} and in Volume I, Introduction.

4Concerning the conditions under which this problem is solvable, please see the last
part of this section of the supplement BAB.2.32-33.
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For Ry > R, the “setting-down”, in examples, follows this pattern:
Ry Ry
b a

Step 1

Sanskrit Ab. 2.32ab. adhikagrabhagaharam chindyad unagrabhagaharena

English Ab. 2.32ab. One should divide the divisor of the greater remainder
by the divisor of the smaller remainder.

General Comments Supposing R; > R, then a is “the divisor of the
greater remainder”, and b is “the divisor of the smaller remainder”, the
following computation is carried out:

a T

— =@+ — & a=bqy +r
b a1 b q1 1

We can note that Bhaskara in examples describes the result as follows:
“the remainder is r; above, b below”. This is probably a way of describing
the fractional part that the division produces.

Step 2

Sanskrit Ab.2.32c. Sesaparasparabhaktam

English Ab.2.32c. The mutual division (of the previous divisor) by the
remainder (is made continuously.)

General comments In other words, the following successive divisions are
carried out:

b (]
*:q2+7 = b:T1QQ+'I"2
r1 r
™ rs
— =q3+ — T =T2(q3 + 73
T T2
T2 T4
— =4+ — Ty =7T3q4 + 74
T3 3
T'n—2 Tn
= (qn + T'n—2 = Tn-14n + 7y
T'n—1 T'n—1
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No indication is given concerning how to end the process. “procedure”
parts of solved examples suggest that it was stopped when the remainder
obtained was considered sufficiently small, i.e. before zero was obtained
as remainder. We do not know according to what criteria a quantity was
considered to be small enough.

Step 3

Sanskrit Ab.2.32cd matigunam agrantare ksiptam

English Ab.2.32cd (The last remainder) having a clever (thought) for mul-
tiplier is added to the difference of the (initial) remainders (and divided
by the last divisor).

General comments As we will see in the next step, Bhaskara indicates how
the clever quantity should be placed in regard to the previously com-
puted remainder. The placement presupposed, though not explicitly
mentioned, would be:

q2
q3

dn
Bhaskara adds the following gloss which explains under what conditions
and how the “clever (thought)” is found?:

matigunam, svabhuddhigunam ity arthah| katham punah svabuddhigunah
kriyate ¢ ayam rasih kena gunitedam (edition reads gunitam

idam) agrantaram praksipya visodhya va asya raseh suddham

bhagam dasyatiti agrantare ksiptam| samesu ksiptam visamesu

Sodhyam iti sampradayavicchedad vyakhyayate|

(As for) “having a clever (quantity) for multiplier”, the mean-
ing is: having a multiplier according to one’s own intelligence.

(Question)
But how is the multiplier according to one’s own intelligence?

(It should answer this question:) Will this quantity (the re-
mainder), multiplied by what (is sought) give an exact di-
vision, when one has added or subtracted this difference of
remainders (to the product)?

5[Shukla 1976; p.132, lines 15 to 19].
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(As for) “Added to the difference of remainders”; (it is) added
when (the number of placed terms is) even, subtracted when
uneven, as it has been explained by an uninterrupted tradi-
tion.

From this remark, we can deduce the following computation.

If the number of placed terms is pair (n = 2p + 1, and, because the
placement starts with the quotient ¢o, the number of placed terms is
n—1 = 2p) one should solve, the following equation having the following
pair of integer unknowns: (k, 1), where k is called “the clever (thought)”
(mati).

l_'rnk’+c_'r’2p+1k+c

Tn—1 r2p

where ¢ = R; — R».

If the number of placed terms is not pair (n = 2p, so that the number
of placed terms is n — 1 = 2p — 1), the following equation should be
solved:

l_rnk:—c_rgpk—c

T'n—1 Top—1

We do not know how these equations where solved. They have the
same form as the problem solved by a pulverizer without remainder.
However, only one solution is sought. It is not required that this solu-
tion is the smallest possible. The clever quantity, may have been found
by trial and error.

Step 4

Sanskrit Ab.2.33a. adhoparigunitam antyayug

English Ab.2.33a. The one above is multiplied by the one below, and in-
creased by the last.

Bhaskara furthermore adds:®:

6[Shukla 1976; p.132 lines 20 to 23].
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evam parasparena labdhani padany asthapya, matis cadhah,
pascimalabdhas ca matya adhah| (...) evam bhuyo bhuyah
karma yavat karma parisamaptitam itil

When one has placed in this way the terms obtained by the
mutual (division), the clever (quantity) is placed below, and
the last obtained below the clever (thought). (...) In this
way, again and again the operation (is repeated) until the
computation comes to an end.

General comments The placement, will then be:
q2
a3
dn
k
l

Then the operation:“ The one above is multiplied by the one below,
and increased by the last 7, is repeated, for all rows, beginning from
the bottom (i =n,n —1,...,2):

qi Qi1 + Qivo
q;+1 - q£+1

/
)

The third element from the bottom of the column is replaced by the
result of the computation prescribed, and the last element is deleted.

This procedure is repeated until only two elements remain.

s
qs

(¢4, g4) is a pair of integer solutions of the original problem’, this is not
mentioned in the text. The procedure continues, considering ¢}, from
which another couple of solutions will be derived.

Step 5

"Please see the last part of this section of the supplement BAB.2.32-33.
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Sanskrit Ab.2.33b unagracchedabhajite

English Ab.2.33b. When (the result of this procedure) is divided by the
divisor of the smaller remainder.

Bhaskara furthermore adds 8:

unagracchedhabhagite Sesam, (... ) purvaganitakarmana nispannaraser
vibhaktasesam parigrhyate|

(As for) “When (the result of this procedure) is divided by
the divisor of the smaller remainder, the remainder”. (...)
The remainder of the division of, the quantity produced by
means of the previous mathematical operation, by the divisor
of the smaller remainder is understood.

General comments In other words, the solution, ¢}, is divided by b:

/
S
b _, 5

2 b@ ¢=bt+s (0<s<b).

The remainder, s, is thereafter considered.

s is the least positive solution for = of the original problem?, this is not
mentioned in the text.

Step 6

Sanskrit Ab.2.33bcd. Sesam adhikagracchedagunam dvicchedagram adhikagrayutam

English Ab.2.33bcd. The remainder multiplied by the divisor of the greater
remainder and increased by the greater remainder, is the (quantity that
has such) remainders for two divisors.

Bhaskara furthermore adds!©:
tad dvayor api chedayor bhajyarasir bhavatiti|

... That is the quantity to be divided for (i.e. by) both of
these two divisors.

8[Shukla 1976; p. 132 lines 23 to 25].
9Please see the last part of this section of the supplement for BAB.2.32-33.

10[Shukla 1976; p.133, lines 2-3].
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General comments

N1 = GS+R1.

N7 is the least positive integer that satisfies the original problem, and,
at the same time, it is regarded as the “remainder” (agra) corresponding
to the two divisors, a and b, when there is another problem: Find the
number N that when divided by ab leaves for remainder N;, and when
divided by another number leaves another given remainder.

Understanding the general case of the pulverizer with remainder

Let us recall that the problem treated (“What is the natural number N
that divided by a leaves R; for remainder and divided by b leaves Ry for
remainder?”), can be summarized as follows:

N=ar+R 0<Ri<a
N=by+ Ry, 0<Ry<b

Preliminary remarks

Conditions on a and b The original problem supposes that a,b > 1,
since a division by 1 would leave no remainder, and that the problem if one
of them were equal to zero would equally have no sense in this context.!!

If Ry = Ry = R when a and b are not coprime (that is their only common
divisor is 1), as we can see in example 4, then the smallest integer solution
N would be

N = LCM(a,b) + R,

where LC'M (a, b) is the least common multiple of a and b. This is the case of
the 5 first quantities in example 4. We do not know, however, how Bhaskara
proceeded in this case.

