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Gurus and beliefs manipulation

Abstract

We analyze a model with two types of agents: standard agents and gurus, i.e. agents
who have the ability to influence the other investors. Gurus announce their beliefs and act
accordingly. Each investor has a preferred guru and follows his recommendations. Prices are
determined through a classical Walras mechanism. Gurus are strategic: they take into account
the impact of their announced beliefs on the other agents, hence on prices. At the Nash
equilibrium, this leads to beliefs heterogeneity, to a positive correlation between optimism and

risk aversion and to higher risk premia. The impact is stronger on the riskier assets.



1 Introduction

In the classical financial economics theory, decision makers are assumed to have homogenous and
rational expectations. This assumption has been the basis for many developments in finance.
Among these developments, the portfolio selection model (Markowitz, 1952) and the Capital
Asset Pricing Model (CAPM, Sharpe 1964 and Lintner 1965) play an important role. Given their
simplicity and empirical tractability, these models and their subsequent extensions have become
a significant cornerstone of theoretical and applied economics from insurance and financial
theory to the theory of the firm.

However, the last 30 years have seen an accumulation of empirical tests that invalidate the
theoretical conclusions of these models based on the assumption of homogeneous and objec-
tive beliefs. Furthermore, it suffices to observe the heterogeneity of analysts or professional
forecasters forecasts or more generally of experts opinions to realize that this assumption is
not realistic. In this paper, our aim is to analyze to what extent this heterogeneity may be
generated by the presence of gurus that act strategically. We consider a model with two types
of agents: "standard" investors and gurus (influential investors, newsletters writers,...). Like in
Benabou-Laroque (2001), the "guru" we have in mind “issues forecasts but is also in the busi-
ness of trading, for his own account or some investment firm.” In our model, gurus announce
their beliefs and each investor adopts the announced belief of one guru. This corresponds to
the findings of Fisher-Statman (2000) where it appears that “there is a positive relationship
between changes in the sentiment of individual investors and that of newsletter writers”. The
gurus choose their "beliefs" strategically taking into account the impact of their announced
beliefs on other agents hence on prices.

The following example quoted by Benabou-Laroque (1992) “provides the most dramatic

illustration of prices reacting to someone’s announcement”.

In the nervous market of 1987, Mr Prechter has emerged as both prophet and deity,
an adviser whose advice reaches so many investors that he tends to pull the market
the way he has predicted it will move [International Herald Tribune, October 3,

1987]

For credibility reasons gurus act according to their announced beliefs. These strategic beliefs
are not true beliefs from the gurus point of view, however they correspond to what the investors

truly believe, moreover they are interpreted as gurus’ beliefs by econometricians who observe



portfolio choices.

We tackle the following issues. Do gurus have incentives to announce beliefs other than their
true beliefs? How are investors’ beliefs affected by the strategic interaction between gurus? Do
the resulting beliefs exhibit optimism? pessimism? How are these possible biases related to the
agents preferences? What is the impact of these beliefs on individual decisions? What is the
impact of these beliefs on equilibrium characteristics such as prices and risk premium?

Our findings are the following. A strategic behavior leads to beliefs subjectivity and het-
erogeneity among the gurus even when gurus’ initial beliefs coincide with the objective belief.
Optimism as well as pessimism can both emerge. The intuition is as follows. Consider a model
with two gurus. For the more risk tolerant guru, his demand in the risky asset is positive, so
that his expected utility from trade is decreasing in the price of the risky asset. The choice of
a pessimistic belief is associated with a lower demand, hence to a lower price, and the optimal
belief balances this benefit of pessimism against the costs of worse decision making. The con-
verse reasoning applies to the risk averse guru, who, at the equilibrium, has a negative demand
in the risky asset and benefits from optimism. Depending on their levels of risk aversion, the
agents adopt the beliefs of one of the gurus and we find a positive correlation across the agents
between pessimism and risk tolerance.

Second, the representative agent belief, or the consensus belief, which is given by the average
of the individual beliefs weighted by the risk tolerance, is pessimistic. Intuitively, the more risk
tolerant agents make the market, and the consensus belief reflects the characteristics of the
more risk tolerant. Since we have just seen that the more risk tolerant are pessimistic, it is
consistent to obtain a pessimistic consensus belief. Such a pessimistic bias is also obtained
in empirical studies in a purely behavioral setting (Ben Mansour et al., 2006), in a decision
theory framework (Wakker, 2001) or in a market framework (Giordani-Soderlind, 2006). In
particular, as underlined by Shefrin (2005) based on Wall $treet Week data “between 1983 and
2002, professional investors were unduly pessimistic, underestimating market returns”.

As a consequence of the pessimistic bias at the aggregate level, the risk premium is greater
than in the standard rational expectations equilibrium. The fact that a pessimistic bias and
a positive correlation between risk tolerance and pessimism lead to an increase of the market
price of risk has been underlined by Abel (1989), Calvet et al. (2002), Detemple-Murthy (1994),
Gollier (2007) and Jouini-Napp (2006); in their models, beliefs are exogenously given. This

increase of the risk premium is interesting in light of the risk-premium puzzle on financial



markets.
The paper is organized as follows. Section 2 presents the main model and the results.
Section 3 provides three main extensions (considering private information, more than 2 assets,

more than 2 gurus). Section 4 concludes. All proofs are provided in the Appendix.

