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1 Introduction

Recently there has been an increasing interest in sunspot equilibria as a
possible explanation of business cycle fluctuations. In a macroeconomic
context, sunspot fluctuations is a topic that dates back to the early work
of Shell [25], Azariadis [1] and Cass and Shell [10]. This renewed interest
is explained by the fact that during the last decade a variety of economic
models that incorporate some degree of market imperfections have been
shown to exhibit multiple equilibria and local indeterminacy.! As shown by
Woodford [29], the existence of sunspot equilibria is closely related to the
indeterminacy of perfect foresight equilibrium.

Indeterminacy, or multiple equilibria, is known to occur in dynamic mod-
els with small market distortions and generates some coordination problems.
Basically, the occurrence of indeterminacy needs a mechanism such that,
starting from an equilibrium, if all agents were simultaneously to increase
their investment in, say, the capital good, the rate of return on this good
would tend to increase, and in turn set off relative price changes that would
drive the economy back towards the steady state. In one-sector models, such
a mechanism may be associated with external effects in production and in-
creasing returns. However, in a two sector model, the rate of return and
marginal product of capital depend not only on factor inputs, but also on
the composition of output and thus on the relative factor intensities. An
increase of the production and the stock of capital following an increase in
its price may well increase its rate of return. Therefore constant aggregate
returns at the social level are compatible with indeterminacy if there are
minor external effects in some of the sectors.

In this paper we will present the main conditions for the occurrence of
indeterminacy in one and two-sector optimal growth models extended to
include market imperfections based on technological external effects. We
will focus almost exclusively on discrete-time models. We will distinguish
between different formulations for externalities which will be in general as-

sociated with different assumptions concerning the returns to scale at the

!See Benhabib and Farmer [5] for an extensive bibliography.



social level. Following Romer [24], one-sector models are characterized by
global external effects coupled with increasing social returns. We will show
that indeterminacy of equilibria is fundamentally based on the considera-
tion of endogenous labor demand and externalities coming both from capital
and labor. In two-sector models, Benhabib and Farmer [4] have introduced
sector-specific external effects. While their initial formulation assumed in-
creasing social returns, most of the papers that followed the contribution
of Benhabib and Nishimura [7] are based on constant returns to scale at
the social level. We will show that some simple conditions on capital inten-
sity differences across sectors generate some amplification mechanisms that
produce the existence of indeterminate equilibria.

The paper is organized as follows. Section 2 presents one-sector models.
Two-sector models with Cobb-Douglas technologies, complete depreciation
of capital and sector-specific externalities are analyzed in Section 3. Section
4 is devoted to the presentation of similar two-sector models but with CES
production functions. The cases with symmetric and asymmetric elasticities
of capital-labor substitution are consecutively considered. In Section 5 we
discuss extensions of the two-sector Cobb-Douglas formulation. Firstly, we
present how the conditions for local indeterminacy are modified when partial
depreciation of capital is assumed. Secondly, we introduce a formulation
for intersectoral externalities that is compatible with both sector-specific
and global externalities specifications. We will then show how additional
intersectoral mechanisms provide new room for local indeterminacy. Finally,
in Section 6, other formulations of infinite-horizon models are explored. We
first deal with the consideration of models with capacity utilization in which
the speed of capital depreciation is endogenously determined. Then we

present two-sector models derived from general technologies.

2 One-sector models

One-sector discrete-time models with Romer-type [24] global externality and
increasing returns at the social level have been considered initally by Kehoe

[14] and Boldrin and Rustichini [9]. The aggregate production function is



augmented to include a new factor which represents the effect of knowledge
on production and productivity:
}/t = F(Kta Lta At)

with A; the externality at time ¢ which will be equal at the equilibrium to
K;/L;. For any given A, F(.,., A) is increasing, concave and homogeneous
of degree 1, and labor is inelastic. Under constant population, the intensive

formulation for the capital accumulation equation is:
ki1 = f(ke, A¢) — ¢
with f(k,A) = F(k,1,A) + (1 — p)k; and p € [0, 1] the rate of depreciation

of capital.

Assumption 1 . f(k, A) is C? and such that for any k, A >0, fi(k, A) >
0, fi1(k, A) < 0 while for any A >0, f(0,A) =0.

From a standard utility function u(c) which satisfies:

Assumption 2 . u(c) is C? and such that for any ¢ > 0, u'(c) > 0,
u’(c) <0, u(0) =0, v/(0) = 400 and v'(+o0) = 0.

we define the parameterized maximisation program of a representative con-

sumer as

+o0o
max Z Stu(cy)
t=0

{et:ki1}20
s.t. kivr = f(ke, At) — e
k(0), {A},55 given
with § € (0, 1] the discount factor. Along an equilibrium path, A; = k; and

the Euler equation easily writes as

6w (ce1) f1 (R, kegr) — u'(er) =0

A steady state k* is obtained considering k;+1 = k; and ¢iy1 = ¢ in the

Euler equation, i.e. k* is a solution of

filk,k)=1/6
It follows that ¢* = f(k*,k*). Contrary to the optimal growth framework,

existence and uniqueness are no longer ensured under Assumption 1. We



will however assume that there exists one locally unique steady state k*.
Linearizing the Euler equation around this steady state easily shows that
the sum and product of the characteristic roots satisfy:

u'(c*)

T " (C*)

1+ 67 4+ fo(E* B +
D = &'+ fo(k* k)

[fll(k*v k*) + le(k*’ k*)]

Definition 1 . A steady state k* is called locally indeterminate if there
exists € > 0 such that from any ko belonging to (k* — €, k* + €) there are

infinitely many equilibrium paths converging to the steady state.

If both characteristic roots have modulus less than one then the steady state
is locally indeterminate. If a steady state is not locally indeterminate, then
we call it locally determinate.

