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On Optimal Growth Models when the Discount
Factor is near 1 or equal to 1

Cuong Le Van (CNRS-CERMSEM)*
Lisa Morhaim (CERMSEM, University of Paris 1)* T
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Abstract

The aim of this paper is to fill the gap between intertemporal growth
models when the discount factor is close to one and when it equals one.
We show that the value function and the policy function are continuous
with respect both to the discount factor 5 and the initial stock of capital
xg. We prove that the optimal policy ¢°(z¢) is differentiable and that
DgP(z0) is continuous with respect to (3,z¢). As a by-product, a global
turnpike result is proved.

Keywords. Optimal growth, discount factor, value function, policy func-
tion, differentiability, turnpike.
JEL Classification. C61, O41.

1 Introduction

A large part of the litterature on intertemporal models of consumption and cap-
ital accumulation has focused on the existence and dynamical properties of op-
timal solutions to optimization problems. Dynamic programming gives an at-
tractive methodology for studying the behavior of optimal paths as long as the
information about optimal solutions is summarized in the policy function g. The
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properties of the optimal policy and the value function are well-known in the
case when the discount factor 3 is strictly less than one.

Benveniste and Scheinkman[3] have proved the differentiability of the value
function. Araujo and Scheinkman[2] under usual conditions and a very strong
condition(the so-called ”dominant diagonal blocks” conditions) show the equiva-
lence between smoothness with respect to the initial capital stock of the optimal
policy and turnpike property of the optimal path. Blot and Crettez[4] have given
some alternative sufficient conditions (different from ”dominant diagonal blocks”
conditions) to have the C*- differentiability vis-a-vis the initial stock of capital,
the discount factor < 1, and a parameter which lies in a Banach space. For
one-sector models, Araujo has given some conditions for the monotonically in-
creasing policy function to be differentiable and (what is the same) for the value
function to be twice differentiable with respect to the initial capital stock. He
has also shown that if the return function u is C?3, the value function is not nec-
essarily C%. Although Santos[13], [15] has shown the differentiability of policy
functions, his analysis does not include the case where the discount factor equals
one. In particular, the proof in Santos [15] is crucially based on the fact that
the discount factor is strictly less than one. The same author (see [14]) proves
that the policy function could be C! with respect to the initial capital stock and
the discount factor. In a stochastic setting, Santos and Vigo-Agular (see [16])
prove that the optimal policy could be C* with respect to capital stock and the
initial shocks. Another proof of Santos’s [13], [15] theorem has been given by
Montrucchio[12]. Note that Santos[13] uses results from Boldrin and Montruc-
chio [5]. Scheinkman[17] and Mc Kenzie[9] have shown for § close to 1, that
the turnpike property holds: the optimal path converges to the stationary state.
Note also that Yano[19] is concerned with similar issues.

When g = 1, we know by Gale[7] that the optimal path converges. But we
do not know anything about the continuity with respect to 3 of the value and
policy functions at # = 1, and about whether the policy function is differentiable
or not when 8 = 1. Here, we show that the value function and policy function
are continuous with respect both to the discount factor S and the initial stock of
capital #. Moreover, we show that the optimal policy ¢°(.) is differentiable and
that Dg”(x) is continuous with respect to (3, ), whereas Santos[13], on the case
when 8 < 1 has shown the C°-differentiability with respect to z, or jointly C*
with respect to the capital stock and the discount factor.

Dana and Le Van [6] have introduced the value function for the case § = 1:

+0oo
Vi (zo) = max{ D _(w(zs, x1) — u(z, 2)); w1 € D(x),VE, x0 is given }
=0



where z is defined by u(z, z) = ml%a?c) u(z,x) and D is the technology correspon-
rel(x

dence.

They have shown that under usual assumptions the value function is an upper
semi-continuous function that satisfies the Bellman equation and that it is the
only upper semi-continuous solution to the Bellman equation

Obviously, it is clear that if the problem V#(zy) = max{ Z Biu(xy, Tpg1); Tig1 €

D(xy),Vt, g is given } is considered, it can not converge to V1 when 3 converges
to one. But it can be shown that for 5 near one, there exists a stationary state
2P for this problem. In order to have a consistent formalization, we write the
problem in the following way:

+oo
VP(z0) = max{>_ B (u(zs, x441) — u(z®,2°)); 2141 € D(24),Vt, 20 is given }

for 3 in a neighborhood [y, 1] of 1 such that the stationary state z” exists.

The goal of this paper is to fill the gap between § < 1 and § = 1. We show
that:

o VB(xy) is continuous with respect to (3, x0) € [Bp, 1] x X, where X is the
compact space of states.

e ¢°(xp) is continuous with respect to (3,z¢) € [Bo, 1] x X

e Under certain assumptions as a—concavity, g°(xo) is differentiable and
continuous with respect to (3, z0) € [y, 1] x X. To obtain this result, we
combine and extend results of Santos[13] and Montrucchio[12]. But the
extension requires the continuity in ([, x) of the value function when £ is
close or equal to 1. It also requires the existence of a sequence of functions,
continuous in (3, ), C? and concave in z, which converges uniformly in
(8, 7) to the value-function V?(z) (see Lemma 1).

e As a by-product, we finally obtain a turnpike result for 3 close to 1. The
idea is, as soon as we now know that Dg®(2”) converges to Dg'(x) and
that the turnpike result holds for § = 1, then it can be deduced that
the eigenvalues of Dg'(z) are of modulus strictly less than 1. Then, there
exists a neighborhood of 1, say [, 1] such that V3 € [, 1], the eigenvalues
of Dg?(z”) are also of modulus strictly less than 1. We then first show,
thanks to the continuity with respect to both 3 and xg, that there exists
an ¢ such that if ||2® — zy|| < €, then the optimal path starting from
7o, {g%*(x0) }4, converges to 2P, for any 3 in [3),1]. Now, if zy does not
satisfy ||z — x¢|| < e, then by Scheinkman’s Visit Lemma, there exists
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(e) such that for any 8 > ((¢), there exists T" such that g% (z) satisfies
|27 — ¢%T(z0)|] < e. Then the sequence ¢g?'(g%T () converges to x”.
From the Mangasarian Lemma, the whole sequence {¢”(z0)}; is optimal.
Obviously, this one converges to . Summing up, for any z, € X, for any
B € [max(fo, 5(g)), 1], the turnpike property holds.