2 The model and the results

We consider a model with a continuum of agents. Among these agents, there are 2 influential
investors who have a wide audience. We do not assume that they have the capacity to move the
markets by their own trades but only that they have, through their wide audience, the ability
to largely influence the other investors. We will call them gurus and denote them by Guru j,
ji=12.

Gurus announce their beliefs and act accordingly in order to maintain their credibility. The
announced beliefs are based on strategic considerations’.

The other agents in the economy believe that gurus are well informed or have specific ability
to predict market movements. At a given date each agent has a preferred guru and adopts his

beliefs. There are then 2 groups of agents: the agents in Group j (G;) follow Guru j, j = 1, 2.

2.1 The gurus’ game

We focus on a single period and consumption takes place at the end of the period. There is a
single risky asset in the economy, whose payoff at the end of the period is denoted by z. We
let p denote the unit price of the risky asset, which means that agents can sell their property
rights on the risky asset against the delivery of the sure quantity p at the end of the period.
We assume that there is one unit of the risky asset in the economy and that it is uniformly
distributed among the agents. As in the standard portfolio problem, agents determine the
optimal composition of their portfolio, in other words their optimal exposure to the risk. The
difference with the standard model stems from the fact that agents adopt the beliefs of one
of the two gurus and that the gurus take into account their impact as well as the impact of
their followers on prices and can manipulate their beliefs to take advantage of this impact. For
example, a guru, who is risk tolerant, hence willing to be quite highly exposed to the risk, or

equivalently interested in buying a high quantity of the risky asset, could announce a more

'"'We shall see in Section 3 that the announced beliefs may also be based on private information.



pessimistic belief and act as if he believed that the asset was less interesting (or as if he were
less interested in buying the asset) in order to benefit from a lower price.

We assume that agents have CARA utility functions for consumption, more precisely,
u; (¢) = —exp (—9%) where 6; > 0 denotes the degree of risk tolerance of agent i for ¢ € [0, 1]
and where i — 6; is measurable. We denote by ©1 = fGl 0;di and by Oy = sz 0;di the ag-
gregate risk tolerance in G and G3. We have ©1 + O3 = © where O is the aggregate risk
tolerance in the economy?. Moreover, we assume that Z is normally distributed, with mean p
and variance o2.

We assume that the gurus also have CARA utility functions, uj (c) = —exp <—6—c;> where
9; > 0 denotes the degree of risk tolerance of Guru j for j = 1,2. Both gurus observe . However,
Guru j announces a belief 11; and this belief is adopted by all the agents in G;. The belief y; is
then chosen strategically. For credibility reasons, gurus act according to their announced beliefs.
A possible justification for such a behavior is that agents can observe gurus’ portfolios and may
eliminate a guru whose portfolio choices are not consistent with his announced forecasts.

As already noticed, the announced belief is not a true belief for the guru but it will be
considered as such by an observer/econometrician who analyzes gurus portfolio choices. It is
also a true belief for the other agents since they sincerely trust one of the gurus and adopt his
announced belief as their own true belief.

For given announced beliefs (p;, pi5), the optimal demand «;(p) of the risky asset that agent
1 will retain given price p maximizes the expected utility from trade

p+a; (T —p)

E'|—exp—
exp 0,

where E? corresponds to the expectation operator associated to agent i belief. If agent ¢ adopts

the belief of Guru j then the optimal demand is given by «; (p) = 6; K iy 2. The total demand of

Group j is given by

and corresponds to the demand of a representative agent for Group j with belief u; and risk

tolerance ©;. As underlined, all the agents, including the Gurus, are infinitesimal and the

2 A model with a continuum of agents permits to approximate models with a large number of agents. Further-
more, all pairs (01,02) with ©1 + ©2 = © are possible in such a model. The analysis would be essentially the

same in a model with a finite number of agents except that we should choose the ©}s on a grid.



individual demands also are infinitesimal. For a given price, the total demand of risky asset in
the economy is then the sum of the total demands of Group 1 and of Group 2. The equilibrium

price p(pq, pig) is then determined by the condition

Uy —P Ho — P
=1 1
@1 0_2 + @2 0_2 ) ( )
and given by
O141 + O2py 02
Pl ag) = 2HATZ2R2 T (2)

Moreover, replacing p by its expression in ag, (p) we obtain that the aggregate optimal demand

at the equilibrium for Group 1 (Group 2) are given by

g = [HGQM]

o2

1ves]
g

o|P 0P

aG, =

and the part of the risk borne by Group j depends upon both his level of risk tolerance and his
belief. Letting RP (resp. RP*'%) denote the risk premium g — p in this setting (resp. in the

standard setting where all beliefs coincide with the objective belief 1) we obtain