As shown by Kehoe [14], it follows easily from the above expressions that

necessary conditions for local indeterminacy are:
fg(k‘*, k‘*) < 0 and flg(k*, k*) > (0 such that fu(k*, k‘*) -+ fm(k'*, k'*) >0

Such conditions imply very strong negative externalities which improves
enough the private marginal productivity of capital to destroy concavity at
the social level. Obviously they cannot be met by usual Cobb-Douglas
or CES technologies. When standard positive externalities are consid-
ered, Boldrin and Rustichini [9] then show that the steady state is either
saddle-point stable (if fi1(k*, k*) + fi2(k*,k*) < 0) or totally unstable (if
fri(K*, k) + fro(k*, k) > 0).2

Under standard formulations for the fundamentals, Benhabib and
Farmer [3] have shown that local indeterminacy in one-sector models re-
quires the consideration of elastic labor supply and aggregate externalities
on capital and labor. They consider a CES separable utility function and a

Cobb-Douglas technology such that
1-x

U(C,L) =1logC — 1 , F(K,L,K,L) = Koapi—afranf(1—am

%In a continuous-time framework, Spear [26] assumes that a positive externality A is
given by tomorrow’s aggregate capital stock ki+1 and gives sufficient conditions for the

existence of sunspot equilibria in a neighborhood of the steady state.



with x <0, n > 0 and K, L the economy-wide averages of capital and labor.
Denoting 6 = 6(1 — p) € [0,1] the discounted value of capital carried over
to the next period per unit of capital used in the current period, standard
linearization of the first order conditions around the steady state allows to

show that the product and sum of the characteristic roots satisfy>

_ 104 _ n(1-60)(1—x)
b = 6[1 9(1—a>(1+n>—<1—x>]

(1-0)[1—a(1—n)](1—x) (=2 —1)
0(1—a)(1+n)—(1—x)

T = 1+D-

where steady-state conditions imply (1 — 6)/d0a — > 0. In a discrete-time
framework, local indeterminacy requires |D| < 1 and |7] < 1+ D. As-
suming that the aggregate share of capital satisfies a(1 + 1) < 1, the main
conclusion of Benhabib and Farmer is the following: in order to generate
multiple equilibria, externalities and thus the degree of increasing returns
to scale must be large enough to imply that the aggregate labor demand
curve should be upward-sloping and steeper than the aggregate labor sup-
ply curve, i.e. (1—a)(1+n)—1> —x > 0. This is obviously a non-standard
configuration for the labor market. More recently, Pintus [23], by consider-
ing a general separable utility function U(C, L) = u(C) —v(L) and a general
technology F(K,L)A(K,L) with constant returns to scale at the private
level, show that the conditions of Benhabib and Farmer are not necessary.
Local indeterminacy may indeed arise with a standard decreasing equilib-
rium labor demand function and small externalities provided the elasticity

of capital-labor substitution is significantly greater than one.

3 Two-sector models with Cobb-Douglas tech-

nologies

In order to weaken their conditions for local indeterminacy, Benhabib and

Farmer [4] consider a two-sector continuous-time model with Cobb-Douglas

#Benhabib and Farmer deal with a continuous-time model. We consider here the cor-
responding discrete-time formulation (see also Farmer and Guo [12]) in order to provide

in Section 6.1 comparisons with the Wen’s [28] extension to variable capacity utilization.



technologies and sector-specific rather than aggregate externalities. They
provide conditions which are compatible with mild externalities and down-
ward sloping labor demand curves. However they assume that each sector
is characterised by the same private technology. Benhabib and Nishimura
[7] have extended their results to distinct private Cobb-Douglas technologies
and provide some nice conditions in terms of capital intensity differences.
Even if they still consider an elastic labor supply in order to provide a ver-
sion of a standard real business cycles model, similar conditions for local
indeterminacy may be obtained with inelastic labor.

We then extend to a framework with externalities the contribution of
Nishimura and Yano [22] which study an optimal growth model.* We con-
sider a discrete-time two-sector economy having an infinitely-lived represen-
tative agent with single period linear utility function, i.e. u(c) = ¢. We
assume that the labor supply is inelastic. There are two goods: the pure
consumption good, ¢, and the pure capital good, k. Each good is assumed to
be produced with a Cobb-Douglas technology which contains some positive
sector specific externalities. We denote by ¢ and y the outputs of sectors ¢

and k, and by e. and e, the corresponding external effects:

c= K" Lg%ec(Ke, Le), y = K51L52€y(—f(y»£y)
The externalities e.(K,, L.) and ey(l_(y, Ey) depend on K;, L; which denote
the average use of capital and labor in sector ¢ = ¢,y and will be equal to

ec(KCaEc) = Kgliaz ey(Ky,Ey) = KyblEZQ (1)

c
with a;,b; > 0, ¢ = 1,2. We assume that these economy-wide averages
are taken as given by individual firms. At the equilibrium, all firms of
sector i = ¢,y being identical, we have K; = K; and K; = K;. Denoting
&; = a; + a;, Bz = 0B; + b;, the social production functions are defined as
c= KNI, y= KL

We assume &1 +dao = Bl + BQ = 1. The returns to scale are therefore constant

4The proof of the results presented in this section can be found in Benhabib, Nishimura
and Venditti [8].



at the social level, and decreasing at the private level.> Factor intensities
may be determined by the coefficients of the Cobb-Douglas functions. The
investment (consumption) good sector is capital intensive from the private
perspective if and only if o332 — a1 < (>)0. The investment (consump-
tion) good sector is capital intensive from the social perspective if and only
if 610y — B < (>)0.9

Labor is normalized to one, L. + L, = 1, and the total stock of capital
is given by K.+ K, = k. We assume complete depreciation of capital in
one period so that the capital accumulation equation is y; = k¢41. The
consumer’s optimization program will be given by:

00
t a1 7 o2
{Kctht’KrﬁfiL);’kHl}?io ;5 Ko Lefect
st oy = Kftngfeyt

1= L+ Ly
ki = Kot + Ky
Y = ki1

k(]: {ec(Rcta Ect) 2_:0(())7 {ey([(cta I:ct)}j_:og given

Denote by p:, wo: and w; respectively the price of the capital good, the
wage rate of labor and the rental rate of the capital good at time ¢ > 0,
all in terms of the price of the consumption good. Let ey = e;(Kit, Lit),
i = ¢,y. For any given sequences {eq};2, and {ey }72, of external effects,

the Lagrangian at time t > 0 is:
Ly = KG'Leec +wor(l — Lot — Lyt) + wi(ke — Kep — Kyt)

