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Frqyhujhqfh ri xwlolw| ixqfwlrqv dqg

frqyhujhqfh ri rswlpdo vwudwhjlhv�

Ho|ëv MRXLQL
FHUHPDGH/ Xqlyhuvlwì Sdulv L[0Gdxsklqh/

Sodfh gx Pduìfkdo gh Odwwuh gh Wdvvljq|/ :8449 Sdulv Fìgh{ dqg FUHVW1

Forwlogh QDSS
FHUHPDGH/ Xqlyhuvlwì Sdulv L[0Gdxsklqh/

Sodfh gx Pduìfkdo gh Odwwuh gh Wdvvljq|/ :8449 Sdulv Fìgh{ dqg FUHVW1

Pdufk 4</ 5336

Devwudfw

Lq wklv sdshu zh vwxg| wkh vwdelolw| +lq wkh u
R dv zhoo dv iru wkh doprvw vxuh frqyhujhqfh

vhqvh, ri wkh rswlpdo lqyhvwphqw0frqvxpswlrq vwudwhj| zlwk uhvshfw wr wkh fkrlfh ri wkh
xwlolw| ixqfwlrq1

41 Lqwurgxfwlrq

Lq wklv sdshu zh vwxg| lq d jlyhq txlwh jhqhudo frpsohwh �qdqfldo pdunhw wkh vwdelolw| ri wkh
rswlpdo lqyhvwphqw0frqvxpswlrq vwudwhj| � dv gh�qhg e| Phuwrq +4<:4, � zlwk uhvshfw wr wkh
fkrlfh ri wkh xwlolw| ixqfwlrq1 Pruh suhflvho|/ zh frqvlghu d vhtxhqfh ri xwlolw| ixqfwlrqv wkdw
frqyhujhv srlqwzlvh dqg vdwlv�hv d jlyhq jurzwk frqglwlrq1 Iru hdfk xwlolw| ixqfwlrq/ zh dvvxph
wkdw wkh xvxdo frqglwlrqv iru wkh h{lvwhqfh ri dq rswlpdo vwudwhj| duh ixo�oohg/ dqg zh suryh wkh
doprvw vxuh dv zhoo dv wkh Os�frqyhujhqfh +s � 4, ri wkh rswlpdo zhdowk dqg frqvxpswlrq dw
hdfk gdwh1 Pruhryhu/ zh rewdlq wkh O4�frqyhujhqfh ri wkh rswlpdo lqyhvwphqw surfhvv lq wkh
jhqhudo fdvh dqg lwv doprvw vxuh frqyhujhqfh lq d Pdunry vhwwlqj li zh ixuwkhu dvvxph wkdw wkh
pdujlqdo xwlolwlhv duh frqyh{1

Rxu uhvxowv fdq eh vhhq dv urexvwqhvv surshuwlhv iru wkh rswlpdo vwudwhjlhv dqg jhqhudol}h
dqdorjrxv uhvxowv rewdlqhg e| Judvvhool +5334, lq d vshfl�f vhwwlqj +KDUD xwlolw| ixqfwlrqv dqg
lqwhuhvw udwhv dvvhwv lq FLU iudphzrun,1 Wkh| shuplw wr rewdlq dq dssur{lpdwh rswlpdo vwudwhj|
zkhq zh kdyh dq lpshuihfw hvwlpdwlrq ri wkh xwlolw| ixqfwlrq1 Iru lqvwdqfh/ wkh rswlpdo vwudwhj|
iru wkh h{srqhqwldo +uhvs1 orjdulwkplf, xwlolw| ixqfwlrq dsshduv dv wkh olplw ri wkh rswlpdo
vwudwhj| iru wkh srzhu xwlolw| ixqfwlrqv1

WWkh dxwkruv zdqw wr wkdqn dq dqrq|prxv uhihuhh iru klv fduhixo uhdglqj dqg xvhixo frpphqwv dqg vxjjhvwlrqv
+lq sduwlfxodu/ wkh ghyhorsphqw rq wkh vshhg ri frqyhujhqfh,1



51 Wkh prgho

5141 Wkh �qdqfldo pdunhw

Zh �{ d �qlwh0wlph krul}rq W � ^3> W `/ rq zklfk zh duh jrlqj wr wuhdw rxu sureohp= W fruuhvsrqgv
wr wkh whuplqdo gdwh iru doo hfrqrplf dfwlylw| xqghu frqvlghudwlrq1 Doo surfhvvhv wkdw zh vkdoo
hqfrxqwhu lq wklv sdshu duh gh�qhg rq W=

Wkh pdunhw prgho lv wkh vdph dv lq Ndudw}dv +4<;<,1 Zh kdyh rqh erqg zlwk sulfh dw wlph
w ghqrwhg e| V3

w vxfk wkdw
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lv dq p0glphqvlrqdo Eurzqldq prwlrq rq d suredelolw|

vsdfh +> I> S , dqg zh ohw +Iw,w5W
ghqrwh wkh S 0dxjphqwdwlrq ri wkh qdwxudo �owudwlrq jhqhudwhg

e| Z 1 Zh dvvxph wkdw IW @ I 1
Wkh U�ydoxhg surfhvv iuw> w 5 Wj > wkh U

p0ydoxhg surfhvv i�w> w 5 Wj dv zhoo dv wkh yrodwlolw|
+p � p, 0pdwul{0ydoxhg surfhvv i�w> w 5 Wj duh wkh frh!flhqwv ri wkh prgho dqg duh wdnhq wr
eh surjuhvvlyho| phdvxudeoh zlwk uhvshfw wr +Iw,w5W

dqg erxqghg xqlirupo| lq +w> $, lq W � =

Zh dvvxph wkdw iru doo w lq W> wkh yrodwlolw| pdwul{ �w lv lqyhuwleoh dqg wkdw wkh qrup ri ��4
w lv

xqlirupo| erxqghg1 Dv xvxdo/ wkh p0glphqvlrqdo uhodwlyh ulvn surfhvv � @ i�w> w 5 Wj fdq wkhq
eh gh�qhg e|