HTf we consider however the set of equations written above, let us suppose that: either
a or b are equal to zero. If say a would be equal to zero, then we would have a value for
N, Ry, that would verify the original problem, if and only if:

Ri=by+ Ry

has an integer solution, that is if and only if, Ry — Rs is a multiple of b.
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Conditions on the remainders Usually, in examples, R; # R, and
Ri #0,Ry #0.

Let us remark here that the above system of equations has a solution if
and only if Ry — Ry is a multiple of the Greatest Common divisor of a and
b. Indeed, let (z9,yo) be a solution. Then:

Rl - R2 = byo — aXg.

It is a common result of elementary number theory'? that such a number is
necessarily a multiple of the Greatest Common divisor of a and b.

So that there should always be a common multiple for a, b, and R; — Rs.

If a and b are coprime, then for any difference of remainders solutions
can be found. Bhaskara in the case of this interpretation of the pulverizer
problem does not make any such remark on a and b. However concerning a
pulverizer without remainder, such a fact is stated rather clearly, as we have
noted it in the section concerning this procedure below.

When R; = Ry = 0, then N is a common multiple of both a and b. If
(20, Yo) is the smallest solution of this set of equation then by definition, N
is the Least Common Multiple of a and b.

Bhaskara at the beginning of example 14 writes:

kascid rasih suryasya nirapavartitabhudivasair bhagam hriyamanah
sunyagrah, candrasyapi Sunyagrah eva sah)

Some quantity when divided by the reduced number of terrestrial
days (in a yuga) for the sun, has a zero-remainder (sunyagra), just
that (same quantity when divided by the reduced number of civil
days in a yuga) for the moon too has a zero-remainder.

He later exhibits as such a quantity, the Lowest Common Multiple of
both numbers.

Understanding the procedure In the following we will consider that
a,b>1 and that Ry > Ry, c = Ry — R».

The process is interrupted, it seems, when the remainder obtained is
sufficiently small'®>. 'We can formalize the process in the following way (in

12See for instance, [Jones 1998; Proof of Theorem 1.8., p. 10].

13Bhaskara’s contemporary, Brahmagupta, and all following known authors continue
the process until zero is obtained as remainder, and therefore do not compute the “clever
quantity”.
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exactly the same terms as in Step 1 and 2 of the procedure described in the
commentary):
For an arbitrary n:

a 1
—=q1+— & a=bg +nr
b b
b T2
— =@+ = & b=rigp+nrn
r 1
1 r3
— =q3+ — T =T2q3 + T3
T2 T2
T2 T4
— =4+ — o =7T3q4 + T4
3 3
T'n—2 T
- _Qn+ = Tn—2:7nn—1qn+rn
Tn—1 T'n—1

By using this set of equations, the equation (*) can be rewritten as a set
of two equations, (A,7) and (B, i), for i =1,...,n.

y = axb—i-c — (bq1+7l;1)x+c = qr -+ where
™mT+c
n=— (A1)
T by;l—c — (71Q2+T7’12)?/1_C = QU1 + 11 where
T — C
Ty = L (Ba ]-)
™
yl — 1‘1:?124»0 — (T2Q3+:23)$1+C — CI3$1 + y2 Where
r3r; + ¢
T2
T = 7‘2111.23—(: — (7’3‘144‘:34)?/2—0 — q4y2 + T Where
T — C
To = % (B, 2)
T3

Yp—1 = Q2p—1Tp—1 + Yp
Yy, = T2p—1Tp_1tc (A, p)

p T2p—2

10
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x, = 22=C (B, p)

T2p—1

{ Tp—1 = qopYp + Tp

Yp = Q2p+1Tp + Ypt1
Ypr1 = RS (A p 1)

T2p

etc.

Now, with the equation (B, p) is associated an even number of quotients
(g2p), and in the computation of x,, ¢ is subtracted.

With the equation (A, p+ 1) is associated an uneven number of quotients
(g2p+1), and in the computation of y,1, ¢ is added.

We can recognize here the computation of the clever quantity and the
quotient that is associated to it, as in Step 3 of the algorithm.

If the number of quotients is uneven, the equation (A,p + 1) should be
solved by trial and error; the solution, k, for z,, is called “the clever (thought)”
(mati).

ok +c Tk +c

Tn—1 Top

| =

If the number of quotients is pair, the equation of (B, p) should be solved
by trial and error; the solution, k , for y, is called “the clever (thought)”
(mati).

l_rnk:—c_rgpk:—c

Tn—1 Top—1

Once a couple of solutions is found, by working the solutions backwards,
one arrives at a solution x for (*).

Indeed, by solving the second equation of (A,p+ 1) (resp. of (B,p)), one
obtains a numerical value for both (x,, y,+1) (resp. of (x,,y,)), which in turn
gives a value for y, (resp. for z,1). With this value of y, (resp. of z,_1)
the value of z, (resp. for y,_;) can be computed and so forth until we have
obtained a value for (xy, %), which gives a value for z.

In other words, by using the succession of equations, for example in the

11
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case of an uneven number of quotients:

Yp = Q2p+1Zp + Yps1 (4,p)
Tp—1 = q2pYp + Tp (Bap - 1)
Yp—1 = Qop1Tp—1 +yp (A,p—1)

T1 = QuYa + T2 (B,1)
Y1 = q3T1 + Yo (A1)
T =@y + 21

one arrives at a solution for z.

Now in this succession of equations we can recognize the computations of
Step 4, taking for example an even number of quotients:

q2 q2

g3 g3

: — : —

d2p-1 Q2p—1

42p q2pYp + Tp = Tp—1

k= Yp Yp

=2z,
2 — 2 — =@ tr=x
q3 q3 = @371 + 12 ¢ =
qy = T1 T
qé =12

As we can see, only ¢s is needed to compute x, this may explain why
there is no need to “set down” ¢;.

Step 5, by dividing that very value of x by the “smaller divisor”, and
thereafter considering the remainder of the division, assures that the value
found for z is the smallest possible. Step 6 replaces the value for x in the
first equation:

N =ax+ R,
So that Ny, the value obtained for N is such that
Nl =as + Rl'

12
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Procedure with more than two quantities and short cut N, satisfies
the original problem, and, at the same time, it is regarded as the “remainder”
(agra) corresponding to the two divisors, a and b, when there is another
problem: Find a number N that when divided by ab leaves for remainder
N;. This can be formalized as:

N = (CLb)U + Nl.

A solution, N, of this problem is also such that when divided by a, it has
for remainder R;. Likewise, when NV is divided by b, it has Rs for remainder.
This property is used when the problem concerns more than two couples of
divisors and remainders. This is the case for instance in examples 3 and
4. If one has to solve a problem with more than two couples of divisors
and remainders, if all the remainders are equal an evident solution will be
the LCM of all divisors increased by the remainder (this is the case of the
solution the example of Ms. E would bear). If just a certain number of these
integers have the same remainder, the problem will be equivalent to solving
the pulverizer of the LCM of those integers with their common remainder,
and the others.

In example 1, Bhaskara stops short of the ”Euclidian Algorithm”. The
clever quantity he computes and the corresponding quotient, correspond,
with our notations, to the computation of:

T+ c

h = b

(4,1)

The clever quantity is hence a value for x, which is then reduced to its smallest
possible value by Step 5, and with which the value of N is computed in Step
6.

We will briefly expose here the steps followed by Bhaskara when he uses
his short cut, and when considering more than two quantities.

Bhaskara’s short cut

In example 1, Bhaskara uses a “short-cut” whose steps we will now expose.
The problem solved is the same and starts in the same way:

Step 1

“One should divide the divisor of the greater remainder by the divisor of
the smaller remainder.”