One can wonder why Santos[13] and Montrucchio[12] obtain their results only
when # < 1. The approach used by Santos [14], [15], and Montrucchio[12] is
based on the contraction property which holds only when § < 1. A careful
inspection of the proof in Santos[13] reveals that his approach does not require
contraction property. What is important is the continuity of the value function
and of the optimal policy. The properties hold when g < 1. But when g < 1,
some more proofs are necessary. It will be done in Section 4 of our paper.

The paper is organized as follows: Section 2 deals with the model; in Section
3, we consider the no-discounting case; Section 4 deals with continuity of the
value function and the optimal policy with respect both to § and x; Section 5
gives the crucial results of existence and continuity of Dg”(z) with both 8 and x;
In Remark 4 we finally give a very straightforward proof for the turnpike result
as a by-product of the differentiability of the policy function.

2 The Model

As in Dana and Le Van (1990), we consider a triplet (X, D,u) and make the
following assumptions:

(H1) X is a compact convex subset of IR7},n > 1, with nonempty interior,
that contains 0.

(H2) D is a continuous set-valued correspondence from X into a compact set of
X, with nonempty convex compact images. Its graph is convex. 0 € D(0).
(H3) Vo > 0, o 7é 0, Eiy() >> 0,1 € D([Eo)

(H4) (free disposal) If y € D(x), 2’ > z, v/ <y, then 3y € D(z').

(H5) (existence of an expansible stock) There exists (x,y),y € D(x) such that
y>>x.

(H6) The utility function u : graphD — IR is a strictly concave C? function,
u(z,y) is increasing in x, decreasing in y.

Note that (H4) and (H5) ensure that intgraphD ? is nonempty. Moreover,

LAs in Santos [14], we say that the utility function is C? in the graph of D if it has a C?
extension on an open set.
2We denote by intgraphD the interior of graphD with the induced topology.
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by (H2) and Kakutani’s theorem, the set of fixed-points of D is nonempty.
We define the following program:

u= Max u(z,x)
s.t. x € D(x)

Then from (H5):
u = Max u(z, )
st. ye D(x)
y=>x

Throughout this paper, we denote by  a sequence in X, i.e., & = (xq, T1, ..., Ty, -..)
with z; in X, for any t.

Definition 1 A program is a sequence & € X such that Vt,x,1 € D(xy).
[(xg) is the set of programs with initial stock .

Observe that I' is a continuous correspondence since D is continuous.

3 Optimal growth without discounting

Definition 2 Let x = argmaz{u(z,z),xz € D(x)}. A program & € T'(zg) is
good 3 if
T

lim > (u(zy, x41) — u(z, z)) exists in R.
T=+o0 25

Let us denote by I'c(xg) the set of good programs starting from x.

Proposition 1 If Z is a good program, then lign T =2z

Proof: See Gale[7] 0

3This is the definition in Le Van and Dana[8]. It can be checked that it is equiva-
lent to the definition given by Gale[7]: & € I'(xg) is good if for any &' € T'(zg), one has
gmian(U(xtaxtﬂ) — u(@y, Thpq)) > —o0.



Definition 3 A program #* € T'(x) is optimal * if we have:

T T

Vi € I(xo), lim > (u(af,2j,) —ulz,z)) > lm > (u(ze, 2e1) — ulz, 2)).
T=o0i 50 T=o0i 50
Proposition 2 The stationary program & = (z,x,...) is an optimal program
from .
Proof: See Gale [7] or Le Van and Dana [8]. U

Definition 4 Let us define v(Z) := TEIJIrlOO ST lu(ze, 1) — ulz, )]

Then the optimal growth problem becomes:

max vy(x);
fEF(IO)/Y( )

Proposition 3 If T'(zg) # 0 then there exists an optimal program from xq. It
1S a good program.

Proof: See Dana and Le Van|6]. O

Proposition 4 Assume I'(xo) # 0. Let &* € T'(zo) satisfy Vt,(zf,x7,,) €
intgraphD. Then T* is optimal if and only if it satisfies the Euler equation:

(€) Vi, us(ay, o) + ui (g, 7,) = 0.
Proof: See Dana and Le Van[6]. U
4 About the continuity of the value function

and the policy function when [ is close to 1
or equals 1

Let us consider the following problem

4This is the definition of an optimal program in the sense of Le Van and Dana[8]. An
optimum in the sense of Gale is optimal in the sense of Le Van and Dana[8] and the two
definitions coincide when T'g(zq) # 0.



Maximize 5% B'u(xy, T441)
st. Vi, x4 € D(zy)
To 1s given

B e (0,1).

Proposition 5 Assume the Hessian of u at (x,z) is negative definite. Then
there exists a neighborhood of 1, [Bo, 1] such that Y3 € [By,1] , there ezists a
unique steady state x°. Moreover V3 € [Bo, 1], B — 2% is continuous. In partic-
ular, one has lim 2° = x.

B—1

Proof: Consider the equation:
(& ug (2, 2°) + Buy (27, 2°) = 0
Differentiate it and obtain:
(%) [ugr (27, 2P) + Bura (2P, 27) +uge (27, 29) + Buyy (2P, 27) ]| da® +uy (2, 2°)d B = 0.

Consider z(2n) = (2(n), 2(m)) # 0. For 8 = 1, one has 2% = z and since the Hessian
matrix H is negative definite:

"z H 2n) = "2(n) (2ua1 (2, ) + uga(z, 2) + uir(z,2))2(n) < 0

The matrix [ug (2, z) + ui2(z, ) + uga(x, z) + uii(z, x)] is invertible. Since for
B =1, (£’) has a unique solution z, then by the Implicit Function Theorem,
there exists a neighborhood of 5 € [G),1], and a neighborhood V() of z such
that there is a unique solution 2, which is continuous with respect to 3. That
is 7 — x when 8 converges to 1. We claim that there exists 3y > 3, such
that V3 € [5, 1], 2° is unique. Indeed, suppose the contrary. There will be a
sequence 3, — 1, with another steady state 7" ¢ V(z), ¥n. But 2" — z, which
is a contradiction since there will be two steady states in V(z).