RP (py, 112,01, 02) = %—i— (M— 1“1@2“2> — ppstdd 4 </~L— mleg,uQ> 3)

which means that the risk premium in an economy with heterogeneous subjective beliefs is higher
than in the standard rational expectations setting if and only if the belief of the representative
agent, which is the risk tolerance weighted average of the individual beliefs, is pessimistic, where
pessimistic is meant in the sense that the mean of the risky asset’s payoff is underestimated. In
such a setting, it is particularly interesting to explore when and why the representative agent
is pessimistic. In the present paper, the individual beliefs result from the gurus beliefs which
are determined endogenously. We shall then analyze their properties, especially in terms of
pessimism, correlation between pessimism and risk tolerance and impact on the risk premium.
The demand of Guru j is determined, as usual, by his own level of risk tolerance 67 and by

his announced belief y;. Recall that gurus act according to their announced beliefs in order to



maintain their credibility. The demand of Guru j is given by

* «Mj =P
aj (p7 :U’j) = 0] ]0_2 . (4)
The utility level of Guru j is given by
Uj(uy, pa) = B [uf (p(pgs pa) + (& = pligs 12)) 5 (011, 112), 15)) |

= E [— exp <—91;f (p(p1, p2) + (& —p(upuz))a;*(p(mm),uj))ﬂ :

Guru j acts strategically and chooses fi; that maximizes his utility level
~ 1 ~ - ~ %/~
Uj (Bl 1) = E | = exp (= (p(fir 145) + (& = p(iy 147)) 5 (PR 1), 1))
J

where 11; denotes the strategy of Guru i and is taken as given. We emphasize that the choice
of the belief ﬁ; is strategic: the guru believes that the mean of T is p but he behaves as if he
truly believed that it is ﬁ; in order to take advantage of his impact (through his influence on
other agents beliefs) on prices and to maximize his utility from profits.

The gurus then play a game defined by payoff functions Uj;, j = 1,2 and their strategic
variable is their belief ;. The parameters of this game are (©1,02) and we denote it by
'(©1,0,).

Definition 1 An equilibrium with strategic beliefs manipulation is a Nash equilibrium of the
game T'(©1,02), i.e. a pair of strategies M = (i (©1,02), 1y (01,02)) for the gurus such
that for any other pair of strategies M’ differing only in the j-th component, for j = 1,2, the

strateqy M yields a utility level no less than M’ :
Euj (p(M) + (& = p(M)) o5 (M))] = E [uf (p (M) + (F—p (M')) o (M))]

Note that the risk tolerance levels involved in the price formula (1) are not those of the
gurus but those of their respective groups. In particular, we may have 67 > 65 with ©; < ©q,
i.e. the more risk tolerant guru may have a lower weight in the price formula than the other
guru (or equivalently the risk tolerance level of his group is lower than the risk tolerance level
of the other group). The payoff function then involves two different levels of risk tolerance,

the individual level of risk tolerance of the guru under consideration through the form of the



utility function and the level of risk tolerance of the group associated with that guru through
the price formula. Our game is then different from an imperfect competition game where each
agent would take into account his own direct impact on equilibrium prices in order to determine

his optimal strategy (as in e.g. Jouini et al., 2010).

Proposition 1 If the weight (or the risk tolerance level) of Group i is given by ©;, the model
admits a unique equilibrium with strategic beliefs manipulation, i.e. the game ' (01,03) has a

unique Nash equilibrium (fi; (©1,02) , i (©1,O02)) with

o 1 (0032 + 0302 + 2050,0, — 0;030)
o 1 (003 + 0502 + 2070,0, — 0:030)

2.2 The groups’ dynamics

We have so far considered the parameters ©; = fGi 0;di, i = 1,2, as given. Let us now analyze
how agents may choose their respective groups. We may imagine that the agents play several
times the same game with possibly different values for p at each step. After each step, the
agents observe market realizations and compare them with gurus’ predictions. They evaluate
the performance of each guru and their probability of choosing a given guru for the next step is
then related to the latter’s success®. More generally, the performance evaluation of each guru
by a given agent may be based on agent’s own experience with this guru. In particular, agents
may move from one guru to another based upon their initial priors, their own experience, their
past choices and the observed realizations. In such a setting the choice of a guru is an individual
decision and the switches from one guru to another do not necessarily occur at the same time
for all agents. We may also imagine that gurus are ranked by independent agencies on the basis
of the accuracy of their predictions and that the agents base their choice of a specific guru upon
these rankings.

Whatever the dynamics is, the steady states should respect the following natural condition
|7i; (©1,02) — p| = |i; (©1,02) — p that reflects the fact that in the long run gurus’ predictions

should have the same level of accuracy. Let us denote by D ={(01,02) € Ry x Ry : ©1 + O3 = O}.

3As in Follmer et al. (2004) the agents learn on gurus’ ability and construct choice functions based on this
learning. There is a substantial literature on such adaptative learning rules which are associated with "discrete
choice" models; see e.g., Anderson et al. (1992). Different forms of these rules have been used and accounts are

given in Weisbuch et al. (1998) and Brock and Durlauf (2001a, 2001b).