13
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Supposing R; > Ry, then a is “the divisor of the greater remainder”, and
b is “the divisor of the smaller remainder”:

a_ 1 = =b
—=q1 + — a= +r
b q1 b q1 1

However here r; is considered sufficiently “small” and step 2 is skipped

Step 3
The number of placed terms is considered to be pair.
One should solve the following equation having the following pair of in-
teger unknowns: (k,), where k is called "the clever (thought)” (mati),
rk+c

[ = .
b

Step 4 is skipped also but the “setting-down” would be: l;
Step 5
The upper element of this column, k& is divided by b:

]Z:t+2(:> E=bt+s (0<s<b).

The remainder, s, is thereafter considered.

Step 6

N1 = GS+R1.

Nj is the least positive integer that satisfies the original problem.

Procedure for problems with more than two couples of numbers

Problem
What is the integer N that when divided by a; has r; for remainder, that
when divided by as has ry for remainder, ---, that when divided by a, has

r,, for remainder?
procedure

A first pair of couples is chosen (say (aq,7r1) and (ag,72)) to which the
pulverizer procedure is applied, and for which an integer N; is found. Then
a following pair is taken (say, (ag,r3)) , to which the pulverizer procedure

14
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is applied together with the couple formed of the product of the previous
divisors and the result found ( (ajaz, N1)). And so forth, until all the couples
are used. The last pulverizer procedure applied gives the solution of the
problem. If two remainders are the same, Bhaskara indicates in example 4:

atrecchaya ‘dhikagro rasih parikalpaniyah)|
In this case, the quantity which has the greater remainder should
be chosen according to one’s will.

We do not know if Bhaskara computed the largest common multiple of these
divisors, in order to overcome the problem that occurs when two divisors are
multiples of one another.

A.3 Procedure of the pulverizer without remainder

We will present here the different steps of this algorithm such as it is de-
scribed in the general commentary. Then we will present two alternative
procedures, solving the same problem, and found in the “procedure” part of
solved astronomical examples.

General procedure

Problem

What is the integer x, that multiplied by a, increased or decreased by ¢
and divided by b, produces an integer y?
In other words the problem consists of finding two integers (x,y) that

verify:
ar + ¢
Yy = b

a, b and c are known positive integers. x is called the pulverizer or the
multiplier (gunaka), y the quotient (labdha).

a c

In the “setting-down” part of examples, this is the pattern followed: b

Sometimes c is omitted.
At the beginning of example 22 Bhaskara writes'*:
bhagaharabhajyagranam ekena apavartanacchedena apavartanan

krtva purvavat kuttakarah kriyate| atha punar etani bhagaharabhajyagrani
chedenaikanapavartanan na prayacchati yatha tatha sav uddesakah,

14[Shukla 1976; last paragraph p.149-150)

15
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tadrsas’ caiko rasir eva nasty ato na aniyate

When one has performed the reduction, by a unique reducing
divisor, of the divisor, dividend and remainder, as before, a pul-
verizer is performed. Now, on the other hand, (if) that example
is such that these divisor, dividend and remainder do not allow
such a reduction with a unique divisor, as there is no such one
quantity (that satisfies this equation), (such a quantity) is not
computed (with a pulverizer).

So that as we have noted above, Bhaskara suggest to reduce the numbers
used in examples before starting the computation (these truly get to huge
proportions in astronomical problems) but is also well aware that ¢ should
be a multiple of a and b in order for such a problem to have a solution.

Step 1

Sanskrit adhikagrabhagaharam chindyad unagrabhagaharena

English One should reduce the divisor which is a large number (and the
dividend) by a divisor which is a small number.

General Comments In other words, one should discard common factors
from a (the dividend) and b (the divisor), a new couple (@, ') is there-
fore considered; where a’ and b’ are coprime (that is there sole common
divisor is 1). This step can be seen as a “short-cut” for the following
process of the “Euclidian Algorithm”. Practically, Bhaskara always
discards their GCD.

Step 2-Step 4

As we have noted before, if we consider the problem solved by a pulverizer
with remainder: R; > Ry, and Ry — Ry = ¢,

N = ar+ R; - ar + ¢
N= by+ R y b

Therefore, as noted by Bhaskara as well, these steps are similar to Step
2- Step 4 of the pulverizer with remainder.

Therefore here, the first division is that of the divisor by the dividend. In
the end of this process we have two quantities, ¢, and ¢5.

Step 5

16
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Sanskrit unagracchedabhagite Sesam

English Ab. When (the remaining upper quantity) is divided by the divisor
which is a small number, the remainder is (the pulverizer. When the
lower one remaining is divided by the dividend the quotient of the
division is produced.)

Bhaskara further glosses!®:

uparifrasih] bhagaharena bhaktah [karyah/, adhorasir bhajya
rasina bhajyah
The upper [quantity should be made to be| divided by the

divisor; the lower quantity should be divided by the dividend
quantity. (...)

The two remainders are the pulverizer and the quotient of the division.
General With the same notation as before ¢4 (“the upper quantity”) is
divided by b (“the divisor”):

qy = tb + u.

u is called the pulverizer.

¢4 (“the lower quantity”) is divided by a (“the dividend”):
q5 = va + w.

w is called the quotient.

The result is usually set down in a column:

At the end of his resolution of example 9'6, Bhaskara indicates:

[athava] yavad abhirucitam prcchakaya

[Or else| until it pleases the inquirer (prechaka), (the values
should be increased by multiples of the constants).

This somewhat elliptic remark, may refer to the following rule, given
in the Mahabhaskariya [Shukla 1960; sk p. 8, eng. p. 40]:

15[Shukla 1976; p.135 lines 17 to 21].
16[Shukla 1976; p.139].
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praksipya bhagaharam kuttakare punah punah prajnaih|
yojyam ca bhagalabdham bhajye prastarayuktyaivall
Mbh.1.50. (To obtain the other solutions of a pulverizer)
the intelligent (astronomer) should again and again add the
divisor to the multiplier and the dividend to the quotient as
in the process of prastara (“representation of combinations”).

In other words if (m,n) is a solution of

_axic
y_ b )

where (x,y) are the unknowns, then, for any integer t

mt:m—l-tb
ny =n—+ta

Y

are also solutions of this problem.

Alternative procedures

The sthirakuttaka In his commentary on example 7, and then sys-

tematically in all resolutions after this one, when solving

_a:n:l:c
y_ b )

Bhaskara, instead of the usual procedure, proposes as an alternative to

solve first with the same procedure the following problem:

, ar' 1
y: b *

The values found as solution are then used in a Rule of Three, with the

following proportions:

c:a"
/!

1:a
1:y=c:y

The smallest values possible for x and y are found, by considering the

remainders of the divisions of z” by b, and of 3" by a.

This is known in later literature as the sthirakuttaka (fixed-pulverizer).

18
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The versified table that ends the ganitapada gives the smallest possible
solutions for problems of the type

_ax—l
y_ b )

using many different types of astronomical constants!.

Solutions of

av+1
b Y

u =

may be easily derived from the type above, as

r=b—vw
y=a—u

If no general rule is given by Bhaskara in his commentary, such a
process is described in the Mahabhaskariya [Shukla 1960; p. 32-33]:

Mbh.45. rupam ekam apasyapi kuttakarah prasadhyatel
gunakaro ‘tha labdham ca rast syatam upary-adhahl|
Mbh.46.ab. istena Sesam abhihatya bhajed drdhabhyam Sesam
dinani bhaganadi ca kirtyate ‘tra

Mbh.I1.45-46ab. Alternatively, the pulverizer is solved by
subtracting one (i.e., by assuming the residue to be unity).
The upper and lower quantities (in the reduced chain) are
the (corresponding) multiplier and quotient (respectively).
By the multiplier and quotient (thus obtained) multiply the
given residue, and then divide the respective products by the
abraded divisor and dividend. The remainders obtained are
here (in astronomy) the ahargana and the revolutions (per-
formed respectively).