U
In the remaining of the paper, we will add:

(H7) The Hessian D?u(z, z) is negative definite.

Then let us consider the following problems:

Maximize S5 8 (u(wy, v41) — (2P, 2P))
s.t. Vt,xtﬂ € D(l’t)
To 1s given

B3 € [Bo, 1[.

(P7) =
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where (29, 27) is the only stationary program for (Ps) and

Maximize Y55 (u(xy, x441) — u(z, z))
(Pl) = s.t. \V/t,xt_t,_l S D(xt)
To is given .

when (= 1.
Let us denote respectively by VP(z) and V() the value function of problems
(P?) and (P?), that is:

V() = max(3~ B (u(we, 21s1) — ue?,2™), 2041 € Dl(a), vt}
t=0
and

Vi(zo) = max{io(u(:ct,xtﬂ) —u(z,z)),r11 € D(xy),Vt} when 5= 1.
=0

Proposition 6 V7 satisfies the Bellman equation:

(B) VP (2) = max{u(z,y) — u(@”,2") + BV (y);y € D(x)}.

Proof: Tt is quite standard when 5 < 1. For § = 1, see Dana and Le Van[6].
U

Dana and Le Van[6] have shown that (H3) implies Vo > 0,29 # 0, there
exists a good program from z.

For 3 € [y, 1], since u is strictly concave, we denote by ¢° the optimal policy,
i.e., for any x € X, ¢° () := argmaz{u(z,y) — u(x?,2%) + BVP(y);y € D(x)}

Let us introduce two assumptions:

(H8) Vzoy > 0,79 # 0, (x, g*(2)) € intgraphD.
(H9) Either D(0) = {0} or D(0) contains a strictly positive vector.

Then one has :

Proposition 7 V?(zq) is continuous with respect to 3 and xg, for B € [Bo, 1]
and x € X.

Proof:



1) Let us first show that V() is upper semi-continuous with respect to
(57 ajO) :
B

Let 77 := (mo,x?,xg, .y Ty, ...) be the optimal solution from zy to problem
(Pg). Then by concavity of u, for any & € II(x):

Yt u(2®, %) — u(xy, i) > ug (27, 2%) (2P — 2y) + ug (2, ) (2P — 2441)
Then define d3 by:
u(mﬁ, xﬁ) —u(Ty, Typ) = uy (22, xﬁ)(:cﬁ —Ty) +u2(w5, xﬂ)(xﬁ —Tpr1) +08(xp, Tigr).

The function 04 is non-negative. Then, for any T, one has, since (27, 27) satisfies
the Euler equation:

S B (u(@®, 2) = u(ze, i) = wi(2?,2%) (@ — wo) + Fluz(27,27) (2P — i)+
ZtT:o ﬁtaﬂ(xta $t+1)-

with =7 3105(xs, 741) being continuous with respect to 3 and .
We have, for T' — +o00, as § < 1:

400 T
Z 5t(u($t, Tyy1) — U($ﬂ> mﬁ)) = ul(lﬁa lﬂ)(l'o - mﬁ) - TETOO Zﬁt(sﬁ(ﬂft, Ti41).
t=0 t=0

The same way, we define d; by:

M’ﬂ

u(zy, Top1) —u(z, x)) = w2, 2) (20 —2) +uz(2, 2) (0741 — 1) Z —01(24, Tg1).
t:O t=0

Either 7 is good, and lign x; = x, and one has:

+oo
(1) > (e, ze11) — ulz, z)) = wi(z, z) (20 — ) + TEIEOOZ —01 (2, Tey1)-
=0
T
or Z is not good, since then lim Y (u(xy, z411) — u(z,z)) = —oo and

T—+o00¢t=0

THT uy(z, x)(xro — x) + uz(z, ) (rry1 — x) is bounded, (1) still holds.

Then define:
+oo
®(3,7) := tZ:O 5t(u($t, Tiy1) — U($B>$ﬁ))>

®(1,7) = :rf::(u(xt, Ti1) — ulz, ).

Since TlirJIrl ST —B05(xs, 2e41) is the decreasing limit of continuous functions
— T 00



with respect to # and Z, it is an upper semi-continuous function with respect to
(3 and Z. Hence, ®((3, %) is also upper semi-continuous (u.s.c.) in (3, Z).

Since VP(zy) = Mazzerm,)®(0,2) and I' is continuous then it follows from
Berge’s Maximum Theorem that V#(zg) is an u.s.c. function.

2) Let us now show that V?(z,) is lower semi-continuous.

Let us first show that for xg > 0,29 # 0, 3 — VP (xg) is lower semi-continuous
in 1.
Let us denote by (z); the optimal solution of (P?), that is:

Z ﬁt xt ) 37t+1) (mﬂ’ xﬂ))

and by (z}); the optimal solution of (P!), that is:

“+o00

Vl (‘TO) = Z(U(I:, I:—i—l) - u(iv £))

t=0

Then by proposition 6, as soon as I'g(zg) # () (which is true by (H3)), one has

lim z; =z.
t——+o00

Moreover, as we have (x,z) € intgraphD, there exists Ty such that Vi >
To, (z7,z) € intgraphD. Let us then fix T > Ty and define the sequence
T = (20,27, ..., T 41,2, Z,...). One has:

Vo) = 3 Aulafaf) - u(a?2?)
> E‘)’ B (ulws, w11) — u(2?, %)) since & feasible for (Ps)
- §5t<u<xt,xt+l>—u<x,x>>+zm< 2) - u(a?,a%)
> gmu(%xm)—u( ,2)) by definition of z
= ¥ Alulag ol — ulz,z) + A (@, z) - ulz, )

t=0

then one has VT > Ty, V5 € (0, 1):

M%

u(zy, xfyy) — u(z,z) + B (u(@hy,y, z) — u(z, z))

Then, for g — 1:

T
liminf V2 (w0) 2 Y-(u(ai, ) = ule,2) + (ula, 2) - ule )
t=0

10



Then, for ' — +o00, as Tlir}rl T, = x, one has lirﬁn i{lf VB (x0) > Vo).