Definition An equilibrium for the groups’ dynamics is an element (©7,0%) of D such that
|1 (O©7,03) — u| = |1y (07,0%) — | . Such an equilibrium (©F,0%) is said to be stable if, in
a neighborhood of (©7,03%), we have |jiy (01,02) — p| < |y (01,02) — p] for ©1 < OF and
|11 (©1,02) — pu| > |11y (©1,02) — p| for ©1 > OF. It is said to be globally stable if this property
18 satisfied on the whole domain .

The stability concept introduced in the previous definition is fairly natural. When the size of
one of the two groups, let us say Group 1, is slightly modified towards an increase, the relative
accuracy of Guru 2 (resp. 1) increases leading to a migration of agents from Group 1 to Group

2.

Proposition 2 Let us assume that one guru is more risk tolerant than the average of the agents

while the other guru is less risk tolerant than the average, i.e. 07 > © > 05. Then

1. There exists a unique equilibrium (O7,©3) for the groups’ dynamics. It is given as the

unique solution O of

01 (05 — 03) — 3067 (07 — 05) + ©°0; (6 — 05) = 0. (7)

2. The equilibrium (©7F,0%) is globally stable.

3. At the equilibrium (O7, ©3%), the utility level of a given agent is not affected by the choice

of a specific guru.

. . . 0*+9*
4. If the gurus are on average as risk tolerant as the whole population, i.e. © = =5=2, then

. L L ey (01,023)+0170,(07,03
©F > O3, the representative agent belief is pessimistic, i.e. A G 2)@ 372(©1,03)

< iy

and the risk premium is increased, i.e. RP (i, (©F,0%) 75 (0%,03),0%,03) > RPstdd,

o
=

0= @ and if the two groups have the same number of agents, i.e. fG1 di = sz di =
%, then there is a positive correlation between pessimism and risk tolerance among the

whole population.

The first assertion means that there is a unique distribution of risk tolerance among Group
1 and Group 2 for which the associated Nash equilibrium satisfies |fi; — p| = |1y — p| leading
to the same level of accuracy for both gurus. The second assertion means that for any initial
distribution of risk tolerance among the two groups, any dynamics that favors the most accurate

guru converges to the distribution (07, ©3). The third assertion provides an additional stability

10



result. Our initial stability concept is only based on the level of accuracy of gurus’ predictions.
However, even if agents take their utility level into account in the choice of their guru, they
will be indifferent between Guru 1 and Guru 2. The fourth assertion means that the more risk
tolerant group is the group of the more risk tolerant guru and also the most pessimistic one when
the gurus are on average as risk tolerant as the whole population. Since each group behaves like
a representative agent whose risk tolerance is given by the total risk tolerance within the group
it is natural to obtain that the more (less) risk tolerant group is in line with the more (less)
risk tolerant guru. This in turn implies that the representative agent is pessimistic and the risk
premium is increased. The condition introduced in 5. about the relative sizes of the groups is
natural. Indeed, when agents are indifferent between Guru 1 and Guru 2 from both accuracy
and utility point of views (as seen in 2. and 3.), there is no specific reason to choose one guru
rather than the other one. If agents choose each of the two gurus with a probability %, then
the two groups are of equal size, i.e. fGl di = sz di = % We then obtain a positive correlation
between pessimism and risk tolerance among the whole population as in Ben Mansour et al.
(2006).

To conclude and roughly speaking, at a steady state and if the two gurus are on average
as risk tolerant as the whole population, then the more risk tolerant guru is pessimistic, the
less risk tolerant guru is optimistic and there is a positive correlation between pessimism and
risk tolerance among the whole population. This implies that the strategic behavior leads to a

higher risk premium.

3 Extensions

3.1 The model with private information

In the previous section, we assumed that the gurus observe the objective belief. Let us consider
the situation where the two gurus have different initial beliefs. We assume that Guru i has an
initial belief v; and distorts it strategically. As previously, he acts as if he had a belief 1, that

is strategically determined by the maximization of the utility level

Ui (1, 15;) = E° [— exp (—91; (i 155) + (& = p(pgs 127)) 0 (P 125), Mi))>:|

11



where the equilibrium price p and Guru i’s demand « are given by Equations (2) and (4) and
where E° is the expectation operator associated to the prior of Guru i. The gurus play then a
game defined by payoff functions U;, @ = 1,2 and their strategic variable is their belief u;. The

parameters of this game are (01,02, v1,r2) and we denote it by I' (01, 02,v1,v2) .

Proposition 3 If Guru i has an initial belief v; and Group i has a weight (or a level of risk
tolerance) ©; then the model admits a unique equilibrium with strategic beliefs manipulation,

i.e. the game I' (©1,02,v1,v2) has a unique Nash equilibrium (fiy, ily) with

— 19192@1@2(V1 + 1/2) — 0'29192@ + 20’292@1@2 + 29192@%1/1 + 0201@% + 0'292@%

=3 010,640

- 1 9192@1@2(111 + VQ) — 029192@ + 20201@1@2 + 29192@%1/2 + 0291@% + 0292@%

o = 3 )
2 9192@1@

and the equilibrium price is given by

P 19192@1@2(1/1 + 1/2) B 191@% -+ 92@% — @91920_2

p(/’Ll?/’LQ) = 9 9102@1@2 9 9102@1@2 (8)

When the different initial beliefs correspond to differences of opinions, then there is no
relevant informational content in the equilibrium price. However, if the different initial beliefs
result from different signals received by the agents, then the equilibrium price transmits relevant
information and the right concept to use is the concept of rational expectations equilibrium.