(2)
+ m |:K5t1 L{f? eyt — ki1

For any (k¢,y:), solving the first order conditions w.r.t. (K¢, Let, Kyt Lyt)

and using y; = k41 gives input demand functions such that K, =

Kc(khkt—&—laectaeyt)a LC == Lc(ktakt—‘rlaectaeyt)a Ky - Ky(ktakt—&—laecbeyt)a

Ly = Ly(k¢, kit1, €ct, eyt). We then define the production frontier as

5Our formulation is however compatible with constant returns at the private level if we
assume that there exists a factor in fixed supply such as land in the technologies. In this

case, the income of the representative consumer will be increased by the rental of land.

5Notice that under constant social returns d1BQ — &231 =& — Bl = Bz — Go.



T(kt, kt—i—la Ect €yt) = f(gtl E?fect
Using the envelope theorem we derive:
pe = —To(ke, kg1, ects eyt),  wy = Ti(ke, kg1, ect, eyt) (3)

where T7 = g—g; and Th = %. The first order conditions w.r.t. k; give the

Euler equation
—pt + dwi 1 =0

From the optimal demand functions defined above together with the ex-
ternal effects (1) considered at the equilibrium we may define the equilib-
rium factors demand fonctions K; = K’i(kt, kiy1), L; = f)i(kt, ki+1) so that
éc = éc(ke kip1) = KOLe and &, = éy(ky, kipr) = KJ'L%2.T From (3)
prices now satisfy

(ke kip1) = —To(ke, ki, €e(be, kegr), €y (ke, kig1))

wi(ke, ki) = Ti(ke, ke, €c(ke, kep1), €y (e, key))
and we get the Euler equation evaluated at é. and é,:

—p(kt, k1) + dw(kegr, keyz) = 0 (4)

Any solution {k;},£5 of (4) which also satisfies the transversality condition
i 8 kT (K, k1, €ce (e, ki), ye (ke ke1)) = 0

is called an equilibrium path.

A steady state is defined by k; = k*, y» = y* = k™ and is given
by the solving of dw(k*, k*) — p(k*,k*) = 0. The methodology con-
sists first in approximating the Euler equation (4), i.e. the first par-
tial derivatives of T'(kt, ki1, €ct,€ye) for any given (ec,ey), using the
first order conditions derived from the maximization of the Lagrangian
(2). Then considering the externalities evaluated at the equilibrium
(€c(kt, k1), €y(ke, key1)), we compute the steady state and then the par-
tial derivatives of Tj(ky, key1, €c(ke, kiv1), €y(ke, keg1)), © = 1,2, in order to
get the characteristic polynomial.® The first step gives

"Since we deal with an example we can show the existence of an equilibrium path
together with the local indeterminacy. However if utility and production functions are not
specified, then the existence of equilibrium paths is not obvious. For existence proofs in

some general cases, see Le Van, Morhaim and Dimaria [15] and Mitra [16].

8See Benhabib, Nishimura and Venditti [8] for details.



Proposition 1 . There exists a unique stationary capital stock k* such
that:

* _ ai132 1/B,
k= 04251-1—(041,@12—01261)551 (5ﬁ1)

In the second step, the characteristic polynomial gives the following charac-

teristic roots

Theorem 1 . The characteristic roots are given by

o’ oy = Qo1 — G132
d(aefr — a1fa)’ o)

Ir =

Remark: Note that z1 does not depend on external effects while x5 does.
Moreover the sign of x; is determined by factor intensity differences at the
private level, while the sign of x5 is determined by factor intensity differences

at the social level.

As this was shown in a continuous-time framework by Benhabib and
Nishimura [7], a necessary condition for the steady to be locally indetermi-
nate is a capital intensive consumption good from the private perspective.
This result also holds in a discrete-time framework.? We thus introduce the

following restriction

Assumption 3 . The consumption good is capital intensive at the private

level.

Under this assumption notice that z; is negative. Local indeterminacy of

the steady state may be obtained under slightly stronger conditions.

Theorem 2 . Under Assumption 3, let a1fB2 — agf5y > «a/d. Then the
steady state is locally indeterminate if and only if one of the following sets
of conditions is satisfied;

i) the consumption good is labor intensive from the social perspective;

i) the consumption good is capital intensive from the social perspective and

,31 > a1 — Ay.

9Tf the investment good is capital intensive at the private level, it is easy to show that

z1 > 1 and the steady state is locally determinate.



Benhabib and Nishimura [7] have conducted a similar analysis with a two-
sector Cobb-Douglas economy in continuous time. They prove that local
indeterminacy occurs when there is a capital intensity reversal between the
private and social levels: the consumption good needs to be capital intensive
from the private perspective, but labor intensive from the social perspective.
This corresponds to condition i) of Theorem 2 above. In a discrete-time
framework however, such a reversal is not necessary. Even in the case the
consumption good is capital intensive from both private and social perspec-
tives, indeterminacy can take place as in i7) of Theorem 2. These results are
based on the fact that the characteristic root xo may be either less than 1
when positive or greater than —1 when negative for any sign of the capital

intensity difference at the social level.'?

4 Two-sector models with CES technologies

Until now we have assumed Cobb-Douglas technologies and thus unitary
elasticities of capital-labor substitution. In order to question the robustness
of indeterminacy with respect to that parameter, we now extend the pre-
vious formulation to technologies with constant but non-unitary elasticities
of substitution.!! Consider indeed that each good is produced with a CES
technology such that

— — — = _l/pc
c = (ach pe + 042Lc pe + ec(Km LC>>

_ _ _ -1/p
y = (B, + 5L + e (Ky L))

with pe, py > —1land 0. = 1/(1+p.) > 0, 0, = 1/(1+p,) > 0 the elasticities
of capital/labor substitution in each sector. As previously, the externalities,
ec(Ke, L) and ey(K,, L,) depend on K;, L; which denote the average use

of capital and labor in sector ¢ = ¢,y and will now be equal to

"When the discount factor & crosses from above the critical value 6* = az/(a102 —
az(1) < 1, the steady state becomes saddle-point stable, a flip bifurcation occurs and
there exist equilibrium period-two cycles either in a right or in a left neighborhood of p*.