Let us now show that Vag > 0,29 # 0, (3,2) — VP(z) is lower semi-continuous
in (1,20). Indeed, by (H8), one has then (zg, g' (o)) € intgraphD,
Since (g, g'(wg)) € intgraphD, there exists V(zg) a neighborhood in X of w,
such that Vz{, € V(xo), (z}, g* (z0)) € intgraphD. Then one has:

VO2(xp) > ulwh, g' (o)) — u(z’, 2”) + V7 (g (x0))
Then one has:

lim inf VP(xg) > u(wo, 9" (20)) — u(z, z) + liminfs_q BV (g" (20))

%0

—xQ

> u(xo, g' (o)) — ulz, z) + V(g' (x0)) = V(x0)

Moreover (3,z) — V¥(x) is continuous in (1,0). Indeed, from (H9), we have
two cases:

a) D(0) = 0.
One has limsup V#(z) < V1(0) = —co. Then }ajn} VA(z) = —oo = V1(0).
B—1 —

z—0 x—0

b) D(0) contains a strictly positive vector.
Then there exists a good program from 0 (see Dana-Le Van|[6]). Then the proof
is the same as previously (when zg # 0). Observe that in this case V1(0) > —oo.

0

Proposition 8 The optimal policy (3,x¢) — ¢°(x¢) is continuous at (1,1q).

Proof: 1) If zy # 0. Consider the sequences z,, — zo, 3, — 1.
Since VP (x,) satisfies the Bellman equation and the maximum is in g% (z,) :

VI (20) = u(tn, g7 (2a)) — u(a”, 27) + B,V (a)

For 3, — 1,2, — x9, ¢°*(x,) € D(x,),¥n and since D is continuous, there exists
a subsequence, call it again g% (x,), that converges to y € D(xg). Moreover, by
proposition 7, 6111111 VP (g (x,)) = V(y). Then, since u is continuous, one has

Tp—x(
V(zg) = u(xo,y) — u(z,z) + V'(y). And since u is strictly concave, y is unique
and one has y = ¢'(zy). Hence ﬁlirrll (g% (z)) = g' (o).

Tp—T(Q

2) Now consider the case o = 0.
2a) D(0) = {0}.

11



One has limsup V?(z) < V!(0) = —oo. Then lim VB(x) = —oco = V1(0). More-
1 -

z—0
over, it is clear since D is u.s.c. that lim g°(z) = 0 = ¢g*(0).
z—0

2b) D(0) contains a strictly positive vector.
Then there exists a good program from 0 and V1(0) > —oco. Apply the proof in
case 1). l

Hence:
Corollary 1 The optimal policy (3,x0) — ¢°(x0) is continuous in [By, 1] x X.

Proof: We already know that the optimal policy (3, 79) — ¢°(x) is continuous
in [Gy, 1[x X . Proposition 8 ends the proof. O

5 About the differentiability of the optimal pol-
icy

Definition 5 u is said to be (o, a')-concave if u(z,y) + saljz|? + sa/||y||?* is
concave, where a > 0,a’ > 0.

We now introduce new assumptions:

(H10) w is («, o)-concave on graphD.
(H11) There exists a good program from any xg > 0.

Note that (H10) is satisfied if we assume that u is strongly concave (with neg-
ative definite Hessian) in the graph of D. Venditti [18] gives conditions on the
fundamentals to obtain strong concavity of the utility function.

Assumption (H11) ensures that the function V' is real-valued and continuous
on X (see Dana and Le Van [6]).

Remark 1 1. Santos [13] assumes only (0, a)— concavity. Here, to obtain the
differentiability of the optimal policy when 3 = 1, we use also the results given by
Montrucchio [12] which requires (o, 0)— concavity. Combining the assumptions
in Santos [13] and Montrucchio [12], we assume (o, )— concavity.

2. Assumption (H11), a priori, rules out the case D(0) = {0}. But Assumption
(H3) allows us to restrict to the set of x larger than some xq > 0.

12



Since V?(x) is continuous in the compact set [y, 1] x X, we now prove that
there exists a sequence of functions fﬁ, concave, twice differentiable in x, con-
tinuous in (3, ), which converges uniformly in (3,z) to VA(z). The following
lemma is crucial for the proof of the differentiability of the optimal policy.

Lemma 1 There exists a sequence of concave functions fﬁ(x), C? in x, contin-
uous in (8, ), converging uniformly in [y, 1] x X to VP(z) when T — +oo.

Proof:

Let T be a given integer. Let 3 € [3y, 1]. There exists a C? function hr g, concave
in x, such that
1
VA(x) —h <
sup [Vi(z) = ()] < o
(see Boldrin and Montrucchio[5], Lemma 3.1 p.7-8). Since V#(z) is continuous
(hence, uniformly continuous) in (3, z) € [5o, 1] X X, there exists 7, independent
of 3, such that, |3 — (] < n implies
1

B8 R V4 <
gsclel)glV () = V7 (2)| < 5T

Thus, if B(/3,7n) denotes the open ball, we have:

sup sup |hrg(x) — Vﬁ/(x)| <
zeX B'eB(Bn)

N[ =

Let {B(06;,n)},i = 1,...,I be a finite covering of [y, 1]. Consider a partition of
unity (¢! )=, r dominated by {B(f8;,n)}, i.e.