Let us assume that the agents have the same initial prior &z ~ N (u,az) and that Guru 1,
for i = 1,2, observes a signal §j; = T + &; where &; and &5 are independent and follow the same

distribution A (O,Ug) . Guru ¢’s belief after the observation of a given realization y; is then

) a?a?
T 02402

given by N (yi,érz) with v; = p+ (y; — p) o2
In such a model with private information a rational expectations equilibrium with strategic
beliefs manipulation is defined by a pair of announced beliefs (z; (y1,v2), s (y1,y2)) and by

a price functional P(y1,y2) such that P(y;,y2) = elﬁl(yl’”)gezﬁ?(yl’”) - %2 (i.e. the markets

clear when Group 1 follows the announced belief of Guru 1 and Group 2 follows the announced

belief of Guru 2) and the belief 7i; (y1,y2) of Guru ¢ maximizes his expected utility

U (165) = B | = exp (= g (0075 + 6 = ps D)0 (s 5)o00) ) | 3Pl )|

12



where the price functional p(u;, ;) is defined by Equation® (2), where the belief of Guru j is
considered as given and where the expectation is conditional to the private information of Guru
¢ and to the public information conveyed by prices.

Following Equation (8), when the agents only take into account their private information,

the equilibrium price is given by

010:010:(1+ (1 — 1) 7552) 16,03 + 6,02 — 0610, -
01020,0, 2 01020,0, 7

p(//ﬁ’ //1’\2) =

where § = W is the average signal.

The equilibrium price is then fully revealing and each agent is able to infer the average
signal from price observation. Since the average signal is a sufficient statistics of all the agents’
available information, then the agents share the same belief about T after the observation of the

2,2
ooz

U§+20'2 '

equilibrium price and it is given by N (fi,5%) where ji = pu+ (§ — M)ﬁiﬂ and 5% =
Everything works as if both agents had observed a same signal § = w which variance is given
by %2 As usual, it is easy to check that the fully revealing rational expectations equilibrium
corresponds to a standard equilibrium where the agents would share their information before
trading. All the information contained in the price is then already used by the agents when

they choose their strategic belief.

Proposition 4 If Guru i receives a private signal §j; = T + &; where &1 and &2 are independent

and follow the same distribution N (0,02) and if Group i has a weight ©; then ((fiy (y1,y2) , s (y1,¥2) P (Y1,¥2))

defined by
i () = p+ (2 Ty 1) o’ 4+ (0703 + 6503 + 2050,0,5 — 07650) 202
; 2 t02+02 2 0070350, 2+ 207
iy (ye) = p+ (2 AL ) o’ + 1 (0103 + 0301 + 2010102 — 01030) o202
2 (U1, 2 %ag +02 2 007050, 23 207

2

Y1ty o
0162010200+ (U5% — W 53) 19,03+ 0,07 — 00,0, 0%0?
016050105 2 0160501065 O'g + 202

p(y1,y2) =

is a rational expectations equilibrium with strategic beliefs manipulations.

To sum up, when the agents beliefs result from the observation of signals that are correlated

with Z, the resulting rational expectations equilibrium with strategic beliefs manipulation has

‘Remark that, by construction, we have at the equilibrium P(y1,v2) = p(f; (y1,y2), fs (y1, y2))-

13



the same characteristics as the equilibrium with strategic beliefs manipulation when the agents
have the same initial belief A" (j, 52) .

On average over all possible signals, the average beliefs and price correspond to the equilib-
rium with strategic beliefs manipulation analyzed in the previous section when the distribution
of # is assumed to be N (u, 52). Hence, modulo a modification of the variance of Z, the results
provided in Proposition 1 can be seen as corresponding to the average situation in a model with

rational expectations and strategic behavior.

3.2 The model with two risky assets

The model is essentially the same as in Section 2 except that we now suppose that there are two
risky assets in the economy, whose associated payoffs at the end of the period are respectively
denoted by = and 3. We let p (resp. ¢) denote the price of Z (resp. y) and we assume that = and
7 are normally distributed, more precisely 7 ~ N (u, 02) and y ~ N (1/, w2). We let p denote
the correlation between x and y, i.e., p = % We also denote by E’M = z + y the market
portfolio payoffs.

We assume that each guru can choose a belief, i.e. a pair (ji;,7;) that maximizes his utility
from trade and as previously we look for an equilibrium with strategic beliefs manipulation. The
belief of agent ¢ with respect to the average market portfolio payoff is denoted by /f\iw = [, + ;.
The definition and the notations are straightforward generalizations of those introduced in

Section 2.