This can be understood as follows:

If (m,n) is a solution of
_ar+1
y - b )

1"We have not translated this versified table. It is summarized, and all values given, in
[Shukla 1976; Appendix ii, p.335-339].
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where (z,y) are the unknowns. If (mg, ng) are respectively the remain-
ders of the division of em by b, and of c¢n by a.

mo=cm—bg (0<my<b)
ng=cn—aq (0<ny<a)

Then, (mg,ng) is a solution of

Another alternative In his resolution of example 11'®, Bhaskara
describes an alternative procedure:

atra bhagaharena bhajyam vibhajya labdham prthag-avinastam
sthapayet| Sesasya bhudivasanam ca kuttakaram krtva labd-
hasyoparirasim kuttakaram avinastasthapitena prthak samgunayya
bhagalabdham praksipet| bhagalabdham bhavati |

In this case, having divided the dividend by the divisor, one
should place the quotient separately (and keep it) unerased.
When one has performed the pulverizer of the terrestrial
days and the residue, when one has multiplied separately
the higher quantity of the (two) obtained by the pulverizer
of the (quantity) kept unerased, one should add the quotient
of the division (which stands below). (This) produces the
quotient of the division.

Which can be understood as follows. What is obtained at the end of
the process which proceeds upwards is:

do =T
Y1
Where y; is defined as:
Yy =2xq + Y1
Bhaskara, here indicates that one should set aside ¢; defined as the

quotient of the division of a by b:
a=0bq + .
Therefore the computation described here corresponds to a computa-

tion of y:
T+ Y =Y.

18[Shukla 1976; p.141, line 15-18].
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A.4 Astronomical applications

The kind of astronomical problem solved by the procedure of the pulverizer
without remainder is introduced in Bhaskara’s commentary without an expla-
nation relating that process to given astronomical problems. These relations,
however, can be found in the Mahabhaskariya.

The basic idea is that the number of revolutions of a given planet, during
a certain time is not a round number, but has, in addition to an integral
value, a fractional part, or residue (sesa). This is also true, if are considered
not only the number of revolutions, but also the number of signs (rasi or
bhagana), degrees (bhaga) or minutes (lipta), crossed by the planet during a
given time. This time is usually evaluated in terms of civil days (ahargana).

We will consider from now on, the following notations'?:

Let A, be the number of civil days in a yuga, G, the number of revolutions
performed by planet ¢ in a yuga.

All the planet’s revolutions in a yuga are given in Ab.1.3; the number of
civil days in a yuga are deduced from both Ab.1.3 and Ab.3.3 and 5. This
computation is described in the Appendix 7?7, which shows how this value of
A, is obtained: A, = 1577917500.

As A, and G, will respectively be the dividend and divisor of a pulverizer
without remainder, they are systematically reduced by their greatest common
divisor. This can be seen in Bhaskara’s commentary, at the beginning of the
section on mandalakuttakara (p. 135-136):

etav unagracchedartham parasparena bhajyau| sesam unagracchedah
These two should be divided by one another in order (to obtain)
the divisor which is a smaller number. What remains is the divi-
sor which is a smaller number. . .

Since the “divisor which is a smaller number” is, in this case, the greatest
common divisor of the two first numbers, it appears that it was found by
what is commonly called “the Euclidian Algorithm”.

In the following, for the sake of conveniency, we will also call A, and G|,
the numbers obtained after reduction. (G, is usually called in second-hand
literature, the “revolution number” of the planet.)

Let A be the number of days elapsed since a given epoch (ahargana).
Here it is always the number of civil days elapsed since the beginning of the
Kaliyuga.

9 All the notations used in this supplement are summed up on a list, at the end of this
supplement.
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Let G be the number of revolutions performed by a planet g in A days.
G can be decomposed as the integral number of revolutions (mandala) per-
formed, M, the integral number of signs (rasi), R, degrees (bhaga), B, and
minutes (lipta), L crossed.

All the procedures use the following ratio:

A G

Ay N Gy'

The reasoning followed in all the problems is basically the same, involving
different ratios, according to the units considered, and occasionally a differ-
ence of sign in the pulverizer to solve, whether the fractional part of the path
of ¢ is considered as a surplus of the integral number of revolutions, or the
part missing to obtain an integral number of revolutions. For the sake of
simplicity, we have set aside here both, the operations involving, the reduc-
tion of the numbers of days and revolutions in a yuga, and, those converting
values given in examples in homogeneous units (that is the conversion of a
latitude given in degrees and minutes into minutes, etc.).

Planet’s pulverizer (mandalakuttaka)

This computation concerns the commentary on verses 32-33, p.136-138. The
planet considered is the sun.

Planet’s pulverizer with the residue of revolutions

Problem Let A = x, be the number of days elapsed since a given epoch
(ahargana), usually the beginning of the Kaliyuga. Let M = y be the
integral number of revolutions (mandala) of a planet g during = days.
These are the unknowns to be found, knowing:

-A, the mean longitude of planet ¢ in minutes after = days. (A =
(30 x 60)R + (60 x B) + L.)

- G, the reduced number of revolutions of planet ¢ in a yuga.

- A,, the reduced number of civil days in a yuga.

In the “setting down” part of examples, the disposition follows this

pattern:
Integral number of Integral number of Integral number of
signs crossed degrees crossed minutes crossed
R B L
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or

Integral number of signs crossed | R
Integral number of degrees crossed | B
Integral number of minutes crossed | L

procedure with the mean longitude Let )\ be the mean longitude of planet
¢ in minutes. Ry, the “residue of revolutions”, is defined as follows:

_AX A
M= 91600

In the Mahabhaskariya, the following rule occurs ([ Shukla 1960; p.
33]%9):

rasyadayo nirapavartitav asaraghna rasyadimanabhagitah pravadants
sesam

Mbh.1.46¢cd. (In the case the longitude of a planet is given

in terms of signs, etc.) the signs, etc. are multiplied by the
abraded number of civil days (in a yuga) and the product

is divided by the number of signs, etc., (in a circle). The
quotient is stated to be the residue (of revolutions).

In this case here the mean longitude of g () is reduced to minutes, so
that the divisor is the number of minutes in a circle.

The residue of revolutions, R);, can be understood as the number of
civil days taken to accomplish that part of a revolution indicated by
Ag. Since 21600 is the number of minutes in a circle, we have:

Ba A

A, 21600

When computing R); in his commentary, Bhaskara always considers an
approximation of the quotient obtained, so that it maybe an integer.

Two alternative methods are proposed having obtained this“residue of
revolution”, to solve the above problem:

20The first example given on this topic in Bhaskara$ commentary is explained in the
following pages of this book, p. 34-35.
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procedure 1 Find a couple solution of:

B Gy.’L'—RM
_714 .

Y

x = A is the number of days elapsed since a given epoch and y = M is
the integral number of revolutions of a planet g during = days.

We can understand the process used here as the follows. We have the

following ratio, where 21’\6900 as the residual mean longitude in terms of

revolutions is the non integer part of the number of revolutions per-
formed by G:
A
xr _Y + 21600
Ay Gy
This equivalent to:
. Gyl’ — RM
A, ’
AXA
where Ry = Fig50-

procedure 2 Uses a “sthirakuttaka” process?!, that is
Find a couple solution of:

G2 —1
/ y
==

Y

The values obtained for this pulverizer are tabulated by Bhaskara at
the end of the ganitapada®.

Then using the following ratios, 2 and y” are computed :

"

RMZQZ‘
RMZyN

)

1:a2
1:y
the smallest values possible for x and y are found, by considering the
remainders of the divisions of 2" by A,, and of y” by G,,.

21This process is explained in the section on the pulverizer without remainder.
22We have not translated this versified table. This table is summarized in [Shukla 1976;
Appendix ii, p.335-339].
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Planet’s pulverizer with the revolutions to be accomplished A sim-
ilar procedure is found, when considering the complementary part of the par-
tial revolution accomplished. In this case, the part of the revolution to be
crossed is added, when considering the pulverizer to solve.