(1) ¢« [Bo, 1] — [0,1],
(2) i (8") = 01if 8" ¢ B(S;,m),
(3) and iy ¢ (8') = 1, V8" € [Bo, 1].
Let ;
fr(x) = Zl ¢i (B)hr,s, ().

one can easily check that
(1) fP(z) is continuous in (3, x), concave, C? in z,

(2) and SUPze x SUPge(3),1) ‘Vﬁ(fw - filﬁ“<x)| < % U

13



Consider now the following sequence of optimal finite-horizon programs:

T—1
Maz t;) Bt (s, wey1) — u(x?, 2°)) + ﬁng(xT)
st. w1 € D(2y),Vt=0,...,T — 1
xg # 0 is given , # € [Go, 1].

Let us call géi(x) the associated policy function, such that the optimal solution
. Bt
of the problem is V¢, z; = g7 (2).

Let us also associate with T' the sequence of following problems:

(PZ)QST : Voﬁ = f?ﬁ“
VP (z) = max){u(x, y) —u(xf 2%)) + ﬁVnﬁ_l(y)},Vn <T

" yeD(x
n—1
Lemma 2 Vn < T, one has VP(z) = max{ Y B (u(zi, xi11) — u(zP,2%)) +
£=0

B fo(xn); Ter € D(xy), Vi)

Proof:

n—1
Let us first show that V7 (z) > max{ > ' (u(z, 21 )—u(x?, 2°))+6" fo(z,)}.
£=0

Let us consider (7}, ...,x%) optimal solution that is (z7, ..., 2%) is such that

“ey n

Wla) 1= ' Blular,af) - (e’ a”) + 8 f(a3)

n—1
= max % B (u(wy, 2ea1) — u(@?, 27)) + 87 ().
$t+1€D($t),Vt t=0

Then one has:

Wi (o)

IN

n—2
X '(ulai2i) - w(@®, %) + 8V ()

= t * % 8 .0 n—2178(,.x
tz::O ﬁ (U(ZL‘t ’ xt—l—l) - u(m y & )) + ﬁ ‘/2 (xn—2)
o S uwo,77) + BV (27) < Vi (20)

IN

IN

n—1
Let us now show that V() < max{ ¥ 8 (u(zy, wr)—u(@?, 7)) +6" f2(2,)}.
=0

14



There exists (z7, ..., x}) such that :

Vnﬁ(x0> = u<x07 .1,’){) - U’(J‘ﬂ7 $5)) + ﬁVf_1<gj>{)
V(@) = u(ag,ab) —u(@’,2f)) + BV (xh)
V(i) = ulwn, o) — u(e?, o) + BV (%)
that is
n—1
Vf(l’o) - tg() ﬁt(u(m;“, x:fk+1> - u(x/67 $5)) + ﬂnfﬁ(.f:;) S Wn(l‘o)

O

Lemma 3 There exists By € [Bo, 1] , To such that V(3 € [5),1], VT > Ty, the
optimal path {go'(x)}; of problem (P1)3 is interior-.

Proof: From (H8), for 3 close enough to one, Vo, g°(z¢) is interior. Then
(see Boldrin and Montrucchio[5], Lemma 3.1 p.7), there exists o, such that if
Supg |f2(2)=VP(z)| < o, then gh(x) is interior. And if Tf2(x) = Maz{u(x,y)—
w(@?,27) + BfL(y);y € D(x)}, then supy, |TfA(x) — VP(z)| < o, and one has
also gh?(x) is interior. And so on by induction, VT, {g»"(z)}; is interior. 0

Lemma 4 For 3 € [3),1], recall that g° is the optimal policy associated with
VP, Let g°t denote the t — th iterate of g°. Then, V3 € |3}, 1],VT,Vt < T, there
exists a constant k(t) such that:

_1_
lg** =gzl < k(1) sup [V* (@) — fr (@) 7.

Thus, Vt, g:*,q’t converges uniformly with respect to (3, z) to g> when fﬁ converges
to V5.

Proof: We show this by induction. Indeed, one has by lemma 2:

Vr (o) = maX{gﬂt(u(wt,xm)—u(xﬂwﬁ))%Tfﬁ(asT);xtHeD(th}

= T Al o), g2 (w0) = ula® ) + 8 S0E (@)

= max{u(zo,y) — u(z’, 2°) + ﬁvﬁq(y);y € D(z0)}
= u(zo, gp(w0)) — u(z®, a?) + BVE_ (g3 (x0))

where
gi(x) = argmaz{u(z,y) — u(z’,2%) + BVy , (y)}

15



In the following, || || will denote the sup-norm with respect to z. From (H10),
V8 is (a, 0)-concave. Montrucchio’s Theorem 2 [12] applies and one has:

VA, = V| < |[VP = 2] <|[VP = f2||7 (for T big enough).

1
lg” — g7l < 227V — ]Iz,

where
9°(x) = argmaz{u(z,y) — u(z”, %) + BV"(y)}.

Let
97 (z) = argmaz{u(g’(x),y) —u(z",2") + BV (y)}
97°(z) = argmaz{u(gy(z),y) — u(=",2%) + BV, (y)}

Since u is C, there exists a constant a independent of  and 7" such that:

lu(g (), y) + BVP(y) — u(gf(x),y) — BVE W) < allg’? — g2l + VP — Vi,

<
< (ea”t 4 DVE - )z,

since Theorem 2 [12] implies that |[VZ — VJ7 .|| < ||[V? — fr|. Then by Lemma
2 [12], one obtains:

1972922 || < 207 (20 1) 2 |[VP—fr||2 = k(2)|VP—fr||T < k(2)sup [V (z)— fL(2)].
B,z
and so on. ]

Proposition 9 géi(x) converges uniformly to g°(z) with respect to (3,x), in
164, 1] x X, and gy (z) is C*.

Proof: That gg(xo) converges uniformly to ¢”(xq) with respect to (3, z) is an
immediate corollary of the previous lemma.

We now show that the functions V}B are C? in x for t = 1,...,T. First, we
have:

Vi (x) = max{u(z,y) — u(2”,2%) + 5f7(y):y € D(x)}.
Let ¢2(z) denote the argmax of this problem, i.e.:

Vi (@) = (e, (p(2)) — ul2®, 2%) + BFR(C ().

Then (7(z) satisfies:

uz(z, () + Bf7) (Cr(w)) = 0.
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Since f:’? is C2, concave and u is (0, a’)-concave, the function ¢# is C! and thus,
v is C?. By induction, V| is C2.