�w � ��4
w +�w � uw4p,> w 5 W/

zkhuh 4p lv wkh yhfwru ri U
p zkrvh frpsrqhqwv duh doo htxdo wr rqh dqg wkhuh h{lvwv d xqltxh
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Lq wkh uhpdlqghu ri wkh sdshu/ zh vkdoo ghqrwh e| iPw> w 5 Wj wkh pduwlqjdoh surfhvv jlyhq e|

Pw @ Hw +��, dqg e|
q

�Pw> w 5 W
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wkh glvfrxqwhg surfhvv �P @ P
V3 =

5151 Wkh djhqw*v sureohp

Ohw xv qrz frqvlghu dq hfrqrplf djhqw zkr lqyhvwv lq wkh �qdqfldo pdunhw1 Wkh djhqw vwduwv
rxw zlwk dq lqlwldo fdslwdo { dqg fdq ghflgh wkh dprxqwv �l

w wkdw kh lqyhvwv dw wlph w lq wkh
l�wk vwrfn/ dqg wkh udwh fw dw zklfk kh zlwkgudzv ixqgv iru frqvxpswlrq1 Dq lqyhvwphqw0

frqvxpswlrq vwudwhj| lv wkhq gh�qhg e| dq p0glphqvlrqdo surfhvv � vxfk wkdw
U W

3
n�wn

5 gw ? 4

d=v= dqg d qrqqhjdwlyh/ surjuhvvlyho| phdvxudeoh/ uhdo0ydoxhg surfhvv f vdwlvi|lqj
U W

3
fwgw ? 4

d=v= Dvvxplqj wkdw dw hdfk wlph w vdohv pxvw �qdqfh frqvxpswlrq dqg sxufkdvhv/ wkh zhdowk
surfhvv [{>�>f

w dvvrfldwhg wr dq lqyhvwphqw0frqvxpswlrq vwudwhj| +�> f,/ vdwlv�hv wkh iroorzlqj
htxdwlrq
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lv wkh T0Eurzqldq prwlrq iru +Iw,w5W
/ gh�qhg e| Z T

w � Zw .
U w

3
�vgv iru doo w

lq W1
Wkh djhqw*v suhihuhqfhv duh uhsuhvhqwhg e| d xwlolw| ixqfwlrq X iru frqvxpswlrq dqg whuplqdo

zhdowk jlyhq e|
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3

x +w> fw, gw . Y +[,

&

=

Zh lqwurgxfh wkh irooorzlqj qrwdwlrqv1 Zh vd| wkdw d ixqfwlrq I = U�
. $ U vdwlv�hv surshuw|

+S4, li lw lv ri fodvv F4/ vwulfwo| lqfuhdvlqj dqg vwulfwo| frqfdyh> +S5, li lw vdwlv�hv Lqdgd*v
frqglwlrqv/ l1h1 I 3+3, @ 4 dqg I 3+4, @ 3> +S6 +n4> n5> �,, li I +{, � n4 . n5{� zkhuh � ?

4> n4 A 3 dqg n5 A 3= Iru +�> n4> n5, 5 +3> 4, �
�

U
�
.

�5
> zh lqwurgxfh wkh iroorzlqj frqglwlrq1

Frqglwlrq +X+n4> n5> �,, = Y dv zhoo dv x +w> �, > iru doo w> vdwlvi| surshuwlhv +S4,> +S5,> +S6 +n4> n5> �,,
dqg x = W � U�

. $ U lv frqwlqxrxv4 1
Xqghu X+n4> n5> �,> zh vkdoo ghqrwh e| xf +w> �, wkh ghulydwlyh ri x +w> �, dqg e| LY dqg Lx +w> �,

wkh lqyhuvh ixqfwlrqv ri Y 3 dqg xf +w> �,1 Wkhvh ixqfwlrqv duh reylrxvo| frqwlqxrxv dqg vwulfwo|
ghfuhdvlqj1

Vlqfh wkh djhqw lv hqgrzhg zlwk wkh lqlwldo fdslwdo { A 3/ dqg wkhuh lv qr h{rjhqrxv hqgrz0
phqw gxulqj wkh wudglqj shulrg W/ klv sureohp +S, lv wkhq

vxs
+�>f,5D+{,

X +f> [{>�>f
W ,

zkhuh zh ghqrwh e| D +{, wkh vhw ri lqyhvwphqw0frqvxpswlrq vwudwhjlhv +�> f, vxfk wkdw [{>�>f
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iru doo w 5 W dqg H
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U W

3
x� +w> fw, gw . Y� +[{>�>f

W ,
l

? 41

Ohw xv uhfdoo wkh iroorzlqj fodvvlfdo fkdudfwhul}dwlrq ri wkh rswlpdo vwudwhj|/ vhh h1j1 Ndudw}dv
+4<;<,1

Sursrvlwlrq 5141 Xqghu wkh frqglwlrq +X+n4> n5> �,,> wkhuh h{lvwv d xqltxh rswlpdo lqyhvwphqw0
frqvxpswlrq vwudwhj| +��> f�, fkdudfwhul}hg e| wkh h{lvwhqfh ri d pxowlsolhu �� A 3 vxfk wkdw