Problem Let A = z, be the number of days elapsed since the beginning
of the Kaliyuga (ahargana). Let M = y be the integral number of
revolutions of a planet g during x days. These are the unknowns to be
found, knowing:

-A, the part of a revolution to be accomplished by ¢ so that the number
of revolutions would be integer (A + A = 1 revolution).

- Gy, the reduced number of revolutions of planet ¢ in a yuga.

- A, the reduced number of civil days in a yuga.

In the “setting down” part of examples, the disposition follows this
pattern-

Integral number of signs to be crossed | R
Integral number of degrees to be crossed | B
Integral number of minutes to be crossed | L

A rule is given for this problem in the Mahabhaskariya®>:

gantavyam istam yadi kasyacit syad gantavyayogad idam eva
karmal|

rupena va yojya vidhir vacintyah sarvam samanam khalu laksanenal|
Mbh.1.51. When the part (of the revolution) to be traversed

by some (planet) is the given quantity, then (also) the same
process should be applied, treating the part to be traversed

as the additive, or taking unity as the additive. All details

of procedure are the same (as before).

Finding the part of a revolution to be accomplished The computation
is exactly the same as the one described above. That is, if A is the
part of a revolution to be accomplished by ¢ in minutes, since 21600 is
the number of minutes in a circle, then the “ part of a revolution to be
accomplished”, R, is:

, AXA,
M 21600
23[ Shukla 1960; sk p. 8-9, eng. p. 41].
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Two alternative methods are proposed having obtained this value, to
solve the above problem:

procedure 1 Find the smallest couple solution of:

_ Gur+ Ry,
= =t

Y

procedure 2 Find the smallest couple solution of:

G, 2 +1
Y = yA '
Y
The values of
, G —1
u =
A )

are tabulated by Bhaskara at the end of the ganitapada. From these,
2’ and y' are obtained:

;o o
r=A,—-v

y/:Gy—u’

Then, using the same following ratios:

the smallest values possible for x and y are found, by considering the
remainders of the division of z” by A,, and of " by G,,.

Pulverizer with the residue of signs

Here, both the integral number of revolutions performed by g, M, and the
following number of signs crossed by this planet, R, are unknown.

Problem Let A = z, be the number of days elapsed since the beginning of
the Kaliyuga (ahargana). Let 12 x M 4+ R = y be the integral number
of signs crossed by ¢ during = days. These are the unknowns to be
found, knowing:

-\, the remaining degrees and minutes crossed by ¢ after x days in
minutes (A =60 x B + L).
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- G}, the reduced number of signs crossed by planet g in a yuga.
G'y = Gy x 12,

as there are 12 signs in a revolution.

- A,, the reduced number of civil days in a yuga.

In the “setting down” part of examples, the disposition follows this
pattern, where the “0” indicates what is unknown or an empty space-

Integral number of revolutions crossed | 0
Integral number of signs crossed 0
Integral number of degrees crossed B
Integral number of minutes crossed | L

Finding the“residue of signs” A similar ratio to the one used in the cases

above, gives us the residue of signs (Rg), from X', 1800 being the num-
ber of minutes in a sign:

Rr N
A,y ©1800°
In other words
N x A,
e = =500

Three alternative methods are proposed having obtained the residue of
signs, to solve the above problem:

procedure 1 Find the smallest couple solution of:

- G;JZ—RR

y A

Y

The value found for y is the number of signs crossed crossed by ¢g during
x days. The remainder of the division of y by 12 will give the number
of revolutions performed by ¢ in x days.

procedure 2 Find a couple solution of:

G;l‘, —1
A,

/

y:
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These values are tabulated by Bhaskara at the end of the ganitapada.
Performing a Rule of Three with 1 and Rg, and dividing the results
respectively by A, and G will give the results.

procedure 3 Find a couple solution of:

, 120 -1
- =

(%
Y

The following procedure is not given by Bhaskara, thought he indicates
that a Rule of Three should be used. We can consider the following,
thought this is just a hypothetical construction in order to understand
why this pulverizer is computed:

We have the following ratio:

A Ry

21600 A,

where, as in section C.3.1., R, is the residue of revolutions and \ =
(30 x 60)R + (60 x B) + L = (30 x 60)R + X. So this equivalent to:

(30 x 60)R+ XN Ry
21600 A,

Now if we consider, this residual part of revolutions accomplished, not
in terms of minutes, but in terms of signs (or if we reduce the left-hand
fraction by 30 x 60 = 1800) we have:

A/
B+ 5556 _ Bu
12 A,

Y

Let v = R and u = R); and we recognize here:

'x A
,_ 12u- oo _ 12u— Rp
A A,

Y

y
Bhaskara would thus solve this problem by a sthirakuttaka.

u being the residue of revolutions, the following problem:

,_ny—u

y Ay Y
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when solved gives with x the number of days elapsed since a given
epoch, and with 3’ the number of revolutions accomplished in = days.
Together with the value found for v, we can find the total number of
signs crossed by ¢ in x days.

Pulverizer for the residue of degrees The process follows the same
pattern as before, the difference being that one seeks the total number of
degrees crossed by ¢ in x days, that is that, M, R and B are unknown.

Problem Let A = x, be the number of days elapsed since a given epoch
(ahargana). Let 12 x 30M + 30 X R 4+ B = y be the integral number
of degrees crossed by ¢ during x days. These are the unknowns to be
found, knowing:

y o . .
-Ay = L, the remaining minutes crossed by g after z days.

- G, the reduced number of degrees crossed by planet g in a yuga.
G"y = Gy x 360,

as there are 360 degrees in a revolution.

- A,, the reduced number of civil days in a yuga.

In the “setting down” part of examples, the disposition follows this
pattern, where the “0” indicates what is unknown or an empty space-

Integral number of revolutions crossed | 0
Integral number of signs crossed 0
Integral number of degrees crossed 0
Integral number of minutes crossed | L

Finding the“residue of degrees” A similar ratio to the one used in the
cases above, gives us the residue of degrees (Rp), from Ay, 60 being the
number of minutes in a degree:

Re _ A
A, 60
In other words
MNox A
Rp =+~
B 60
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Three alternative methods are proposed having obtained the residue of
degrees, to solve the above problem:

procedure 1 Find the smallest couple solution of:
GZI‘ — RB
y=—"—

A

Y

The value found for y is the number of degrees crossed by ¢ during x
days. The remainder of the division of y by 360 will give the number
of revolutions performed by ¢ in z days.

procedure 2 Find a couple solution of:
)= Gyr —1
A,

These values are tabulated by Bhaskara at the end of the ganitapada.

Performing a Rule of Three with 1 and Rp, and dividing the results
respectively by A, and G;’ will give the required results. The remainder
of the division of y by 360 (i.e. the number of degrees in a revolution)
will give the number of revolutions performed by g in = days.

procedure 3 Find a couple solution of:

o 30u’ — 1
e

Y

The following procedure is not given by Bhaskara, thought he indicates
that a Rule of Three should be used. We can consider the following:

We have the following ratio,

N, _ By

9

1800 A,

This is equivalent to:
(60x B)+L Rp
1800 A,

Now if we consider, this residual part of signs crossed, not in terms of
signs but in terms of degrees (or if we simplify the left hand fraction
by 60):
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Let v = B and u = Rpg, then:

Ay x Ay

B 30u — ~*5 ~ 30u— Rp
B Ay N Ay ’

v

Since u is residue of signs, the following problem:

G’y:p—u
A b)

Y

/

y:

when solved, gives with z the number of days elapsed since the begin-
ning of the Kaliyuga, and with 3 the number of revolutions accom-
plished and the number of signed crossed in x days. Together with the
value found for v, we can find the total number of degrees crossed by
g in x days.