Since gg is defined by:

u(w, gr(x)) + BV (gr(x)) = ylengé){u(% y)+ BV (v)},

then o (x) must satisfy:
us(w, 97(x)) + A(Vi1) (g7(x)) = 0.

That (3, ) — ga(z) is C* follows then from the implicit function theorem, since
Vi | is C%, concave and wu is (0, o/)-concave. Obviously, Vi is C2. d

We now prove that Dgg(w) converges uniformly. Let us now show that the
sequence of derivatives of the policy function of the finite-horizon problems is
defined by the policy functions of a sequence of finite-horizon quadratic problems
as introduced in Santos[13]. Indeed, V(3 € [G;, 1], let us consider & an optimal
solution for the finite-horizon optimization problem (P1)5. By lemma 3, it is
interior. Then let us consider the following sequence of finite-horizon quadratic
problems:

-1
, Maximize tz() (268 (be, brs1)' - D*u(wy, megr). (b, begr)]
(@r) = AT (80 D2 FE () by
s.t. bg = ag is fixed .

Lemma 5 If (x4, x,11) is an interior solution for the finite-horizon optimization
problem (P1)3., then the sequence of vectors {a, YL, defined by a; = D" (x4).aq
is an optimal solution to the problem (Q5).

Proof: The proof given by Santos[13] applies. Observe that we have the first
order conditions:

Ve=1,..,T —1,

D21u($t71a $t)-at71+[D22U($t71, 5Ut)+6D11U(IL’t, $t+1)]-@t+ﬂD12u($t, $t+1)-at+1 =0,

Dglu(.’L'T,l, .%T).CLTfl —+ [DQQU(mTfl, .%'T) + BDQfg(Z'T)].CLT = 0.

17



Lemma 6 Let ag satisfy ||ag|| = 1. Then there exists a constant M > 0 such
that for any xy in X, for all optimal sequences {x;}L_, from o, for any sequence
{a;}L, defined as in lemma 5, for any 3 in (B, 1], for any T, one has:

T—

>—‘

ﬁt (at, azy1) D2U($taﬂ7t+1)-(at»@t+1)] > —M.
=0

Moreover, one has that ||a|| < (QQ,

Proof: The proof given by Santos[13] applies. It relies on the (a, a’)-concavity
of . 0

CONDITION D?: Let us consider an optimal solution to the infinite-horizon
problem (P?), 8 € [3),1]. Then a sequence of vectors {a;}; with ||ag|| = 1 is said
to satisfy Condition D? if:

(DP1) V¥t > 1, Dogu(wi—1, x4).a1—1 + [Dasu(zi—1, 2¢) + BD1iu(wy, 241)].as
+BD1ou(zy, Tit1).ar41 = 0.
(D2) EIM > 0 such that Vg € [5], 1],
Z ﬁt[ (as, agy1)’ DQU(%,%H)-(%,GHI)] > —M.

Remark 2 (D”1) corresponds to the first-order necessary condition of the quadratic

“+oo
optimization problem, while (D2) implies Y3 € [5},1] that tZ:O Btag1]]? < X,

[0}

Indeed, by (H10), D*u + 2« ( I 0 ) + 20/ ( 4 0 ) < 0, then (D2) implies
oo I I
> % (ataat—i-l) [—2a ( 0 ) — 2a/ < 0 )]‘(ataat—i-l) <M, and

t=0

RS 2 | gt 2 o 2 o M
t;)ﬁ alla||* + B/ |agsa [|* < M and z;oﬁ o |I* < &

Lemma 7 Let {z:}i>0 be an interior optimal solution to the infinite-horizon
problem (PP). Then a sequence of vectors {a;}i>o satisfies Condition DP if and
only if it is an optimal solution to the quadratic optimization problem:

Maximize Z 5[ (btabtJrl) D2u<xta1’t+l)'(btabt+1)}

s.t. by = ao zs fized , ||ao]| = 1.

(Q%) =

18



Proof: The proof given by Santos[13] applies. l

Lemma 8 Let {x;}, be an interior optimal solution. Then the optimal solution
to the quadratic infinite-horizon problem (QP) exists and is unique.

Proof:

As long as the objective is strictly concave, if there exists a solution, it is
unique.

Let us prove the existence of a solution.

Define the following finite-horizon quadratic program:

Maximize o BUAE bl ) D*u(wy, gt ) (0], bF )]

(Rg«) _ {b?}tT:O

s.t. bl = ag is given

B € (6, 1].
and the following set:

Gﬁ = { (bg7 ey b%) S R(T+l)n s.t. bg = Qo and
Yo B3 67 0) DPuay, x4 ) (0], b)) > =M}

Assumption (H10) implies that V3 € [, 1],G§« is a compact set. Then the
problem (R5) has a unique optimal solution, let us call it {aZ}L,. This se-
quence must satisfy the equation: Vi =1, ..., T,

Doyu(xy—q, xt)ﬂtT,l + [Dogu(x_1, 1) + BD11u(xy, It+1)}-atT
+BD1ou(xs, T41).afy, = 0. (1)

Since VT, a7 = {aX}L, € G& and u is (0, o/)-concave, there exists a uniform
constant N; such that VT, |al'|| < N;. Then, V¢, (al)r belongs to a compact
set, and there exists a subsequence of {a! }7, that converges for the product
topology as T — +oo. Since {aT}, € G42,YT and by (1), one has that this
limit, call it {a;};, satisfies condition D”. Then by lemma 7, {a;}; is optimal for

(Q5). O

Now define the sets:

L(ﬁ, LC()) = { (Clo,(ll) S RQn with HCL()H =1 s.t.
3{a; }+>0 which satisfies Condition D?}
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Lemma 8 implies that Vag, there exists a unique a; which satisfies this property.
That is, L(/3,xo) is the graph of a linear function restricted to the unit sphere.
The goal is now to show that L(/3, ) is the graph of the derivative of g at z.