Proposition 5 1. For given ©1 and ©Og, there exists a unique equilibrium with strategic

beliefs manipulation ((i;,v;) ;1 = 1,2) where

. B 1 (0703 + 0302 + 20703071010, — 0;030) )
,uz'(@h @2) = p+ 5 @019591@2 O; (J + pO’TD)
A B 1 (0703 + 0507 + 207030; 10,0, — 07050) )
vi(©1,0s) = 3 o0’ 06,6, O; (w + paw)

~M
and the associated average market portfolio payoffs (fi ) s are given by
i

—4

M 1 (0703 + 0507 + 207030: 10,0, — 07030)
C(01.05) = M ? @z 2

where 03, = w? + 2pow + o>

14



2. We have
fih—fy  fiu—p 0+ pow

U1 —Vy U1—V w:+pow

and beliefs dispersion is larger for the asset that has higher variance.

3. The equilibrium risk premia for the first and the second asset as well as for the market

portfolio are given by

(00705 — 0103 — ©307)

nw—p = 1 (J2+pw0)
2 0507010, ’
_1(e6705 — 0305 — 0367) , ,
vo4 = g 03070,6, (@ + pwo)
1 (06705 — 6305 — ©3267)
M _ _ - 1Y2 1Y2 2Y1) 2

4. There exists a unique equilibrium (O3, ©%) for the groups’ dynamics. It is given by Equa-
tion (7), as in the one asset framework.

5. If the gurus are on average as risk tolerant as the whole population, i.e. © = 9“2_9;, then

O7 > O3 and the market risk premium is increased

In fact, in the two assets framework everything works as in a one asset framework where
the unique asset is the market portfolio whose average payoff is given by € = ;i + v and whose

2, This means that the more risk tolerant (risk

variance is given by 02, = w? + 2pow + o
averse) group is pessimistic (resp. optimistic) at the aggregate level and the consensus belief is
pessimistic at the aggregate level. The formulas for individual assets that are provided in the
proposition are similar to those obtained in the one asset framework. However, for each asset,
the variance term in the one-asset formula is replaced by the covariance of the considered asset
payoffs with the market portfolio payoffs. Recall that in the Walrasian setting (CAPM setting),
the equilibrium price for a given asset depends on the covariance of the payoffs of this asset
with the payoffs of the market portfolio and not on the total variance of the asset payoffs. Since
the gurus modify their beliefs in order to manipulate the prices, it is natural to obtain optimal
beliefs that depend on the covariance with the market portfolio and not on the total variance.
The aggregate level properties (pessimism, correlation between pessimism and risk tolerance,...)

are then retrieved at the individual assets level as far as these assets are positively correlated

with the market portfolio.
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It is interesting to note that these effects are more pronounced for the riskier asset. Intu-
itively, since the gurus differ by their level of risk tolerance, more risk leads to more beliefs

dispersion and hence to a more pronounced impact on the market for the riskier asset.

3.3 The model with more than 2 gurus

We assumed so far that there are only 2 gurus in the economy. This is a natural assumption
when we only have one asset. Indeed, even if there are more than 2 gurus the condition that
all gurus have the same level of prediction accuracy or that all beliefs are at the same distance
of the objective belief implies that they will cluster in 2 groups with beliefs that are symmetric
with respect to the objective belief: an optimistic one and a pessimistic one. When there are
at least 2 assets, the situation is different. Let us illustrate this point in the 2 asset framework:
the condition that all gurus have beliefs (u;,v;) that are at the same distance of the objective
belief (u,v) only imposes that all the (u;, ;) are on a same circle centered on (ju, V).
In the next, we fully analyze the 2 asset and 3 guru framework.

With the same notations as above, solving for the Nash equilibrium leads to

o . 1 < 9192@§ + 9193@% + 9293@% 2 _ 1 > 0. (02 n Uw)
Fim B = 9\ 010,036 (010, + 0103 + 020;)  0:0 0,05+ 0105 + 0,05 ) pow)

' _ 1 9192@% + 9193@% + 0293@% 2 1 ' 9
imveoT g <919293@ (610 + 0,03 + ©303) | 6:6 0,0, 16,05 7 6,05 ) (& + pow).

In particular, for i = 1,2, 3, we have

pi—p 0+ pow

vi—v w2+ pow

and all the vectors (u; — u, v; — v) are then proportional. Imposing that all the gurus have the
same level of prediction accuracy (or that all beliefs are at the same distance of the objective
beliefs) leads then to a situation where at least two gurus have exactly the same beliefs. There-
fore, the 3 guru framework can be reduced to a 2 gurus framework. The same result can be

obtained for N gurus.

16



4 Conclusion

When market opinions are driven by gurus and when these gurus act strategically, this leads to
heterogeneous and antagonistic beliefs. The agents cluster in two groups (even if there are more
than two gurus). The beliefs of the more risk averse group exhibit optimism while the beliefs of
the more risk tolerant group exhibit pessimism. As a consequence, there is a positive correlation
between pessimism and risk tolerance and the representative agent belief exhibits pessimism.
This induced pessimism of the representative agent is interesting in light of the risk premium
puzzle. It is interesting to notice that the different effects we exhibit (beliefs heterogeneity,
representative agent pessimism, impact on the risk premium) are more pronounced for riskier
assets.