1The proof of the results presented in this section can be found in Nishimura and
Venditti [21].

10



ec(Key Le) = a1 K, Pe + agL P, ey(K., L) = bi Ky ™ + boL, "™
with a;,b; > 0, ¢ = 1,2. At the equilibrium, all firms of sector ¢ = ¢, y being
identical, we have K; = K; and K; = K;. Denoting &; = a;+a;, B; = Bi+b;,
the social production functions are defined as

c= (&1]{;% + @QLEPC)—l/Pc and y = (Ble—Py + BzL;Py _
The returns to scale are again constant at the social level, and decreasing at

1/py

the private level. We will assume in the following that & + &g = Bl + 32 =1
so that the production functions collapse to Cobb-Douglas in the particular
case p. = py = 0.

We follow the same methodology as in the previous section with Cobb-

Douglas technologies. We need however to assume the following restriction:
Assumption 4 . Bl < ((wl)py/(lﬂ)y)

For some given (1, Bl and 0, Assumption 4 provides an upper bound p, > 0
for p,. We have indeed Inf

npB1 ~
Py Tntep)—tnpy P (5)

Such a restriction is quite standard when CES technologies are considered.

It is well-known indeed that when the elasticity of capital/labor substitution
is less than 1, Inada conditions are not satisfied and corner solutions cannot
be a priori ruled out. Assumption 4 precisely ensures positiveness and inte-
riority of all the steady state values for input demand functions K., K, L.

and L,. Throughout the paper we will therefore consider that p, € (—1, py).
Remark: In the Cobb-Douglas case with p, = 0, the Inada conditions

are satisfed and Assumption 4 becomes Bl < 1 which always holds.

Under this restriction we then obtain existence and uniqueness of the

steady state k*:

Proposition 2 . Under Assumption 4, there exists a unique stationary
capital stock k* > 0, such that: .
Py
e (+rc)
(alﬁa)rlpc 6o Ty —py | T
agfBy Ba
* —
k oy P%—Pc 5
1 1 F N py(1+pc
1—(6p1) T+py 1_(2;22) T+pc ((5ﬂ1) 3:74 —ﬂl)

11



4.1 Symmetric elasticities of substitution

In order to start with the simplest case, we will assume that both sectors

are characterized by the same elasticity of substitution:'?

Assumption 5 . p. = p, = p
We may now provide expressions of the characteristic roots.

Theorem 3 . Under Assumption 4-5, the characteristic roots are given by

i - )]}

== A A A P

x1

Go

Remark: If both technologies are Cobb-Douglas with p = 0, the roots given

in Theorem 1 are recovered.

Theorem 3 shows that the stability properties of the steady state will
depend, among all the parameters, on the sign of the following differences
a1 — agf and 071@2 - 072@1. As in the Cobb-Douglas case, it can be
easily shown around the steady state that if the elasticities of capital/labor
substitution are identical across sectors, the consumption good is capital
intensive at the private level if and only if a1 82 — a1 > 0 while it is capital
intensive at the social level if and only if 07132 — ngl =& — Bl > 0.

As in the Cobb-Douglas framework, local indeterminacy will require the
consumption good to be capital intensive at the private level.'® The follow-
ing theorem extends Theorem 2 to technologies with non unitary elasticities
of capital-labor substitution. It shows that under symmetric substitutabil-
ity, local indeterminacy may still occur for elasticities significantly different
from unity. The only consequence of such a restriction is that extreme values

for p are excluded:

12 A continuous-time version of this model extended to n sector is studied in Nishimura
and Venditti [20].

131f the investment good is capital intensive at the private level, it is easy to show that

z1 > 1 and the steady state is locally determinate.

12



Theorem 4 . Under Assumptions 3-5, consider p, as defined by equation
(5) and let o182 — azfy > /6. There exist p € (—1,0) and p € (0, py)
such that the steady state is locally indeterminate for any p € (p, p) if one
of the two following conditions is satisfied:

i) the investment good is capital intensive at the social level;

ii) the investment good is labor intensive at the social level and Bl -1 >

—Q9.

4.2 Asymmetric elasticities of substitution

We may consider now the general formulation with asymmetric elasticities

of capital-labor substitution.

Theorem 5 . Under Assumption 4, the characteristic roots are given by

Py —Pc

1 1 _Py py(1+pc)
J S T+pe 5 I+py _
21 = {(5B) T 1_(%%)1“ <(ﬁ1) i m)

p

Yy —Pc
—py . o4 Pc % N py(1+pc)
_ i _ bufa (B \Ttee [ (6B1) TPV -5
o = (6/81) +ry ,81 1 dzBl (Oél,BZ) ( BQ

Remark: If both technologies have the same elasticity of substitution,

i.e. p. = py = p, the roots given in Theorem 3 are recovered.

Contrary to the case with symmetric elasticities of substitution, the cap-
ital intensity differences at the private and social levels are not easily cap-
tured by the differences o182 — 31 and &y Bg — 07231. They also depend on
prices and the parameters p. and p,. We may however obtain the following

characterization at the steady state:

Proposition 3 . Under Assumption 4, at the steady state:
i) the consumption (investment) good sector is capital intensive from the

private perspective if and only if

Pc—Py
Py . py(d+pc) 1
((Ml)lf”y ﬁl) S < (>) <a152> T+pc (6)

Bo az1

13



it) the consumption (investment) good sector is capital intensive from

the social perspective if and only if

Py P;El_fﬂyc) PN B ___Pc—Py
(881) Py —f < (>) (9‘1@3) Itpe (@2&) (tpy)(Ttpc) (7)
B2 G221 8152

Remark: If p. = py = p, condition (6) becomes a3z — a1 > (<)0 and
condition (7) becomes &; — 1 > (<)0. Notice also from Theorem 1 and
(6) that as in the Cobb-Douglas formulation, the root x; is positive if and
only if the investment good is capital intensive at the private level. On the
contrary, when p. # py, # 0, the sign of the second root x2 does not directly
depend on the sign of the capital intensity difference across sectors at the

social level.