�� �Pw @ xf +w> f�
w , w 5 W +516,
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4 Qrwlfh wkdw surshuw| E��� zdv lqwurgxfhg iru xwlolw| ixqfwlrqv lq Ndudw}dv hw do1 +4<<4/ frqglwlrq +807,,1
Qrwh wkdw li � vdwlv�hv E��� dqg E�2� dqg li �E"� : f/ wkhq surshuw| E��� lv zhdnhu wkdq hdfk ri wkh vxevhtxhqw
dvvhuwlrqv

4, Wkhuh lv %f : fc k 	 � dqg q : �c vxfk wkdw L �Eq%� 	 kL �E%�c iru % : %fc +Ndudw}dv hw do1 +4<<4,,/
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Ohw xv qrz frqvlghu d vhtxhqfh ri xwlolw| ixqfwlrqv +xq> Y q,q5Q
frqyhujlqj srlqwzlvh wr

+x4> Y 4,1
Zh pdnh wkh iroorzlqj jurzwk dvvxpswlrq1

Dvvxpswlrq +D4, = Wkh xwlolw| ixqfwlrqv +xq> Y q,q5Q^i4j vdwlvi| frqglwlrq +X+n4> n5> �,, iru

wkh vdph +n4> n5> �,=
Ohw xv ghqrwh e| +�q> fq, > +uhvs1 +�4> f4,,> wkh rswlpdo vroxwlrq ri wkh sureohp Sq gh�qhg

e| +xq> Y q, +uhvs1 S4 gh�qhg e| +x4> Y 4,, dqg ohw xv ghqrwh e| i[q
w > w 5 Wj dqg i[4

w > w 5 Wj
wkh dvvrfldwhg zhdowk surfhvvhv1

Rxu dlp lv wr vwxg| urexvwqhvv surshuwlhv ri wkh rswlpdo frqvxpswlrq dqg zhdowk/ dv zhoo dv
ri wkh rswlpdo lqyhvwphqw vwudwhj| zlwk uhvshfw wr wkh xwlolw| ixqfwlrq/ dqg zh vkdoo wkhuhiruh
vwxg| wkh frqyhujhqfh ri +�q> fq> [q,q5Q=

Zh vkdoo ghqrwh e| �q +uhvs1 �4, wkh pxowlsolhu dvvrfldwhg zlwk Sq +uhvs1 S4,1 Wkh sdshu
lv vwuxfwxuhg dv iroorzv1 Zh vwduw e| vwxg|lqj wkh frqyhujhqfh ri Lxq dqg LY q +Ohppd 515,/ wkhq
wkh frqyhujhqfh ri wkh vhtxhqfh +�q, ri pxowlsolhuv +Ohppd 517,1 Zh rewdlq lq Sursrvlwlrq +518,
frqyhujhqfh uhvxowv rq +fq, dqg +[q, dqg Sursrvlwlrq +519, vwxglhv wkh vshhg ri frqyhujhqfh1
Ilqdoo|/ Sursrvlwlrqv +51:,/ +51;,/ +51<, ghdo zlwk frqyhujhqfh uhvxowv rq wkh vhtxhqfh ri rswlpdo
sruwirolr srolflhv +�q, =

Ohppd 5151 Xqghu Dvvxpswlrq +D4,/

41 Wkh vhtxhqfhv +Lxq , dqg +LY q , frqyhujh uhvshfwlyho| wr Lx4 dqg LY 4 =

51 Wkhuh h{lvw srvlwlyh uhdo qxpehuv N4/ N5 dqg � vxfk wkdw iru doo q 5 Q^ i4j > Lxq +w> �,
iru doo w dqg LY q vdwlvi| surshuw| +S6 +N4> N5> ��,, =

Surri 4, Ohw { 5 U
�
./ |q @ LY q +{, dqg | @ LY 4+{,= Ohw % A 3 eh jlyhq1 E| vwulfw prqrwrqlflw|/

zh kdyh +Y 4,3 +| � %, A { dqg +Y 4,3 +| . %, ? {= Vlqfh wkh ixqfwlrqv Y q duh frqfdyh> F4 dqg
frqyhujh srlqwzlvh wr Y 4/ lw lv zhoo0nqrzq wkdw +Y q,3 frqyhujhv wr +Y 4,3 dqg wkh frqyhujhqfh
lv xqlirup rq frpsdfw vxevhwv ri U

�
. +vhh h1j1 Urfndihoodu Wk1 581:/ s157;,1 Wkhuhiruh/ iru

q vx!flhqwo| odujh/ zh kdyh +Y q,3 +| � %, A { dqg +Y q,3 +| . %, ? { dqg frqvhtxhqwo| |q 5
+| � %> | . %,=

5, E| frqfdylw|/ zh kdyh +Y q,3 +|, � +Y q,+|,�Y q+4,
|�4 iru | � 4/ wkhq +Y q,3 +|, � n5|�

|�4 .
n4�Y q+4,

|�4 = Vlqfh Y q +4, frqyhujhv wr Y 4 +4,/ wklv vhtxhqfh lv erxqghg/ dqg wkhuh h{lvw srvlwlyh
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3
+|, � n5|�

|�4 . n6

|�4 �

n7|��41 Wklv ohdgv wr LY q +|, �
�

|
n7

�
4

��4

iru | 5 `3> n8` zkhuh n8 @ 5��4n71 Vlqfh LY q lv

qrqlqfuhdvlqj/ zh kdyh LY q +|, � LY q +n8, iru | � n8 dqg wkh frqyhujhqfh ri LY q +n8, wr LY 4 +n8,
jlyhv xv wkh frqfoxvlrq1