Pulverizer for the residue of minutes The procedure follows the same
pattern, considering residual seconds, crossed by G.

Week-day pulverizer

Problem A planet g, has a given mean longitude, A, on a week day V. After
a certain number of weeks (w) and a couple of days (a), g has the same
longitude on an other week-day, V.

Let a be the number of week-days seperating V' from V, (V' excluded,
V, included; a < 7).

Let Ay be the number of days elapsed in the Kaliyuga when the sun is
inV.

Let Ay, be the number of civil days elapsed in the Kaliyuga for which
the sun on V, has the given mean longitude in V.

Ay and Ay, are to be found, knowing A on V; A, and G,
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Resolution The computation of Ay corresponds to a usual “planet-pulverizer”:

If Ay = 2 and y=M then by solving with a pulverizer, the following
problem:

. Gyl‘—RM
y_ Ay )

the required value for Ay is found. Let xg be such a value.

In the Mahabhaskariya there is the following rule?*:

apavartitav asaradisesat kramasastan apaniya rupapurvam)|
kuttakalabdharasim esam gunakaram samusanti varahetohl|
MBh.1.48. Divide the abraded number of civil days (in a
yuga) by 7. Take the remainder as the dividend and 7 as the
divisor. Also take the excess 1,2, etc., of the required day
over the given day as the residue. Whatever number (i.e.
multiplier) results on solving this pulverizer is the multiplier
of the abraded number of civil days. The product of these
added to the ahargana calculated (for the given day) gives
the ahargana for the required day.

And in his introduction to example 12 of the commentary to verses
32-33, Bhaskara writes:

nirapavartitabhudinesu saptahrtavasistesu kuttakarah kriyatel
grahavaro yo nirdistas tasmad ylad ufttaro grahavaras tatah
prabhrti ekottaraya vrddhyapacayam parikalpya evam labdham
kuttakaro nirapavartitabhudinanam gunakaras tena gunitesu
nirapavartitabhudinesu nirdistasuryenanitam aharganam praksipya
jatadivasatulyah kala adestavyah

A pulverizer should be performed for the residue of the divi-
sion by seven of the reduced terrestrial days. When one has
chosen a subtractive (term for the pulverizer) by means of
a one-by-one increase beginning with the weekday which is
immediately after the indicated week-day, what is obtained
in this way is the pulverizer which is the multiplier of the
reduced terrestrial days; when one has added the passed
number of days (in the Kaliyuga, obtained with) the in-
dicated sun, to the reduced terrestrial days multiplied by

24[Shukla 1960; sk p. 8, eng. p.36-37(this is an adaptation- see note 1, p.37)] .
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that (pulverizer), the time equal to what has been produced
should be announced (as the answer.

In this case, the pulverizer considered is, if Aj is the residue of the
division of A, by seven (4] = A, — 7q), a corresponding to the “one-
by-one increase beginning with the weekday which is immediately after
the indicated week-days”:

A;v’ —a

If (vg, wy) is a solution, then
Ay, = Ay + 0.

This can be understood as follows: if A, is the reduced number of civil
days in a yuga, so that the number of weeks in a yuga is A—;, then we

have the following proportion:

AAV U)—i‘%

4, A

v 2

where Ay is the number of civil days after which the sun, having had
that given longitude in V', has the same longitude in V,, and w is the
number of weeks in Aay, so that Axy = Tw + a

I v = % then we have

g
_I_
<is

From this proportion we can deduce the following problem solved by a
pulverizer:

Z5There seems to be a paradox here, as Aay is thus defined as a multiple of A4, therefore
Aav > Ay. This assumption without any comment is also made by K.S. Shukla, when he
solves example 12. [Shukla 1976; p.317] (A being what we note Aay, 210389 being the
reduced number of civil days in a yuga for the sun).

We can, nonetheless, remark that A, is, here, the reduced number of terrestrial days in a
yuga and not the total number, so that this is not as absurd as it may seem. However, just
why should this be presupposed and whether this is the exact rending of the computation
described by Bhaskara, remains to be investigated.
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Let (v, wp) be a solution of that problem.

Since Ay is the number of days elapsed in the Kaliyuga when the sun
isin V', Ay, the number of civil days elapsed in the Kaliyuga for which
the sun on V, has the given mean longitude, and Aay the number of
civil days after which the sun, having had that given longitude in V,
has the same longitude in V, then

Ay, = Ay + Aay.

By definition of vy, and xq:

AVa = xg+ Ayvo.

Now the particular solution, v}, for v" makes also the quotient

Ay —a
7

integer because

w' +Tq = 7Ayv’—a.

Particular pulverizers

Some of the examples proposed by Bhaskara combine several of the problems
and procedures exposed above.

A particular planet’s pulverizer The problem here considers the re-
maining part of a degree to be crossed by a planet, combining thus a “pul-
verizer for a revolution to be accomplished” and “a pulverizer with the residue
of degrees”. In example 13 [Shukla 1976; p.143] is exposed a problem and
resolution of this type.
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Problem Let A = x, be the number of days elapsed since a given epoch
(ahargana). Let (12 x 30)M + 30R + B = y be the integral number
of degrees crossed by ¢ during x days. These are the unknowns to be
found, knowing:

-A”, the part of a degree to be crossed by ¢ so that the number of
degrees crossed since the beginning of the Kaliyuga would be integer.

- G, the reduced number of degrees crossed by planet g in a yuga.
G"y = 360 x G,
as there are 360 degrees in a revolution.
- A,, the reduced number of civil days in a yuga.
procedure After having computed the residue of degrees to be crossed,
;o A" x A,
b 60

the following problem is to be solved directly by a pulverizer procedure,
or by using a sthirakuttaka:

Y= Gyr + Ry
—

Y

The value found for y—1, when divided by 360 gives the integral number
of revolutions performed by ¢ in = days.

A particular week-day pulverizer

Problem In this case, the mean longitude of planet g; (A1), and the mean
longitude of planet go (A\2) are known, for a given week-day (V'); the
number of days until they will both be of the same longitude again on
another week-day (V) is what is sought.

Finding the LCM Let A; be the reduced number of days in a yuga for g;
Ajs the reduced number of days in a yuga for go. The Lowest Common
Multiple of these two numbers (LC'M (A1, Ay)), can be defined as:

AL x A
LCM(Ay, Ay) = m.

It is found by the following process:
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-The Greatest Common divisor (GCD(A;, Ay)) is found, probably by
a “Euclidian algorithm”.

In the case of the preliminary part of example 14, it is defined as the
quantity which leaves a zero remainder (Sunyagra), when divided or by
Ay or by Ay. It bears the name “{quantity) having such remainder for
two divisors.” (dvicchedagra).
-The quotient of the division of A; (resp. As) by GCD(A, Ay) (q1)
(resp. g2) is considered.
Then

LCM(Al,AQ) = A1 X g2 = AQ X q1-

This is expressed quite elliptically in the preliminary part of example
14, but corresponds to the computations carried out:

dvicchedagrasamuvargo hi nama sadrsikaranam

the product of (one reduced day by the quotient of the other

by the quantity) having such remainder for two divisors (dvicchedagrasamuvargo)
has the name “procedure of equalizing (sadrsikaranam) for

two quantities”.

Finding the number of days elapsed in the Kaliyuga when ¢g; and ¢, are in V/
This involves a usual planet-pulverizer: The smallest integral solution
found for = (z¢) in any of these equations gives the desired value

o GlychM1
Y= —a
GQ;U—]RMQ

Yy = Ay

A week-day pulverizer The following problem is solved by a pulverizer:

w— LOM(Al, AQ)U —a

Let vg be the smallest integral value found. Then

AAV = LCM(Al, AQ)UQ + xp.