In order to simplify the exposition, we will discuss the local stability
properties of the steady state depending on the sign of the differences a1 02 —
o1 and 541B2 — 02231, and the values of the elasticities of substitution in
both sectors. We will only refer to capital intensities when the results are
economically interpreted.

We have now to give conditions for local indeterminacy when the con-
sumption good is capital intensive at the private level. We first consider
the case a2 — asB1 < 0 which, as we have shown previously, is known
in the Cobb-Douglas framework to imply local determinacy of the steady
state.¥ The following theorem shows on the contrary that with asymmetric

elasticities of substitution, there is room for local indeterminacy.

Theorem 6 . Under Assumptions 3-4, consider p, as defined by equation
(5). Let a2 < aaf1 and (&1/&2) /(a1 /) < §B2. Then there exist p.>0
and py € (—1,0) such that the steady state is locally indeterminate if p. > P,

and py € (—1,py).

Theorem 6 proves that even in the unusual situation with a8y < a1,

local indeterminacy may occur provided the consumption good sector has

14\When py = pe = 0, such a restriction implies indeed that the investment good is
capital intensive at the private level. Local indeterminacy is thus ruled out. As shown in

sub-section 4.1, the same result actually holds when p, = p. = p # 0.
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a technology close to a Leontief function while the investment good sector
has a technology close to a linear function. A direct inspection of inequality
(6) from Proposition 3 shows that when p. is high enough while p, is close

to —1, the consumption good is capital intensive at the private level.

We will consider now the converse configuration with oy 02 > as3;. As
this was already the case in a Cobb-Douglas framework, local indeterminacy

requires a slightly stronger restriction concerning these parameters:

1
Assumption 6 . (O‘lﬁ2> e S 14 (66) !

a1

If technologies are either Cobb-Douglas or with identical elasticities of sub-
stitution, Assumption 6 implies Assumption 3. Notice also that if p. = 0, we
get the condition oy 32 — a1 > a3/d in Theorem 2. Assumption 6 actually
ensures that z; € (—1,0) when p, = 0.

Let us start with some conditions that cover the case in which the in-
vestment good sector has a Cobb-Douglas technology with p, = 0. Under

Assumption 6 we will introduce additional restrictions to get z3 € (—1,1)

Theorem 7 . Under Assumptions 3-4 and 6, consider p, as defined by
equation (5). If the following condition holds for some given p. > —1

5 G102 a1 By \ T
1+Bl (dgﬁAl) < <a2ﬁl> (8)

then there exist e, € (—1,0) and py € (0,py) such that the steady state is

locally indeterminate for any py, € (By,ﬁy). Moreover the lower bound L, 18

equal to —1 if the following additional restrictions hold:

A~

Al+pe _Pc
aq aof ) THee pc_ (X9
1<2  <§— and 001) THpec — 9

T B < a " <06152> < O)T a7 ©)

When the additional conditions (9) hold, Theorem 7 shows that for some
given p. > —1, local indeterminacy is compatible with arbitrarily large elas-
ticities of capital/labor substitution in the investment good sector. Notice
that this cannot be the case with symmetric elasticities of substitution.
We may discuss Theorem 7 depending on the sign of the difference

aq BQ — dg@l. As in the Cobb-Douglas case, local indeterminacy with CES
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technologies does not require a capital intensity reversal. We derive indeed
from Theorem 1 and Proposition 3 that the characteristic root xo may be
either less than 1 when positive or greater than —1 when negative for any
sign of the capital intensity difference at the social level.

Consider first the case 0?132 — ngl < 0. It is then easy to see that
condition (8) holds for any p. > 0, i.e. for any consumption good technology
having an elasticity of capital/labor substitution less than unity. It follows
from Assumption 6 that if a8 — ag51 > ag/d local indeterminacy will hold
for any p. > 0. It is worth noticing that this covers the case p, = +o00
of a Leontief technology for the consumption good. As already mentioned
previously, local indeterminacy also occurs for p. < 0 but far enough from
—1. The robustness of this result will indeed depend on the CES coefficients
at the social level.

Consider now the converse case 071@2 — dgﬁl > 0. Condition (8) may
still hold but no clear restriction on the parameter p. can be derived. If the
difference &y Bg — &231 is significantly greater than zero, i.e. for instance if

i (38) > L
then local indeterminacy cannot hold when p, is close to zero and will require
much lower elasticities of capital/labor substitution in the consumption good
sector.

Notice also that since a1 — a1 > 0 and lim, .1 pc/(1 + p.) = —o0,
condition (8) cannot hold when p. is close enough to —1. It follows that
under the Assumptions of Theorem 7 there exists p € (—1,0) such that
local indeterminacy occurs when p, > P,

We may finally give conditions which cannot be satisfied when the tech-
nology of the investment good is Cobb-Douglas. When condition (8) does
not hold, local indeterminacy appears while the elasticity of substitution in

the investment good sector is less than unity.

Theorem 8 . Under Assumptions 3-4 and 6, consider p, as defined by
equation (5). If the following condition holds for some given p. € (—1, py]

el G102 1B\ The
1+ /5 (@@1) g <@251> ()
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then there exist p, € (0, py) and py € (0, py) with L, < Py such that the
steady state is locally indeterminate for any py € (£y7 Py)-

Notice that contrary to condition (8) in Theorem 7, condition (11) is now
compatible with p. close to —1, i.e. with an arbitrarily large elasticity of
capital/labor substitution in the consumption good sector.