Zh vkdoo qhhg wkh qh{w whfkqlfdo ohppd1

Ohppd 5161 Iru dq| uhdo qxpehu o/ vxsw5W
H

k

�P o
w

l

? 41

Surri Wklv uhvxow lv vwdqgdug lq rxu �Ndudw}dv0olnh� iudphzrun1

Ohppd 5171 Xqghu Dvvxpswlrq +D4,/ wkh vhtxhqfh +�q, frqyhujhv wr �4=
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*q +|, ? 4 iru doo | 5 U
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Wkhruhp jlyh xv wkh frqwlqxlw| ri wkh uhdo0ydoxhg ixqfwlrq *q iru doo q=
Wkh vdph grplqdwhg frqyhujhqfh dujxphqw jlyhv xv wkh frqyhujhqfh ri *q wr *4= Doo wkhvh

ixqfwlrqv duh frqwlqxrxv dqg +vwulfwo|, ghfuhdvlqj/ frqvhtxhqwo| +*q,�4 frqyhujhv wr +*4,�4 dv

lq wkh surri ri Ohppd 515 dqg �q @ +*q,
�4

+{, frqyhujhv wr �4 @ +*4,
�4
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Sursrvlwlrq 5181 Xqghu Dvvxpswlrq +D4,/ wkh vhtxhqfhv +[q
w , dqg +fq

w , frqyhujh doprvw
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wkh xqlirup frqyhujhqfh rq dq| frpsdfw vxevhw ri U

�
. +e| Glql*v Wkhruhp, zklfk jlyhv xv wkh

doprvw vxuh frqyhujhqfh ri [q
W wr [4

W = Dqdorjrxvo|/ zh rewdlq wkh doprvw vxuh frqyhujhqfh ri
fq

w wr f4
w =

Iru w 5 W> [q
w @ 4

�Pw
Hw

k

�PW [q
W .

U W

w
�Pvfq

v gv
l

= Wkh udqgrp yduldeoh �PW [q
W frqyhujhv

doprvw vxuho| wr �PW [4
W dqg lv grplqdwhg e| N4

�PW . N5���� �P4��
W zkhuh �� lv d srvlwlyh orzhu

erxqg iru wkh vhtxhqfh +�q, = Zh kdyh wkhq wkh doprvw vxuh frqyhujhqfh ri 4
�Pw

Hw

k

�PW [q
W

l

wr

4
�Pw

Hw

k

�PW [4
W

l

= Ehvlghv/ wkh udqgrp yduldeoh �Pfq frqyhujhv doprvw vxuho| wr �Pf4 dqg lv
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Lw rqo| uhpdlqv wr suryh wkh Os�frqyhujhqfh ri [q
w wr [4

w = Zh kdyh

m[q
w m �

�

�

�

�

�

Hw

%

�PW

�Pw

�

N4 . N5

�

�� �PW

���
�

&�

�

�

�

�

.

�

�

�

�

�

Hw

%

] W

w

�Pv

�Pw

�

N4 . N5

�

�� �Pv

���
�

gv

&�

�

�

�

�

5 Zkhuh dv xvxdo/ bW ghqrwhv Ohehvjxh*v phdvxuh uhvwulfwhg wr wkh Eruho vljpd0�hog �W�

8



Ohw xv suryh wkdw Hw

�

U W

w

�Pv

�Pw
N5

�

�� �Pv

���

gv

�

lv lq Os= Wkh rwkhu whupv fdq eh vlploduo| kdqgohg1

Zh kdyh iru s � 4>

H

#%

Hw

%

] W

w

�Pv

�Pw

N5

�

�� �Pv

���

gv

&&s$

� H

#

Hw

%

] W

w

#

�Pv

�Pw

N5

�

�� �Pv

���
$s

gv

&$

� Ns
5 ����s

] W

w

H

#

�P
+4��,s
v

�Ps
w

$

gv

� Ns
5 ����sH

�

�P�5s
w

�4@5
] W

w

H
�

�P5+4��,s
v

�4@5

gv

� W Ns
5 ����sH

�

�P�5s
w

�4@5

vxs
v5W

H
�

�P5+4��,s
v

�4@5

>

zklfk hqgv wkh surri1
Wkh qh{w sursrvlwlrq jlyhv dq huuru hvwlpdwh iru wkh suhylrxv frqyhujhqfh1 Zh lqwurgxfh wkh

iroorzlqj
Dvvxpswlrq +D5, = Iru doo q 5 Q^ i4j > wkh xwlolw| ixqfwlrqv Y q dv zhoo dv xq+w> �,> iru doo w>
duh ri fodvv F6 dqg kdyh d frqyh{ ghulydwlyh1

Sursrvlwlrq 5191 Xqghu Dvvxpswlrqv +D4, dqg +D5,/ li wkhuh h{lvw frqwlqxrxv ixqfwlrqv K +w> �,
dqg N = U $ U dqg wzr srvlwlyh vfdoduv �4 dqg �5 iru zklfk/ iru doo +w> }> q, 5 W � U � Q