Lemma 9 The correspondence L is continuous and compact-valued in |3, 1]xU.
Proof: The proof given by Santos[13] applies. See Appendix. U

Lemma 10 The sequence of derivative functions {Dgg(x)}Tzl converges uni-
formly with respect to (B3, x).

Proof: The proof is the same as in Santos[13]. The idea is to show that the
set
G (x0) = {(ag, a1) € R™ with |jao|| =1 s.t. a1 = Dgf(wo).a0}

converge uniformly in (3,z9) to L(83,x¢) when T" — +o00. Hence, by taking
ap successively equal to the unit-vectors of the basis of IR", we obtain that the
partial derivatives of g° exist and are continuous with respect to (3, xq). For
more details of the proof, see the appendix. U

To sum up, we have proved:

Theorem 1 The optimal policy ¢° is differentiable in X for any 3 in [3),1].
Moreover, the derivative Dg® is continuous with respect to (3,x) in [3), 1] x X.

Remark 3 Santos[13] assumes that u is (0,a’)-concave and that the second-
order derivatives of u are uniformly bounded along every optimal path.
Montrucchio[12] assumes that || D3| and ||D%,]|| are bounded and another con-
dition which is satisfied by («,0)-concavity. It is straightforward to check that
their conditions are satisfied if u is C* and (o, o')- concave on graphD.

Remark 4 About the convergence of optimal paths to the steady state

We show that the differentiability of the policy function allows us to obtain
easily the turnpike property near 1. Here, the turnpike result becomes a by-product
of the differentiability of the policy function.

Claim 1 (The Visit Lemma) Let @ be expansible. Then we have: Ve > 0,33(¢) >
0 such that Vxo > &,V € [B(e),1], 3¢, [|g® (z0) — 2P| < e.
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Proof: See Scheinkman[17]. 0
Claim 2 ||Dg'(z)| < 1.

Proof: We know that when 3 = 1, the optimal path {g"*(z¢)}:, for any x4 >> 0,
converges to the steady state z. Let ||[Dg'(z)|| denote the largest modulus of the
eigenvalues of Dg!(x). We must have || Dg!(z)|| < 1. But actually || Dg*(z)|| < 1.
Indeed, let ¢y be a non-null eigenvector associated with the largest eigenvalue in
modulus A\. Write ¢y = ag+1by, where ag and by are the real and imaginary parts
of ¢y and i? = —1. Let a; := Dg"*(z).ap and b; := Dg"*(z).by. Then we have
(see the proof of Theorem 2.1 in Santos[13]):

+oo

- EO(%at+1)/-D2U(L£)-(@taat+1) < Ml|aol| and
+o0

— S (by, bey1) .D*u(z, x).(bs, be1) < M||bgl|. Then it follows that:
=0

T

—Eo(at — iby, g1 — b)) - D*ulz, ). (ap + by, agpr + ibiyr) < M(Jlaoll + [lboll)-

But, a; + iby = Dg"t(z).co = Ny, and a; — iby = Dg''(z).¢y = N, and thus
_ +oo

— (@0, o) Dz, z). (o, Aco) ST A2 < M(JJao|| + [|bo), which implies [A| < 1.
=0

Claim 3 Let & be expansible. Then there exists (31 such that Vxo > z,V0 €
[/61, 1],th£n gﬁ’t(fﬁo) = Iﬁ

Proof: For = 1, we know by proposition 1 that li¥n x; = z, and by lemma

2 that ||[Dg'(z)|| < £ < 1. Since (8,7) — Dg”(x) exists and is continuous with
respect to (3,z), |[Dg’(z)| is continuous with respect to (3, z) and there exists
3 such that for any 3 € [8},1], [|[Dg?(2”)|] < € < 1. Then consider 1 > 0 such
that £ + 7 < 1. Since ||Dg®(z)]|| is continuous with respect to (3, z) in the com-
pact set [5, 1] x X, it is uniformly continuous with respect to (3, x) and there
exists € > 0 such that:

5,0 € (63, 1,18 — 8| < &, llzo —2”|| < e = [1Dg” (z0)l| = | Dg” (") < n.

In particular (take 3 = 3): ||zo—2°|| < & = ||Dg®(x0)| < n+& < 1. That is, by
claim 2, 3e > 0 such that V3 € [y, 1], |z0 — 2°|| < & = lim;_ o0 g7 (o) = 2P.

Remark 5 1. Scheinkman/[17] and McKenzie[9] only assume that the Hes-
sian of u is negative definite at (z,x). But they did not prove that the
optimal policy is differentiable.
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2. We obtain the turnpike result without assuming, as in McKenzie[9], that
detDuys(z, x) # 0 contrary to Scheinkman/[17].

22



6 Appendix

6.1 Proof of lemma 9

We extend here the proof of lemma 9 given by Santos[13]:
1) Let us first show that L is u.s.c. and compact-valued.

Let (8™, 20), be a sequence that converges to (3,z) € [5,1] x U.
As (B,7) — ¢°(x) is continuous on [By, 1] x U, one has that ¢°"(z) — ¢°(z0).
By lemma 8, for the optimal sequence {27 };50 where 27 = ¢°"!(a%), there exists
{a} }+>0 optimal solution to:

M{aXi;ﬂize S5 (8°) [ (07, by ) DPuay, iy, ) (B 044 )]
n by

By — t St20
(Feo) = s.t. by = af is given

g™ € [Bo, 1].

One has Vn, {a?}22, satisfies Condition D?" (with (z');). Since the constant
M is independent of n, then, since u is (0,a’)-concave, V¢, IN; > 0 such that
Vn, ||a}’|| < N;. Then, since the sequence belongs to a compact set of the product
topology, there exists a subsequence of ({a}'}2°,), that converges, say to {a;}:2,.
As in the previous lemma, since " — (3 and xj — ¢, one has, since the optimal
policy is continuous, x? — z;, and hence {a;}%°, satisfies condition D and is
then optimal. Hence (8", z{), converges to (3,z¢) and (af,a}), converges to
(ag,a1) € L(B,xg), with (af,a}) € L(™, xy): that is L is u.s.c. Moreover, since
one also has ||a1]| < (%)% (cf lemma 6), L(f,xq) is a compact set.