Thus , the following equality explains this formulation of the problem:
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<

w+ 7 v
LCM(Ay, Ay) 7

where
_ %
LCM(Ay, Ay)

(%

A pulverizer using the sum of the longitudes of planets

Problem Let A = x be the number of days elapsed in the Kaliyuga. This
is the unknown to be found, knowing:

-2\, the sums of the mean longitudes of n planets, in minutes, after x
days. (Z)\ = Z?:l >\z = 2?21(30 X 60)RZ + (60 X Bz) + Li, n < 726)

- XGy, the reduced sum of the the number of revolutions performed by
each planet in a yuga.

- A,, the reduced number of civil days in a yuga.

procedure The procedure, with these constants, is the same as in a regular
planet’s pulverizer. Having computed the residue of revolution of the
sum,

YA x Ay
21600 ’
the problem to be solved by a pulverizer or by a sthirakuttaka is:

YRy =

. EGyQZ - ERM

Y

The smallest solution found for y is the sum of the revolutions per-
formed by n planets in x days.

As before, the constant ratio behind this problem is:

i_Gl_ Gy
A?J_Ggl _..._ng.
So that
i_ZGy
A, G

26 A list of the planets is given in Ab.3.15.
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This procedure is described in example 15 [Shukla 1976; p.144sqq]; where
only two planets are considered, the sun and the moon. However Bhaskara
adds:

evam anyesam api samasaprasnesu kuttakarah kalpaniyah, rasibhagaliptasesvapi
evam eva tricatuhsamasesvapi vistarena vyakhyeyam)|

In this way, in questions concerning the sums of other (planets)
too, a pulverizer is to be performed (kalpaniya), and also (in
questions) concerning residues of signs, degrees and minutes. In
this very way, in the case of the sums of three or four (planets)
also an explanation should be given in detail (if necessary).

Knowing the number of revolutions performed by two planets

Problem The number of revolutions performed since the beginning of the
Kaliyuga by g1 (y) and the integral number of revolution performed by
g2 (2) are sought, knowing:

-Xo, the mean longitude of g5 in minutes, known when ¢; completes a
revolution.

-G1 and Gy, (previously reduced by their greatest common divisor), the
reduced of revolutions performed by ¢; and g, in a yuga.

Resolution The problem to be solved by a pulverizer without remainder or
by a sthirakuttaka is:

. — G2y — RM2
G
This is understood by the following reasoning: If A is the number of

civil days elapsed at a given time, A, the number of civil days in a
yuga, then we have:

A1
£ _ M, + 21600
Ay Gy

A
£ _ M + 5560
Ay Go

And therefore

Al A2
M, + 21600 __ M, + 21600

G, Go
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With the notation adopted above, that is:

A2
Y Z+ 57600

G, Gs

From this equality the problem to be solved by a pulverizer is readily
deduced.

Similarly, if the ratio considered for g; is measured in minutes then:

216000M; + N\ Mo + 575
Gy Gy

And the problem to be solved by a pulverizer would then be:

GoY — Ry,
227(;/1, s

where Y = 21600y, is the number of minutes crossed by g; since the
beginning of the Kaliyuga.

The problem and method to solve such a pulverizer is described in general
terms by Bhaskara in this way?":

atha kascid divasakaramandalasesaparisamaptikale janitam di-
vicaramuddisya divasakaram divicarabhaganan prcchati, tasyayam
upayah nirdistadivicaram ravibhaganamscapavartya kuttakaro yojyah|
Now, when pointing at (the longitude of) a planet produced at
the time when the sun completes what remains of a revolution,
someone asks the (number of) revolutions (performed) by (that
planet), this is a method for that (question) -When one has re-
duced the (number of) revolutions (performed) by a planet (in
a yuga) and the (number of) revolutions (performed) by the sun
(in a yuga), a pulverizer should be applied.

He then proceeds to solve the problem given in example 16, and concludes
by the following statement?:

27[Shukla 1976; p.145, line 16 sqq].
28[Shukla 1976; p.146, line 13 sqq].
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athava graham uddisya graham evanyam [prechati tatrfapi bhagaharabhajyaparikalpa;
kuttakarah kalpaniyah|

Or else when (someone) pointing at a planet asks (the number
of passed revolutions) of another planet only, then again a pul-
verizer should be performed by choosing (an appropriate) divisor

and dividend.

Here therefore Bhaskara does not stress the unit in which the number of
elapsed revolutions are obtained.
Mbh.1.10 gives the following procedure®

nisakaram va graham uccam eva va kalikrtam tat saha yatamandalaih)|
yathestanaksatraganair hatam haret tadiyanaksatraganais tatah

kalah|

10. The (mean) longitude of the moon, the planet, or the ucca
(whichever is known) together with the revolutions performed
should be reduced to minutes. The resulting minutes should
then be multiplied by the revolution-number of the desired planet
and (the product obtained should be) divided by the revolution-
number of that (known) planet. The result is (the mean longitude
of the desired planet) in terms of minutes.

In fact example 16 of BAB.2.32-33 follows a computation in term of revo-
lutions whereas example 17 follows the above rule given in the Mahabhaskariya.

Time-pulverizer (velakuttakara)

In this case, the number of days elapsed since the beginning of the Kaliyuga
is not integral: the longitude of planet ¢ is not given at sunrise- a day is
defined from one sunrise to another in this treatise- but at another time of
the day: midnight, noon, or sunset3°.

Problem The integral number of days elapsed since the beginning of the
Kaliyuga (z) and the number of revolutions performed by ¢ in that
time (y) are sought, knowing A the mean longitude of g at a fractional
part of the day (dayi%, 2<m<4), G, and A,

29[Shukla 1960; p.2-3 skt, p. 7 eng.].

300ther subdivisions of the days can be also considered: this is indicated by Bhaskara
in the part just before example 21. example 21 considers a fractional part of a day in
nadis (1/60th of a day).
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procedure The problem to be solved by a pulverizer without remainder or
a sthirakuttaka is:
% x X — RM
Y= —"—"—"F7F " "
Ay

where y is the number of revolutions performed by g in x + % days and
X =mzx+£ 1.

If % is subtractive (% =x— % < X = max —1), then the integral value

of days elapsed since the beginning of the Kaliyuga is x — 1. Therefore
the value sought is x — 1 = £+ — 1.

If L is additive £ = 2+ L & X = ma + 1) then 2 = £=1 should be
computed to obtain a solution.

The problem exposed in words here can be algebrised, in regard to a
regular planet-pulverizer in this way:

Gy(r+ 1)~ Ry Su(mx £1) — Ry
y= A Y= A :
Y Y

Bhaskara does not in fact describe exactly such a computation, concerning
the passing first, from the pulverizer considering x to the one considering X
and then from the result obtained for X to the one giving x.

In the part preceding example 19, Bhaskara writes®!:

kascit graham udayakalad anyakalajanitam pradasyam divasaganam
prechati, tasyayam anayanopayah: istakalacchedagunitan nira-
pavartitabhudivasan krtva purvavat kuttakaram nispadya istakalachedhabhakto
‘harganah|

When someone pointing at (the mean longitude of) a planet pro-
duced at a time different from sunrise, asks the number of days
(elapsed in the Kaliyuga), this is a method of computation for
that (question):When one has multiplied the reduced (number of)
days (in a yuga, for that planet) by the denominator of the desired
time, and brought about a pulverizer, as before, (the pulverizer)
is divided by the denominator of the desired time is the number
of days (elapsed in the Kaliyuga).

Bhaskara, quite typically since he is summing up a general case, is elliptic
concerning the computation of the integral number of days elapsed since the

31[Shukla 1976; p. 147, line 15-17]
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beginning of the Kaliyuga. The first step he describes, that of multiplying
by m a “reduced number of days” has remained ununderstood. He states
this again in the “procedure” part of solved examples, but with no numerical
illustration. This may be referring to the computation X = mx 4+ 1, however
why then would z bear such a name remains unclear. Secondly, repeatedly
the passing from the pulverizer obtained to the result sought (the integral
number of days elapsed since the beginning of the Kaliyuga) is stated as a
simple “division by the denominator of the desired time”, no other compu-
tation being stated. We can note also that the integral part of % will give
the value of x — 1 if m is subtractive, and the value of = if m is additive.
Therefore, this may have been the computation carried out here.