This work suggests further investigation. It would be useful to analyze how our results can
be transposed in a dynamic setting where agents then have dynamic strategies. We focused on
a steady state but it would be interesting to analyze how the gurus dynamically interact, how
their reputation evolves through time and how they converge to the steady state.

Appendix Proofs
Proof of Proposition 1

Guru 1 choses the belief zi; that maximizes

~ ~ 2
Ay () = 0,12 P, 1) g, M= Pl fiz) | 2

. 11
(=, o)) + oy, o) — ==
26,

o2 o2
here (g, jip) = 20212 0 _ 1 q where iy is considered as given. Symmetrically, G
where p(q, o) = 0,10, 9,40, anda where (o 1S considered as given. syminetrically, uru

2 choses the belief 7i; that maximizes

~ 2
po — p(fiy, f2) |~ o
22— o

thg — P(Hig, p
Az(#2):92—2 (711, 12) o2

. 1 11
2 (u*p(ul,uz))+§p(u1,/t2)*ig 0

~

where i; is considered as given. Solving for Cé—zlll(ﬁl, o) = %(ﬁl,ﬁ2) = 0 leads to Equations
(5) and (6).
Proof of Proposition 2

1. Let us assume that |y — | = | — po| . This leads to p; = pg or to g — pp = 1 — po.

There is no solution associated to f1; = po. Indeed, using Equations (5) and (6), the condition
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p = po leads to ©20505 — ©10705 + ©205 — ©307 = 0 or equivalently to ©F (65 — 07) + O
(200% — 20705) + 60105 — ©20% = 0. The discriminant associated to this polynomial equation
in ©F is given by 46305 (05 — ©) (0] — ©) which is negative.

Using Equations (5) and (6), the condition p; — gt = p — pq is equivalent to

H(0,) =203 (67 — 63) — 3002 (07 — 65) + ©%0F (0 — 63) = 0.

We have H(0) = ©20% (0 — 63) > 0 and H(O) = ©205(0 — 0%) < 0. It is easy to check that H
is decreasing on (0, 0) since H'(0;) = 601 (01 — ©) (0] — 03) is negative on this interval. The
equation H(©;) = 0 admits then only one solution in (0,0).

2. In order analyze the stability of the equilibrium, let us analyze the signs of p; — p, py — it
and g + 9 —2p. It is easy to prove that the sign of p 4y — 24 is the same as the sign of H(01),
the sign of yi; — 1 is the same as the sign of G(©1) = ©2 (05 — 03) —2001 (05 — 05)+006; (0 — 03)
and the sign of 5 — p is the same as the sign of K(©1) = —02 (05 — 03) + 005 (© — 63) . First,
under the assumption 07 > © > 65, we already proved that H(0) > 0 and H(©) < 0 and that
H admits only one root on [0,0]. Let us denote by ©F this root. Second, we prove that G has
only one root on [0,0]. Indeed, the sum of its roots is equal to 20 and we have G(0) > 0 and
G(©) < 0. Let us denote by ©F this root. Third, we have K(0) > 0 and K(©) < 0 and it is
easy to see that K has a unique root on [0,0]. Let us denote by ©X this root. We can easily
check that H(©%) > 0 which gives us 0% < ©H. With similar arguments we can prove that
0" < ©X. Finally, we can easily show that we always have g > j;.

We sum up these results in the following table where [i; is the symmetric of p; with respect

to w, ie. fi; =2u — p;.

S (0,09) (0%, 0H) (0, 0K) (e%,0)
G Py > py < Py < p Py < p
H Pyt g > 20| py + pg > 20 py + pg < 2p Py pg < 2p
K o > f o > [ Mo > fi o < fb

(fy s o) || <y <pig | g <pr<fig <fpig | py < fig <p<pg | pig < pig <p
61 ®1>0 ®1>0 ®1<0 ®1<O

By definition, we have ©* = ©. Consequently, we have ©; > 0 for O, < O] and 01 <0

for ©1 > O7.
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3. Let us consider the utility Ug of an agent with risk tolerance level 6 that follows Guru ¢

and let us denote by j # ¢ the other guru. We have

; L~ = i — p (fy, 1 F 11/ g — p Ay, fg) \ 2
Uj = exp p(MpMz)JrHZU(?l?)(M_p(M,M))_ QM o2

0 20 o2
= exp< 19 2 021 : §M—§Mi—§P(M1,M2)
p(B1Hg) | i =P By i) (g pp 1 1
= exp< 19 S 021 2 12 2—5/%—51)(#17#2)

p (i, 1 S A
= exp <(N19“2 + 5 (1 = (fy, 7iz)) (1 —p(m,/@))) :

We then have Ug = Ug and the utility level does not depend on the choice of a specific guru.