�4

q
K +w> }, � mLxq +w> }, � Lx4 +w> },m �

�5

q
K +w> },

�4

q
N +}, � mLY q +}, � LY 4 +},m �

�5

q
N +},

wkhq wkhuh h{lvw udqgrp yduldeohv O dqg +Qw,w5W
vxfk wkdw iru doo +w> q, 5 W � Q zh kdyh

m[q
W � [4

W m �
4

q
O

mfq
w � f4

w m �
4

q
Qw=

Surri1 Qrwlfh �uvw wkdw xqghu Dvvxpswlrq +D5, wkh ixqfwlrq *4 dgplwv d ghulydwlyh +*4,31
Lqghhg/ lw lv hdv| wr vhh wkdw vlqfh LY 4 lv frqyh{ xqghu Dvvxpswlrq +D5,/ zh kdyh L 3

Y 4 +{, �
LY 4 +{,�LY 4 +{@5,

{@5 � � N4.N5+{@5,��

{@5 vr wkdw wkhuh h{lvw srvlwlyh frqvwdqwv N3
4 dqg N3

5 iru zklfk

mL 3
Y 4 +{,m � N3

4{�4 . N3
5{���4 +518,

Dq dqdorjrxv lqhtxdolw| fdq eh vlploduo| rewdlqhg iru L 3
x4 +w> �,/ dqg wkh gl�huhqwldelolw| ri *4

vwhpv wkhq iurp Ohehvjxh*v Wkhruhp dqg Ohppd +5=6, = Pruh suhflvho|/ iru doo | 5 U
�
./ zh kdyh

+*q,
3
+|, @ H

%

] W

3

�P 5
w L 3

xq+w> | �Pw,gw . �P5
W L 3

Y q +| �PW ,

&

>

9



zklfk grhv qrw ydqlvk xqghu Dvvxpswlrq +D5, =
Ohw xv hvwlpdwh m�q � �4m1 Zh kdyh

m*q +|, � *4 +|,m @

�

�

�

�

�

H

%

] W

3

�Pw

�

Lxq

�

w> | �Pw

�

� Lx4

�

w> | �Pw

��

gw

. �PW

�

LY q

�

| �PW

�

� LY 4

�

| �PW

��l�

�

�

�
�5

q
H

%

] W

3

�PwK
�

w> | �Pw

�

gw . �PW N
�

| �PW

�

&

=

Lw vx!fhv wr uhpdun wkdw �PW N
�

| �PW

�

� q 4
�4

�PW

�

�

�
LY q

�

| �PW

�

� LY 4

�

| �PW

��

�

�
dqg wkdw �PwK

�

w> | �Pw

�

fdq eh erxqghg iurp deryh vlploduo| wr rewdlq wkurxjk Ohppdv +5=5, dqg +5=6, wkh lqwhjudelolw|
ri wkh uljkw whup zklfk zh vkdoo ghqrwh e| 4

q M+|,=

Ohw xv qrz suryh wkh h{lvwhqfh ri d frqvwdqw E vxfk wkdw m�q � �4m � E
q iru doo q= Vxssrvh

wkdw wklv dvvhuwlrq lv qrw wuxh> wklv phdqv wkdw iru doo srvlwlyh frqvwdqw E> wkhuh h{lvwv q A E
vxfk wkdw m�q � �4m A E

q =

Zh nqrz wkdw
�

�

�
{ � *4

�

+*q,
�4

+{,
��

�

�
� 4

q M
�

+*q,
�4

+{,
�

dqg wkhq

�

�+*4,
3
+{q,

�

� @

�

�

�
{ � *4

�

+*q,�4 +{,
��

�

�

�

�

�
+*4,

�4
+{, � +*q,

�4
+{,

�

�

�

?
M

�

+*q,�4 +{,
�

E

zkhuh {q lv d jlyhq hohphqw ehwzhhq +*q,
�4

+{, dqg +*4,
�4

+{, = Ohw E jr wr lq�qlw|/ wkhq

+*q,�4 +{, dqg {q jr wr +*4,�4 +{, dqg +*4,3 ++*4,�4 +{,, lv wkhq htxdo wr }hur zklfk frqwud0
glfwv Dvvxpswlrq +D5, =

Zh kdyh

m[q
W � [4

W m @
�

�

�
LY q

�

�q �PW

�

� LY 4

�

�4 �PW

��

�

�

� M4
q . M5

q

�
�5

q
N

�

�q �PW

�

. mL 3
Y 4 +Fq,m m�q � �4m �PW

�
�5

q
N

�

�q
�PW

�

.
�

�L 3
Y4

+Fq,
�

�

4

q
E �PW

�
4

q
K

iru M4
q �

�

�

�
LY q

�

�q �PW

�

� LY 4

�

�q �PW

��

�

�
dqg M5

q �
�

�

�
LY 4

�

�q �PW

�

� LY 4

�

�4 �PW

��

�

�
= Qrz/ e|

dvvxpswlrq/ M4
q � �5

q N
�

�q �PW

�

� 4
q N/ zkhuh N lv wkh d=v= �qlwh udqgrp yduldeoh jlyhq e|

N � vxsq N
�

�q �PW

�

= Rq wkh rwkhu kdqg/ li zh lqwurgxfh iru doo q vxfk wkdw �q 9@ �4 wkh

udqgrp yduldeoh Fq �
LY 4 +�q �PW ,�LY 4 +�4 �PW ,

+�q��4, �PW
/ wkhq M5

q @ mFqm m�q � �4m �PW � mFqm 4
q E �PW �

:



4
q O/ iru O � vxsq mFqm E �PW 1 Qrwlfh wkdw vlqfh vxsq mFqm �

�

�

�
L 3

Y4

�

� �PW

��

�

�
/ iru �� lqi �q/ wkh

udqgrp yduldeoh O lv d=v= �qlwh1
Wkh vhtxhqfh +fq, lv wuhdwhg dqdorjrxvo|1
Zh qrz frqvlghu urexvwqhvv surshuwlhv ri wkh rswlpdo sruwirolr srolf|/ ru htxlydohqwo| frq0

yhujhqfh lvvxhv iru wkh vhtxhqfh ri surfhvvhv +�q,1

Sursrvlwlrq 51:1 Wkh vhtxhqfh +�q, frqyhujhv wr � lq O4+ � W> I  EW> S  �W,

Surri Iluvw uhpdun wkdw
�

���4
�

� lv xqlirupo| erxqghg1 Vlqfh

g

�

[{>�>f
w

V3
w

�

@ �

�

fv

V3
v

�

gv .
4

V3
v

+�v,
�

�vgZ T
v

zh jhw e| Lwr*v lvrphwu|/ wkdw

HT

%

] W

3

�

+�q
v � �4

v , �v

V3
v

�5

gv

&

@ HT

5

7

#

[q
W � [4

W

V3
W

.

] W

3

fq
v � f4

v

V3
v

gv

$5
6

8 =

Zh nqrz wkdw [q
W frqyhujhv wr [4

W lq O5 +T, +vhh Sursrvlwlrq 518 dqg Ohppd 516,1 Ehvlghv
U W

3
fq

v gv frqyhujhv wr
U W

3
f4

v gv lq O5 +T, ru htxlydohqwo| HT

�

�

U W

3
+fq

v � f4
v , gv

�5
�

$ 31 Wklv

vwhpv iurp Mhqvhq*v lqhtxdolw| dqg wkh idfw wkdw wkh udqgrp yduldeoh fq frqyhujhv doprvw vxuho|
wr f4 dqg lv grplqdwhg e| N4 . N5���� �P�� zklfk lv lq O5+ � W> I  EW> T  �W, e| Ixelql*v
Wkhruhp dqg Ohppd 5161 Zh kdyh wkhq wkh frqyhujhqfh ri +�q, wr � lq O5+�W> I EW> T�W,=
Kùoghu*v lqhtxdolw| frqfoxghv wkh surri1

Lq rughu wr rewdlq doprvw vxuh frqyhujhqfh uhvxowv rq wkh rswlpdo sruwirolrv/ zh vkdoo frqvlghu
wzr vshfl�f fdvhv/ wkh prgho zlwk ghwhuplqlvwlf frh!flhqwv dqg wkh Pdunryldq prgho1 Zh
lqwurgxfh wkh iroorzlqj
Dvvxpswlrq +D5, = Wkh xwlolw| ixqfwlrqv Y q dv zhoo dv xq+w> �,> iru doo w> duh ri fodvv F6 dqg
kdyh d frqyh{ ghulydwlyh1

Sursrvlwlrq 51;1 Zkhq wkh frh!flhqwv u> � dqg � duh ghwhuplqlvwlf/ dqg xqghu +D4, dqg
+D5,/ wkh vhtxhqfh +�q

w , frqyhujhv wr �4
w doprvw vxuho|/ iru doo w=

Surri Zh nqrz wkdw lq wklv vhwwlqj +Ndudw}dv +4<;<,,/ wkh rswlpdo lqyhvwphqw vwudwhj| lv jlyhq
e|

�q
w @ �

�

�w +�w,
���4

+�w � uw4p, �q �Pw
C

C|

�

�

�

�

�q

Hw

%

] W

w

�Pv

�Pw

Lxq +v> |
�Pv

�Pw

,gv .
�PW

�Pw

LY q +|
�PW

�Pw

,

&

=

Vlqfh LY q lv frqyh{/ zh kdyh L 3
Y q +{, � LY q +{,�LY q +{@5,

{@5 � � N4.N5+{@5,��

{@5 vr wkdw

mL 3
Y q +{,m � N3

4{�4 . N3
5{���4 +519,

;



dqg wkhq iurp Ohppd 516

�q
w @ �

�

�w +�w,
���4

+�w � uw4p, �q �P�4
w Hw

%

] W

w

�P5
v L 3

xq +v> �q
�Pv

�Pw

,gv . �P5
W L 3

Y q +�q
�PW

�Pw

,

&

=

Vlqfh wkh ixqfwlrqv LY q duh frqyh{> F4 dqg frqyhujh srlqwzlvh wr LY 4 / zh kdyh dv suhylrxvo|
wkh xqlirup frqyhujhqfh ri +LY q ,3 wr +LY 4 ,3 rq frpsdfw vxevhwv ri U

�
./ khqfh wkh doprvw vxuh

frqyhujhqfh ri �P5
v L 3

xq +v> �q �Pv

�Pw
, dqg �P5

W L 3
Y q +�q �PW

�Pw
, wr �P 5

v L 3
x4+w> �4 �Pv

�Pw
, dqg �P 5

W L 3
Y 4 +�4 �PW

�Pw
,

uhvshfwlyho|1 Qrz/ Ohehvjxh*v Wkhruhp dqg Lqhtxdwlrq 519 jlyh xv wkh doprvw vxuh frqyhujhqfh
ri �q

w wr �4
w 1

Zh qrz frqvlghu d Pdunryldq prgho/ l1h1/ wkh frh!flhqwv uw> �w dqg �w fdq eh zulwwhq lq wkh
irup u +w> Vw, > � +w> Vw, dqg � +w> Vw, iru ixqfwlrqv u = U. � U