We may again discuss Theorem 8 depending on the sign of the difference
6[132 — & f31. Consider first the case dq 32 — (34231 < 0. Condition (11) shows
that local indeterminacy cannot occur for any p. > 0. The same conclusion
holds also for p. < 0 but close to 0. Local indeterminacy indeed requires
a strong enough elasticity of capital/labor substitution in the consumption
good sector while that elasticity in the investment good sector is restricted
to be less than unity.

Consider finally the case dlﬁg — 64231 > (0. Local indeterminacy now
becomes compatible with positive values for p. provided the difference &y Bg—

o3 is significantly greater than zero, i.e. if equation (10) holds.

5 Extensions with Cobb-Douglas technologies

5.1 Partial depreciation

Until now we have assumed that capital fully depreciates every period.
This much criticized assumption has been proved to be quite particular
by Baierl, Nishimura and Yano [2] in two-sector optimal growth models.
Unlike continuous-time models, introducing depreciation of capital indeed
creates additional difficulty in studying dynamical properties of equilibrium
paths in discrete time models.!®

We now extend Baierl, Nishimura and Yano [2] to the case with exter-

nalities.' We thus assume partial depreciation of capital so that the capital

15Baierl, Nishimura and Yano [2] show indeed that around the steady-state, optimal
paths become less likely to oscillate in the case of partial depreciation than in that of full
depreciation.

The proof of the results presented in this subsection can be found in Benhabib,
Nishimura and Venditti [17].
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accumulation equation becomes y; = ki1 — (1 — p)ke, with g € [0,1]. In
this case, the envelope theorem provides the following equilibrium prices:
pr = =T (ke key1,ect, eyr)
w = T (ke ke, ects eye) + (1 — p)To (ke kg, ect, eyt)
and the Euler equation becomes
—pt + 6lwit1 + (1 = p)pia] =0

Existence and uniqueness of the steady state still hold but it now depends

on the parameter p. As in Section 2, let § = 6(1 — ) € [0, 1]:

Corollary 1 . There exists a unique stationary capital stock k* satisfying:
1
kB — a1B2(1-0) 9B\ B2
Bilaz(1—0)+(a1Bz—a2Br)dp] \ 10

The characteristic roots depend also on the rate of capital depreciation:

Theorem 9 . The characteristic roots are given by:
az(1—0) + 0(azB — aif)
§(aaf1 — a132)

Gofy — a1

Go(1— 0) + 0(GaBr — a1s)

xrT =

When capital depreciates slowly, local indeterminacy still requires a cap-
ital intensive consumption good at the private level.'” Moreover, as in the
case with full depreciation, a capital intensity reversal is not necessary. As-

sume first that the investment good is capital intensive at the social level.

Theorem 10 . Under Assumption 3, let Bl > a1 and 0 = ao/[az(1—B1) +
a102] < 1. Then the following cases hold:

i) if a1 P2 — gl > ag/d, there exists 0 €10, 1[ such that the steady state
is locally indeterminate for any 6 € [0,0[\{0};

ii) if a1y — aof1 < /0, there exist 6,0 €0, 1[, with 0 < 6 < 0, such
that the steady state is locally indeterminate for any 6 €]0,0[\{A}.

17Tf the investment good is capital intensive at the private level, we easily show that

z1 > 1 and the steady state is locally determinate.
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Case i) provides an extension to partial depreciation of Theorem 27)
which has been established under § = 0. Moreover we show that given
production functions and a discount factor close to 1, equilibrium paths
become less likely to be locally indeterminate in the case of partial depreci-
ation (@ close enough to 1) than in that of full depreciation (# = 0). Baierl,
Nishimura and Yano [2] have obtained a similar result concerning the oc-
currence of period-two cycles in an optimal growth model.

In case ii), a similar result is obtained. We provide however some new
conditions for local indeterminacy that cannot arise under full depreciation.
For intermediary values of the depreciation rate, local indeterminacy arises
under mild conditions on the capital intensity difference at the private level:
the consumption good needs to be only slightly more capital intensive than
the investment good.'®

Assume now that the consumption good is also capital intensive at the

social level.

Theorem 11 . Under Assumption 3, let & > Bl > G —Go, 0 = 2&2/32—
1€ (0,1) and 0 = as/[az(1 — B1) + a1fBe] < 1. Then the following cases
hold:

i) if 102 — a1l > aa/d, the steady state is locally indeterminate for
any 0 € [0,0%[\{0};

i) Let 0 = [aa(1 + 631) — o fo]/[az(l — B1) + 1] < 1. If a1fa —
agf < ag/d and 0 < 0%, the steady state is locally indeterminate for any
0 €10,0*[\{0}.

Case i) provides an extension to partial depreciation of Theorem 2ii)
which has been derived under 8 = 0. As in the previous case, we show that
given production functions and a discount factor close to 1, equilibrium
paths become less likely to be locally indeterminate in the case of partial

depreciation (6 close enough to 1) than in that of full depreciation (6 = 0).1?

18When 0 crosses 6 from above the steady state becomes saddle-point stable, a flip
bifurcation occurs and there exist equilibrium period-two cycles either in a left or in a
right neighborhood of 6.

9Notice that a flip bifurcation occurs when 6 crosses 6 from below and the steady state
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In case ii), local indeterminacy is more difficult to obtain than under
a capital intensity reversal between the private and the social level. The
condition on the capital intensity difference at the private level is less de-
manding than in case i), but the restriction 6 < 0* does not have a precise

economic interpretation.?’

Remark: Nishimura and Venditti [18] have also extended to partial de-
preciation the CES formulation with symmetric elasticities of substitution
considered in Section 4.1. Depending on the value of the elasticity of capital-
labor substitution, local indeterminacy may arise for any value p € [0, 1] of
the rate of depreciation, for low depreciation with u close to zero, or for high
depreciation with p close to one. The conclusion that local indeterminacy is
less likely in the case of partial depreciation than in that of full depreciation

is therefore specific to the Cobb-Douglas formulation.

5.2 Intersectoral externalities

Up to now we have considered sector-specific external effects. Although
equilibria become sub-optimal, such a formulation remains quite close to
standard optimal growth models since no direct additional intersectoral
mechanisms are introduced. This is not the case if we consider the ini-
tial formulation of Romer [24] in which the aggregate capital stock is used
as global technological externalities.