4. Let us now assume that © = @ Under this assumption we obtain H(%) < 0 and

H(QT;%) > 0 which implies that ©7 € (9T19§ , @) and O3 € (0, GTZGS) . In particular, we
have ©] > ©3. Let us prove that Group 1 is more pessimistic than Group 2 or equivalently
that 71; — p < 0. We have then to prove that G (@H) < 0. This results directly from the table
above. Group 1 and Guru 1 are then more pessimistic then Group 2 and Guru 2. Pessimism
and risk tolerance are then positively correlated at the gurus level.

5. If the two groups are of equal size, the average belief is then the objective belief. The
average risk tolerance in Group 1 (resp. Group 2) is then equal to 207 (resp. 20%) and the
covariance between optimism and risk tolerance is then given by (07 — ©3) (11; — ) < 0. W
Proof of Proposition 3 When Guru 1 has an initial belief v; and Guru 2 has an initial belief
vo, they announce beliefs (71, fi5) such that fi; maximizes

_ g, M= P, fig)
= U1

~ 2
Ay (i1, T) g g, H1 p(uhuz)} 2

—~ ~ 11
(w1 = Pl 7iz)) + p(p, 112) = 55 [ 1 2
the belief ji5 being given and such that i, maximizes

)= 0,12 —p(én,uz)(

~ 2
Ay (v 9,12 p(ﬂl:/@):| 52

. n 11
ve — p(fiy, o)) + p(fiy, po) — 20, [ 2 2

the belief fi; being given and where p(pq, 19) = % - %2 (market clearing condition).

The first order conditions %(ﬁl, o) = %j(ﬁl, fiy) = 0 can be rewritten as follows
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016103y + 01010911 + 070104 + 0:03v1 + 0207 — 620,06,

= 20,010, + 0,62
~ 02@1@2ﬁ1 + 092010509 — 0'2(92@2 + 0'2@1@2 + HQG%VQ + 0'2@%
Ha = 20,00, + 0,02

and solving this system for (i1, liy) gives the result. B
Proof of Proposition 4 It suffices to check that ((zy (y1,¥2) , ls (y1,%2) , P (y1,y2)) is a rational

expectation equilibrium with strategic beliefs manipulation. Remark that P(y1,y2) satisfes the

) = ©11iy (y1,y2)+O20; (y1,y2) o2
- [C)

condition P(y1,y2 5 and P (y1,y2) is then the equilibrium price

when Guru 1 announces iy (y1,y2) and Guru 2 announces fiy (y1,¥y2). Since P(y1,y2) reveals

% and since

% is a sufficient statistics of all available information, everything works as

if each agent would take expectations that are conditional to w They would share then the

o%a?

——=%5. Their announced beliefs
oz+20

same belief N (ji,6%) with i = p+ (§ — ) and §% =

T2
50:+0
would then be determined by Equations (5) and (6) replacing (u,0?) by (fi,5%). B

Proof of Proposition 5 When there are 2 assets and when Guru 1 announces (1, v1) and Guru

2 announces (fi9,v2) the optimal demands of Group ¢ in asset 1 and in asset 2 are respectively

given by
v — @ timP g Wimdp
“ ‘21— lowm(1-p?)
B = O—Lid o WiZPr

"2 (1-p?)  ow(l-p?)
and by the market clearing condition, the equilibrium prices are given by

Oy + Oopy B o+ owp _ O1v1 + Oavs B w? + owp
- 0 e 17 0 o

The optimal demands a; and §; of Guru ¢ in asset 1 and in asset 2 are respectively given by

w = g tamP g (1—q)p
' "o2(1—p%)  ow(l-p?)
6, = =1 __ g (1 =p)p

T (1—p?) ow(l-p?)
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Guru ¢ maximizes then

11
Ai=ptai(p=p) +a+B8;(v—9) 55 (afo? + Bw® + 20, 3,0wp)
1

with respect to (u;, ;) the belief of the other guru being given. The first order conditions

dA1 _ dA1 _ dAs _ dAs __ :
il el e 0 can be rewritten as follows

ocwpO102 — owpb101 + 10,0102 4+ 60,0105 + awp@% — 020,0 + ,u@l@g + 020,04 + 02@%

= (201 + ©3) O30, ’
y o U’wp@1®2 — J’(IJ,O9191 + 1010109 + 01010519 + pr@% — w291@1 + w2@1@2 + V@lgg + w2@%
b (201 + O3) O26, ’
. Uwp@l@g — U?D,OQQ@Q + M02@1@2 + 92@1@2#1 + awp@% — 0292@2 + #92@% + 02@1@2 + 02@%
2 = (262 + ©1) 6,065 ’
P owpO109 — owphaOs + 10201039 + 02010911 + JWp@% — w292@2 + ’(D?@l@g + VGQ(_)% + w2@§
2 (202 + O1) 102 '
Solving for (u;,v;) gives 1. and 2. and 3.
Since we have % = ’:;—:5, the condition (y1; — p)? + (1 — 1) = (g — p)* + (v2 — v)? can

be rewritten as follows

g — p| = |pg —

leading to the same equations as in Proposition 2. This proves 4. and 5. B
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