p $ U/ � = U. � U
p $ U

p dqg

� = U. � U
p $ U

p5

=
Ohw xv lqwurgxfh dv lq Fr{ dqg Kxdqj +4<;<, wkh ixqfwlrqv I q gh�qhg e|

I q +w> ]q
w > Vw, � ]q

w H

%

] W

w

+]q
v ,

�4
Lxq

�

v> +]q
v ,

�4
�

gv . +]q
W ,

�4
LY q

�

+]q
W ,

�4
�

m +]q
w > Vw,

&

zkhuh ]q � 4
�q

�P
lv wkh surfhvv gh�qhg e|

g]q
w @

�

uw . n�wn5 ]q
w

�

gw � �w]q
w gZw> ]q

3 @
4

�q
�P3

Zkhq wkh ixqfwlrq I q lv wzlfh frqwlqxrxvo| gl�huhqwldeoh/ wkhq zh nqrz e| Fr{ dqg Kxdqj
+4<;</ Wkhruhp 514, wkdw wkh rswlpdo lqyhvwphqw vwudwhj| lv jlyhq e|

�q
w @ gldjVwI

q
v +w> ]q

w > Vw, . +�w�
�
w ,�4 ^�w � uw4p` ]q

w I q
} +w> ]q

w > Vw, =

Lq rughu wr frpsxwh I q
v dqg I q

} > zh lqwurgxfh wkh ixqfwlrq i jlyhq e| i+|, @ �4@| iru
| � �4 dqg i+|, @ |5 . 6| . 6 iru | � �4/ wkh surfhvv \ q @ i�4+]q, dqg wkh iroorzlqj
dx{loldu| ixqfwlrq

Jq +w> \ q
w > Vw, � i+\ q

w ,H

5

7

] W

w

Lxq

�

v> ii+\ q
v ,j�4

�

i+\ q
v ,

gv .
LY q

�

ii+\ q
W ,j�4

�

i+\ q
W ,

m +\ q
w > Vw,

6

8

Lq wkh qh{w i�4 zloo eh ghqrwhg e| j dqg zh kdyh j+}, @ �4@} iru 3 ? } � 4 dqg j+}, @
�6.

s
7}�6

5 iru } � 4= Qrwh wkdw i dqg j duh F5 dqg wkh surfhvv +\ q
w , vdwlv�hv wkh iroorzlqj

vwrfkdvwlf gl�huhqwldo htxdwlrq

g\ q
w @

�

j3 +i +\ q
w ,, i +\ q

w ,
�

n�wn
5

. uw

�

.
4

5
j33 +i +\ q

w ,, n�wn
5

i +\ q
w ,

5

�

gw

�j3 +i +\ q
w ,, i +\ q

w , �wgZw= +51:,

Vlqfh I q +w> +}> v,, @ Jq +w> +j+},> v,, > wkh �uvw dqg vhfrqg rughu ghulydwlyhv ri I q +w> +}> v,,
fdq eh gluhfwo| rewdlqhg iurp wkh ghulydwlyhv ri Jq +w> +j+},> v,, zlwk I q

v +w> +}> v,, @ Jq
v +w> +j+},> v,,

dqg I q
} +w> +}> v,, @ Jq

} +w> +j+},> v,, j3+},=

<



Lw lv hdv| wr suryh wkdw vkxq = | $ ii+|,j�4 Lxq

�

v> ii+|,j�4
�

dqg kY q = | $ ii+|,j�4 LY q

�

ii+|,j�4
�

dv zhoo dv wkhlu �uvw ghulydwlyhv kdyh d sro|qrpldo jurzwk1 Li zh ixuwkhu dvvxph wkdw/ iru doo
q> wkhuh h{lvw srvlwlyh uhdo ydoxhg ixqfwlrqv gh�qhg rq W/ dq> eq> �q dqg �q vxfk wkdw/ iru doo
{ A 3> zh kdyh

+D6,

+

L 33
xq +w> {, � dq+w,

{�q+w, . eq+w,{�q+w,> w 5 W

L 33
Y q +{, � dq+W ,

{�q+W , . eq+W ,{�q+W ,

wkhq wkh sro|qrpldo jurzwk surshuw| lv dovr lqkhulwhg e| wkh vhfrqg ghulydwlyhv ri vkxq dqg
kY q 1

Ohw xv qrz zulwh 514/ 515 dqg 51: frpsdfwo| dv iroorzv

g[w @ �[+w> [w,gw . �[+w> [w,gZw

zkhuh [w @
�

V3
w > Vw> \w

�

dqg ohw xv dvvxph

+D7,

;

A

?

A

=

m�[+w> {,m5 . m�[+w> {,m5 � O+4 . m{m5,

;U> <FU> ; m{m > m{3m � U> m�[+w> {, � �[+w> {3,m
5

. m�[+w> {, � �[+w> {3,m
5

� FU m{ � {3m5

m�[+w . k> {, � �[+w> {,m
5

. m�[+w . k> {, � �[+w> {,m � O+4 . m{m
5
,n+k,> n � 3> n $

k$3
3=

Qrwh wkdw +D7, lv zhdnhu wkdq wkh iroorzlqj =
+D

3
7, = wkh ixqfwlrqv u+w> v,> �+w> v, dqg �+w> v, duh frqwlqxrxvo| gl�huhqwldeoh zlwk uhvshfw wr v

dqg wkh idplolhv ri ixqfwlrqv iu+�> v,jv > i�+�> v,jv dqg i�+�> v,jv duh xqlirupo| htxlfrqwlqxrxv1
Iroorzlqj Jlkpdq dqg Vnrurkrg/ +4<:5/ Ohppd 5/ s5<6, wkh ixqfwlrq Jq lv wkhq gl�huhq0

wldeoh dqg lwv gl�huhqwldo fdq eh frpsxwhg e| gl�huhqwldwlqj xqghu wkh lqwhjudo vljq1
Vlpsoh frpsxwdwlrqv jlyh wkhq