In order to introduce these additional mechanisms in a simple Cobb-
Douglas framework, we assume now that the consumption good production
function contains positive intersectoral externalities given by a convex com-

bination of the capital stocks of the two sectors.?! The production functions

then becomes sadle-point stable while there exist equilibrium period-two cycles either in
a right or in a left neighborhood of 6.

201f these conditions hold, endogenous fluctuations again appear through a flip bifur-
cation: when 6 crosses 6 (6*) from above (below) the steady state becomes saddle-point
stable, and there exist equilibrium period-two cycles either in a left or in a right neigh-

borhood of § (6*).

21 The proof of the results presented in this subsection can be found in Nishimura and
Venditti [19].
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are thus:
y=Kl'L» —c=KLPe(K:,K,) with e=[¢pK.+(1—¢)K,]"

where ¢ € [0,1], @ > 0 and K; denotes the average use of capital in sector i =
¢,y. Depending on the value of ¢, our formulation therefore encompasses the
usual assumptions of sector specific externalities (¢ = 1), and global external
effects (¢ = 1/2). We will also consider the case with purely intersectoral
externalities (¢ = 0). We assume that these economy-wide averages are
taken as given by individual firms. At the equilibrium, all firms of sector
i = ¢,y being identical, we have K; = K; and K; = K;. The social production

function for the consumption good is therefore
c=KILE (0K + (1 - ¢) Ky

We will assume non-increasing returns to scale at the social level in the
consumption good sector, i.e. a1 +a+ as = &1 + as < 1, and constant
returns to scale in the investment good sector, i.e. 81 + B2 = 1.

It can be easily shown that if oy 82 — @81 < (>)0 the investment (con-
sumption) good sector is capital intensive from the private perspective. Note
that this definition is still valid with intersectoral external effects (¢ < 1).
If the externalities are sector specific (¢ = 1), the condition £ > (<)d;
implies that the investment (consumption) good sector is capital intensive
from the social perspective.

We follow the same procedure as in the previous sections. Full deprecia-
tion of capital is again assumed for simplicity. The steady state is given by
Proposition 1 with Bg = (5. We start by assuming that there are only sector
specific externalities in the consumption good sector. We show in this case

that the steady state is always locally determinate.

Proposition 4 . If the externalities are sector specific (¢ = 1), the steady

state k* s locally determinate.

Theorem 2 establishes that if the consumption good is capital intensive from
the private perspective, locally indeterminate equilibria may occur when
the consumption good is either capital or labor intensive at the social level.

However, they assume that there are external effects on capital and labor in
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both sectors. Proposition 4 shows however that when only the consumption
good technology is affected by external effects, indeterminacy necessarily
requires externalities coming from labor. Note that this result does not hold
and indeterminacy is still possible if we assume that the investment good
sector contains external effects on capital. Our formulation therefore will
strongly enlighten the role of intersectoral external effects.

Consider indeed the case in which the externality in the consumption
good technology comes only from the capital stock of the investment good
sector (¢ = 0).

Assumption 7 . min 1,
a1 o1 + a9

« aas(l — «
Bras 1 2( 1)} > B,

Given arbitrary a > 0, Assumption 7 may be satisfied if Gy is chosen
to be sufficiently small. Assumption 7 also implies that the investment
good is capital intensive at the private level since fian/&; > (2 implies
,31 > a1 > 0.

Proposition 5 . Let ¢ = 0. Under Assumption 7, there exists 61 < 1 such
that the steady state is locally indeterminate for any § €]61,1].

Contrary to the sector-specific formulation in which local indeterminacy
requires the consumption good to be capital intensive at the private level,
we show that when pure intersectoral external effects are considered, a con-
tinuum of equilibria may arise under a capital intensive investment good at
the private level.

From Proposition 5 it is straightforward to extend the indeterminacy
result to intermediary cases with positive values of # as in the following

Theorem:

Theorem 12 . Under Assumption 7, there exist 0 < §; < 1 and a function
¢* 1101, 1] —]0, 1[ such that the steady state is locally indeterminate for each
5 €)d1,1] and 6 € [0, ¢ (3)].

Remark: It can be shown that if externalities coming from capital are

also introduced in the investment good sector, Proposition 5 and Theorem
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12 still hold with some more complicated sufficient conditions which will
depend on the external effect parameters of the capital good. Indeterminacy
under a capital intensive investment good at the private level is thus a robust

property as soon as externalities are intersectoral.??

6 Other formulations

6.1 Variable capital utilization

In Section 5.1, we have introduced partial depreciation of capital and we
have shown how the occurrence of local indeterminacy is affected by this
parameter. Building on the fact that capacity utilization is potentially a
powerful driving force behind business cycles, Wen [28] considers a discrete-
time extension of the Benhabib and Farmer [3] model in which the speed of
capital depreciation is endogenously determined. A representative consumer
solves indeed

' 5t (lo c— ltl_x >

s.t. ki1 — (1 — p)ky = (utkt)alg_aet(ﬂtl;:t, It)
et =T Uz

ko, {et}z;og given

with x <0, a € (0,1), 7 € (0,1), u¢ € (0,1) the rate of capacity utilization,
pt € (0,1) the rate of capital depreciation defined as an increasing function
of capacity utilization, i.e. v > 0, and e; (7, k¢, ;) the externality expressed
as a function of the average economy-wide levels of productive capacity and

labor, i.e. o = \ami(l—a)
Bt('ljtkt, lt) = (?jtkt)omlt K

where n > 0. Variable capital utilization is ensured under v > 1 while

constant partial depreciation as in Benhabib and Farmer [3] follows from

22Under slight additional restrictions, it can also be proved that for any given ¢ close
enough to zero, there exists a bound 0%(¢) € (0,1) such that when § crosses §*(¢)
from above the steady state becomes saddle-point stable and quasi-periodic cycles ap-
pear through a Hopf bifurcation. Notice that endogenous fluctuations are obtained under
a capital intensive investment good while Benhabib and Nishimura [6] show in an optimal

growth model that a capital intensive consumption good is necessary.
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~v < 1. Standard linearization of the first order conditions around the steady
state allows Wen to show that the product and sum of the characteristic
roots satisfy

1 n(1—x)(1-8)7

= 3 (1 - 5(1—a)(1+n)ﬂ—(1—><))

D
_ (1= (1-8)(r—a)(1—a(l—x)r )/
T = 14D~ A=) ==X

where
v—1 Y

T = , T =
v —a(l+n) v—a(l+mn)

In a discrete-time framework, local indeterminacy requires |D| < 1 and |7| <

1+ D. When compared with the corresponding expressions under constant
partial depreciation given in Section 2, we easily derive that multiple equi-
libria become compatible with much lower increasing returns to scale and a
downward sloping aggregate labor demand curve, i.e. (1—a)(1+n)—1<0.