2) Let us now show that L is Ls.c.

Pick (ag,a1) € L(B,x9) and assume that (8", z() — (6,x¢). Take (af,al)
with aj = ap and (af,at) € L(5™, x),Vn. Then the corresponding optimal se-
quence ({ap}2,)n has a subsequence that converges to, say, {a;};2,. In fact,

every subsequence converges to this limit, or else (Q2) would have several
solutions, which is impossible since the objective is strictly concave. That is

(ag,at) — (ao, a1).
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6.2 Proof of lemma 10

By proposition 9, {gr}r>1 converges uniformly to g on [5y, 1] x X and VT, Dgr
is well-defined on [y, 1] x X.

Pick (8,z0) € [Bo,1] x X. Define x; := ¢%'(x¢),Vt and let Ly (8, 20) be de-
fined by:

Lr(B,70) = {(ag,a;) € R* with ||ag|| = 1 s.t. I{a] }+>0 which satisfies:
Doyu(mi—1,2¢).af_; + [Dagu(wi—1, 7)) + BD1u(we, xey1)].af +
BDrou(xs, x441).0f =0Vt =1,..., T — 1.

T-1
t;g 5t[%(atTa atT+1)/D2u(xt7 zi1)(af a?—i—l) > —M}

It is clear that V7', L7411 (5, x0) C L7(0, o) and that, as in lemma 9, VT, L1 (3, x¢)
is w.s.c.. Moreover, L(83,29) = N Lr(8,x0). Then, ¥(3,x0) € [6o, 1] x X,
T>1

Ve > 0,31y such that VT > Ty, d(Lr (8, z0), L(B, 20)) < §, where d denotes the
Hausdorff distance.

(i) Let us first show that Ly (3, x¢) converges uniformly to L(/3, o).

L(53,x0) depends continuously and Ly (3, xy) depends upper semi-continously on

(B, x0), and L(B,x0) C Lr(B,x0), the function (8, x¢) — d(Lr(8,z0), L(3, o))
is w.s.c. on [fy, 1] x X. One also has V(ﬁ,xo),Tlirfwd(LT(ﬁ,xg),L(ﬁ, x9)) =

0. Then, Vao,V3, 31Ty such that d(Lz,(3,x0), L(B,70)) < 5. Moreover, since
(B, x0) — d(Lg, (B, x0), L(B, z9)) is u.s.c., there exists a neighborhood V(/3, zo) of
(8, 20) such that V(3',2) € V(3,20),d(L, (3, 2), L(#, 1)) < 5

Since L(,x0) C Lri1(8,20) C Lp(08,x0),YT, then one finally has that VI' >
Ty, Y (B, x) € V(B,x0),d(Lr (5, x), L(3, 1)) < <. But, since [, 1] x X is a com-
pact set, Ty can be chosen independently of the neighborhood V(83, z¢) and one
obtains Ve > 0, 3Tf such that V1" > Ty, V(8, zo) € [Bo, 1| x X, d(Lr (5, zo), L(5,20)) <

5-
ii) Let us show that the sets L(03, zg) are equicontinuous.
(ii) : q

We already know that L(3,x) is continuous and compact-valued. Let ¢ > 0.
Then the compact set [y, 1] x X may be covered by a finite number of open neigh-
borhood (V;), such that ¥(3, o), (6", z}) € Vi, d(L(8, z0), L(5*, x})) < . Then
using the triangle inequality with (i), one obtains that VT > Ty, d(Lz (3, zo), L7 (5, x})) <

€

3
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(iii) Uniform approximation of the sets Gi(zq) to Ly, (5, x0)

Let
Go\(20) = {(ap, a1) € R*™ with ||ag|| = 1 s.t. a; = Dgh(xo).ao}-

Observe that
Go(x0) = {(ag, ar) € R* with |lag|| = 1 s.t. there exist ay, as, ..., ar_1, ar

which satisfy the first-order conditions of lemma 5 }.

By lemma 4, {¢>'}r converges uniformly to ¢°*, Ly, is an u.s.c. correspon-
dence, then by lemma 5, the first order conditions of this lemma and lemma 6,
V(B,x0),Ve > 0,3T) > Ty such that VI' > Ty, G2(x0) is contained in the ball
centered in L, (3, 7o) of radius §.

Moreover, since g™ is continuous and {gjﬁw’t}T converges uniformly to ¢%¢, then
the upper semi-continuity of Lz, implies that Ve > 0,V(53, zo), IV(5, xo) a neigh-
borhood of (3, x9) and Ty such that V(3 z) € V(8,x0), YT > T1, G4 () is con-
tained in the ball centered in Lz, (3, o) of radius §.

Then, using if necessary a finer finite open cover than (V;);=1__m, one has that
YV, (B¢, i), ATy > Ty such that V(3,z) € Vi, VT > Ty, Go(x,) is contained in
the ball centered in Ly, (6, zf)) of radius £.

Moreover, the compactness of [y, 1] x X allows us to choose T; independently
of Vz

(iv) G5(x0) converge uniformly to L(3, zq).

Let (3, z0) be in [y, 1] x X. Then there exists i such that (3,z¢) € V;, and then
one has that VI' > T}, Ga(x) is contained in the ball centered in Ly, (5, 1)
of radius . Moreover, by (i) and (ii), one has d(Lg, (83, 70), L(8,70)) < § and
d(Lz, (8, z}), L1, (8, 20)) < §. Then, VT > Ty, V(3, x0), G2 () is contained in
the ball centered in L(f, z¢) of radius e.

(v) Define the matrix M as the following: its ith column is the unique vec-
tor b; € IR™ such that (a;,b;) € L(53, o) with a; = (0,0, ...,0,1(;),0, ..., 0). Then,
(iv) implies that the sequence of matrix {Dgh(xo)}rs1 converges uniformly to
the matrix M. Then, that is M = Dg”(z¢), and (3,2) — Dg”(x) is continuous
in any 3 € [5, 1],z € X.
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