I q
} +w> ]q

w > Vw, @ �H

%

] W

w

�5
q

�P 5
v L 3

xq

�

v> �q
�Pv

�

gv . L 3
Y q

�

�q
�PW

�

�5
q

�P5
W m +]q

w > Vw,

&

I q
v +w> ]q

w > Vw, @ �
4
�Pw

H

%

] W

w

C �Pv

CVw

k

�q
�PvL 3

xq

�

w> �q
�Pv

�

. Lxq

�

w> �q
�Pv

�l

gv

.
C �PW

CVw

k

�q
�PW L 3

Y q

�

�q
�PW

�

. LY q

�

�q
�PW

�l

m
�

�Pw> Vw

�

&

Zkhq I q lv wzlfh frqwlqxrxvo| gl�huhqwldeoh/ lw vx!fhv wr suryh wkh d1v1 frqyhujhqfh ri
I q

v +w> ]q
w > Vw, dqg I q

} +w> ]q
w > Vw, wr rewdlq wkh d1v1 frqyhujhqfh ri �q

w 1 Dv lq wkh surri ri Sursr0
vlwlrq 51:/ zh jhw wkh frqyhujhqfh ri I q

} 1 Iru wkh frqyhujhqfh ri I q
v / zh xvh dv suhylrxvo| wkh do0

prvw vxuh frqyhujhqfh ri C �Pv

CVw

k

�q
�PvL 3

xq

�

w> �q
�Pv

�

. Lxq

�

w> �q
�Pv

�l

dqg C �PW

CVw

k

�q
�PW L 3

Y q

�

�q
�PW

�

. LY q

�

�q
�P

Ohehvjxh grplqdwhg frqyhujhqfh Wkhruhp dqg wkh idfw wkdw C �PW

CVw
lv lq O51
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Uhihuhqfhv

^4` Fr{/ M1 F1 dqg F10I1 Kxdqj/ 4<;</ Rswlpdo frqvxpswlrq dqg sruwirolr srolflhv zkhq dvvhw
sulfhv iroorz d gl�xvlrq surfhvv/ Mrxuqdo ri Hfrqrplf Wkhru|/ 7</ 660;61

^5` Fylwdqlf/ M1 dqg L1 Ndudw}dv/ 4<<9/ Khgjlqj dqg sruwirolr rswlpl}dwlrq xqghu wudqvdfwlrq
frvwv= D pduwlqjdoh dssurdfk/ Pdwkhpdwlfdo Ilqdqfh/ 9/ 46604981

^6` Jlkpdq/ L1 dqg D1 Vnrurkrg/ 4<:5/ �Vwrfkdvwlf gl�huhqwldo htxdwlrqv�/ Vsulqjhu0Yhuodj/
Qhz0\run1

^7` Judvvhool/ P1> 5334/ �Shqvlrq ixqgv = d pdwkhpdwlfdo �qdqfh dssurdfk�/ SkG wkhvlv/ Xql0
yhuvlwì gh Sdulv 41

^8` Ndudw}dv/ L1/ 4<;</ Rswlpl}dwlrq sureohpv lq wkh wkhru| ri frqwlqxrxv wudglqj/ VLDP Mrxu0
qdo ri Frqwuro dqg Rswlpl}dwlrq/ 5:/ 45540458<1

^9` Ndudw}dv/ L1/ Ohkrf}n|/ M1 S1 dqg V1H1 Vkuhyh/ 4<;:/ Rswlpdo sruwirolr dqg frqvxpswlrq
ghflvlrqv iru d �vpdoo lqyhvwru� rq d �qlwh krul}rq/ VLDP Mrxuqdo ri Frqwuro dqg Rswlpl}d0
wlrq/ 58/ 488:048;91

^:` Ndudw}dv/ L1/ Ohkrf}n|/ M1 S1/ Vkuhyh/ V1 H1 dqg J1 O1 [x/ 4<<4/ Pduwlqjdoh dqg gxdolw|
phwkrgv iru xwlolw| pd{lpl}dwlrq lq dq lqfrpsohwh pdunhw/ VLDP Mrxuqdo ri Frqwuro dqg
Rswlpl}dwlrq/ 58/ 488:048;91

^;` Nudpnry/ G1 dqg Z1 Vfkdfkhupd|hu/ 4<<</ Wkh dv|pswrwlf hodvwlflw| ri xwlolw| ixqfwlrqv
dqg rswlpdo lqyhvwphqw lq lqfrpsohwh pdunhw/ Dqqdov ri Dssolhg Suredelolw|/ </ <37 0 <831

^<` Phuwrq/ U1 F1/ 4<:4/ Rswlpxp frqvxpswlrq dqg sruwirolr uxohv lq d frqwlqxrxv0wlph prgho/
Mrxuqdo ri Hfrqrplf Wkhru|/ 6/ 6:607461

^43` Urfndihoodu/ U1 W1/ 4<:3/ �Frqyh{ dqdo|vlv�/ Sulqfhwrq Xqlyhuvlw| Suhvv/ Sulqfhwrq/ Qhz0
Mhuvh|1
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