More recently, Guo and Harrison [13] provides an extension of the Wen’s
capacity utilization model to a discrete-time adaptation of the Benhabib and
Farmer’s [4] two-sector model with sector-specific externalities. Both sectors
have the same Cobb-Douglas technology at the private level with constant
returns to scale. Variable capital utilization is introduced into technologies

as follows

¢ = (uK.) L % (uK,, L), y = (uKy)aL;_aey(ﬂf(y,Ly)

The externalities e.(uK,, L.) and e, (@K, L,) depend on the average use of

capital and labor services and are equal to

QC(QKGI_/C) = [(EKC)aEiia]m ey(akyviy) = [(ﬂKy)aZ/zlzia]n (12)
with n > 0. Returns to scale are therefore increasing at the social level.
Guo and Harrison show that local indeterminacy occurs under smaller ex-

ternalities and thus lower increasing returns to scale than in the Benhabib
and Farmer’s [4] and Wen’s [28] models.

6.2 Two-sector models with general technologies

In Section 5.2, we have considered a model with intersectoral externalities

which is compatible with both sector-specific and global external effects. In
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order to provide simple conditions, we have assumed Cobb-Douglas tech-
nologies. Boldrin and Rustichini [9] also introduce Romer-type [24] global
externalities in a two-sector discrete-time model but they consider general
technologies.

The labor supply is inelastic with total labor normalised to 1, and the
population is constant. The pure consumption good ¢ and the capital good
y are produced with constant private returns to scale technologies which

also depends on an intersectoral externality A:

c= ko, lo, A), y= f'(ki,l1,A)

with kg 4+ k1 < k, k being the total stock of capital, and lg + {1 < 1. At the
equilibrium, the externality A will equal the aggregate capital stock k.

Assumption 8 . Each production function f'(ki, ', A), i = 0,1, is C?,
increasing in each argument and, for any A > 0, concave, homogeneous of

degree one and such that for any l; > 0, fi,(.,1;; A) <O0.

Externalities are therefore positive and returns to scale are increasing at
the social level. For any given (k,y, A), the production frontier T'(k,y, A) is

defined as
T(k7y7A) = max fo(k07l07A)

ko,k1,lo,01
s.t. y < fl(ky, 11, A)
ko+ ki <k
o+ <1

ko, k1,l0,l1 >0

Under Assumption 8, for any given A > 0, T'(k,y, A) is concave. Assuming
a linear utility function and full depreciation of capital within one period of

time, the maximisation program of the representative agent is

+o00o
max Z 5tT(k‘t, ]Ct+1, At)

LT i "
s.t. (kt, ker1) € D(Ay)
ko, { At }/)55 given
with
D(Ar) = {(kt, k1) € RT/0 < kepy < fH(ke, 1, Ar) }
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the set of admissble paths for any given A;. Along an equilibrium path with

A; = ki, the Euler equation is
To(ke, kiv1, ki) + 0T (kesa, kg2, ki) = 0
An equilibrium path also satisfies the transversality condition

lim (5tktT1(k't, kt+1, k?t) =0

t—+o0

A steady state ky11 = ky = k* is a solution of
fi(ky(k, k), (kK k), k) =07

Assuming the existence of a locally unique steady state k* and linearizing
the Euler equation around k* easily shows that the sum and product of the

characteristic roots satisfy
T = —[0(Th +T13) + To,] /0T,
D = ¢ ' 41T35/6T7,
with 7% = Tj;(k*, k", k*) and T7; # 0. It follows easily that T55/T7 < 0

is a necessary condition for the occurrence of local indeterminacy. As in
two-sector optimal growth models, the sign of 77, is ruled by the capital
intensity difference at the private level. However, the sign of T35 is difficult
to establish. Since —T% is equal to the price p of the capital good in terms

of the price of the consumption good, we only know that
T3, = —p/0A

Boldrin and Rustichini [9] provide formal conditions for local indetermi-
nacy but it remains difficult to interpret these conditions in terms of the
fundamentals.?3 In particular, although one may conjecture that local in-
determinacy is compatible with a capital intensive investment good at the
private level, there is no clear picture concerning the requirements on the
capital intensity difference.

More recently, Drugeon [11] considers a discrete-time two-sector model
with general technologies containing sector-specific and intersectoral exter-

nal effects. Contrary to Boldrin and Rustichini he assumes constant returns

#3See also Venditti [27] for more detailled conditions on local indeterminacy and local

bifurcation of periodic cycles.
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at the private and social levels by using production functions which are lin-
ear homogeneous with respect to private factors and homogeneous of degree
zero with respect to public factors. Moreover, developing a methodology
based on the equilibrium production frontier,>* he provides an expression
for the characteristic polynomial in terms of elasticities of factor substi-
tution in each sectors and shares of consumption, investment, wage and
profits into national income. While local indeterminacy still requires a capi-
tal intensive consumption good at the private level, his main results are the
following: with strong sector-specific external effects, local indeterminacy
requires strong substitutability in the investment good sector and weak sub-

stitutability in the consumption good sector.?

When strong intersectoral
externalities are considered, a continuum of equilibria occurs if substitutabil-
ity is high in the consumption good sector and low in the investment good

sector.
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