To sum it up, probably the computation we have algebrised in this case
does not render the exact steps followed by Bhaskara.

Finding the Residue of revolutions and a certain number of days,
for two planets

This problem combines two pulverizers. Such a procedure may be seen in

example 23, where the two planets considered are the sun and Mars.

Problem Two planets g; and go are considered. A certain amount of days,
N is sought, knowing that divided by A; (the reduced number of days
in a yuga for g;) it leaves a remainder r; whose value is unknown, and
divided by A,, it leaves a remainder ro whose value is unknown.

We can recognize here a problem that can be solved by a “pulverizer
with remainder” procedure, when r; and ry are known:

N=Aq+n
N = Ayqo + 1

The values of 7] and 7, are known, and defined as:

Gir !
-
1 1
Gor r!
22— g+ 2
A, A,

Where GG; and G4 respectively are the reduced number of revolutions
performed in a yuga by g, and gs.
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procedure The last problem is equivalent to this one:

/

q, . G1T1—7’1

= —"
Ay

/

i = Gory — 14

p=——2
Ap

So that values of r; and ro may be found by means of one of the
procedures for a “pulverizer without remainder”.

r1 (resp. 1) is interpreted as the number of days elapsed since the
beginning of the Kaliyuga; q; (resp. ¢,) as the integral number of
revolutions performed by g; (resp. ¢2) during that time, and 7| (resp.
rh) as the residue of revolutions, Ry, (resp. Rag)-

Having obtained r; and ro, N is found by applying a second pulverizer.

Planetary pulverizer with several planets using orbital computa-
tions

This is the last type of problem illustrated by Bhaskara (in examples 24-26),
it combines a planetary pulverizer and the computations linking the length
of the orbit of a planet to its mean longitude for a given number of elapsed
days since the beginning of the Kaliyuga.

Residues in respect to a planet’s orbit Let A be the mean longitude
of a given planet g.
A=(M,R,B,L,S),

where M is the integer number of revolutions (mandala) performed by the
planet since the beginning of the Kaliyuga; R the remaining integer number
of signs (rasi) crossed, B the remaining integer number of degrees (bhaga)
crossed, L the remaining integer number of minutes (lipta) crossed, and S,
the remaining ($esa) fractional part of minutes crossed by that planet.

In terms of revolutions,

a—mp iy B L - S
B 12 7 12x30 ' 12x30x60 ' 12x 30 x 60 x (K x A,)’

The residue of revolutions in respect to the planet’s orbit is:

iy = 2 = L + S
M7 12 T 12%x30 T 12x30x 60 ' 12 x 30 x 60 x (K x A,)’
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The residue of signs in respect to the planet’s orbit is:

_§+ L N S
30 30x60  30x60x(KxA,)

Rk

The residue of degrees in respect to the planet’s orbit is:

L S
Rkyy = — .
M50 T 60 x (K x 4,)

Case with two planets using a Residue of revolutions in respect to
the planet’s orbits

Problem The number of days elapsed since the beginning of the Kaliyuga
and the mean longitudes, at that time, of 2 planets: A{, A2, are sought
knowing;:

-K}, the length in yojanas of the “orbit of the sky” (khakaksya)-the
circumference of a great circle of the celestial sphere),
-K1, K5 the length in yojanas of the “orbit of the planets”,

-A,, the number of terrestrial days in a yuga,

-Rkyy,, Rk, the residue of revolutions of each planets at that time, in
respect to the planet’s orbit.

orbital computations In the resolution of example 24, Bhaskara quotes
the following rule:

kaksyabhir grahanayane khakasyaya ahargano gunakakrah, svakasyabhudinasamuar
bhagahara iti

In a computation of (the mean longitude of) planets by means

of the orbits, the number of days (elapsed in the Kaliyuga) is

a multiplier of the orbit of the sky, the divisor is the product

of the terrestrial days (in a yuga) with its (the planet’s) own

orbit

In other words, for any planet:

Kx
A= —r.
AyXKi

So that for our two planets we have:
K[E:AyXK1X)\1:AyXK2X)\2:N
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procedure Bearing the above equality in mind, for any planet:

ANE; = A K;M; + Rkyy,.

In this problem M; is sought and Rk, is known.

The above equality may be written as a system of equations:

N = Ay Ky + Rk,
_ AyKiy—(Rkay,—Rkw)

— = A,Ks

N = A,Kyz + Rky,

where y is the integral number of revolutions performed by the first
planet and z the integral number of revolutions performed by the second
planet.

This problem may be solved by a “pulverizer with remainder” proce-
dure. Any one value found for y or z thus gives a value for N.

As Bhaskara states in the resolution of example 24:

purva likhitadvicchedagrarasir apavartitakhakaksyaharganasamvarga
ity atah svabhagaharabhyam vibhajya labdham suryacandramasor
yatabhaganah

Since the previously written quantity that has (such) remain-

ders for two divisors is the product of the number of days
(elapsed in the Kaliyuga) and the reduced orbit of sky, there-

fore, having divided (it) by their own divisors, the quotient

is the passed revolutions of the sun and the moon.

In other words, since

N:AyXK1X)\1:AyXK2X)\2,

then
N N

Al:AyXKl)\ZZAyXKQ

And, as Bhaskara adds:

asminn eva dvicchedagre apavartitakhakaksyaya vibhakte lab-
dham aharganah

When that which has (such) remainders is divided by the
reduced orbit of the sky, the quotient is the number of days
(elapsed in the Kaliyuga)
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In other words,

8
Il
=| =

Case with two planets and the residue of minutes in respect to the
planet’s orbits The problem is the same as before, only instead of the
residue of revolutions in terms of the planet’s orbits the residue of minutes
Rkp, and Rkp, are given.

Two procedures are given to find the integral number of revolutions,
signs, degrees and minutes crossed by both planets since the beginning of
the Kaliyuga:

procedure 1 If y (resp. z) is the integral number of revolutions, signs,
degrees and minutes crossed, in terms of revolutions by the first planet
(resp. the second planet), then, the problem may be formalized as:

A, Ky x 21600y — (Rky, — Rkar,)
A K,

z x 21600 =

And can be solved by any of the two methods used for this type of
problem (a pulverizer without remainder or a sthirakuttaka).

procedure 2 In this case the residue of degrees in terms of the planet’s orbit
(Rkp) is found by solving the following problem:

_60XSCB—R]€L

where xg is the residue of degrees in terms of the planet’s orbit, and
yp the integral number of degrees crossed by that planet.

Then the residue of signs in terms of the planet’s orbit (Rkg) is found
by solving the following problem:

_BOX.Z'R—RICB
Yr = Any )

where x g is the residue of signs in terms of the planet’s orbit, and yg
the integral number of signs crossed by that planet.

From this the residue of revolutions in terms of the planet’s orbit (Rkj,)
is found by solving the following problem:
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_3OXIM—RI{3R

where x); is the residue of revolutions in terms of the planet’s orbit,
and y,s the integral number of revolutions crossed by that planet.

Case with more than two planets This combines the above described
procedures, with the case of the problems where what is sought is an integer
N having given remainders for n different divisors.

For a first two couple of planets, g; and g5, Ny is found as described above,
for the couple of divisors and remainders (A, Ky, Rk, ; Ay Ka, Rk, ), if the
residue of revolutions in terms of the planet’s orbits is given . Then for a third
planet, g3, the same procedure is applied to the couple (A;K 1K5, N1y Ay K3, Rkag).
And so forth.
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