N

N

Steady-State Labor Supply Elasticities: An International
Comparison
Olivier Bargain, Andreas Peichl

» To cite this version:

Olivier Bargain, Andreas Peichl. Steady-State Labor Supply Elasticities: An International Compari-
son. 2013. halshs-00805744

HAL Id: halshs-00805744
https://shs.hal.science/halshs-00805744

Preprint submitted on 28 Mar 2013

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://shs.hal.science/halshs-00805744
https://hal.archives-ouvertes.fr

aimse

alX marseille

school of economics

Working Papers / Documents de travail

Steady-State Labor Supply Elasticities:
An International Comparison

Olivier Bargain
Andreas Peichl

WP 2013 - Nr 22

. . LECO £E A
Aix:-Marseille ; ! Py
( université A et %




Steady-State Labor Supply Elasticities:
An International Comparison®

Olivier Bargain and Andreas Peichl
March 27, 2013

Abstract

This note provides an extensive survey of studies estimating steady-state labor supply
elasticities for Western Europe and the US. Differences are driven by the heterogeneity
in work preferences across countries and by methodological difference across studies
(data, selection or model estimation and specification). While the former exists but is
shown to be relatively small (Bargain et al., 2013), we focus here on modeling choices:
Large elasticities are mainly found in studies estimated in the 1980s and relying on the
Hausman approach. More recent estimates based on discrete-choice models with tax-
benefit simulations show smaller and more similar estimates across countries. While
we confirm that elasticities decline over time in the US, there is some evidence that

both time effect and modeling choices affect estimates for Europe.
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1 Introduction

Static models of labor supply are very useful to predict ex ante the effect of tax-benefit policy
reforms or more generally to provide an order of magnitude of the short-term response to
financial incentives. Responsiveness is often summarized by a measure of what Chetty et al.
(2011) refer to as "steady-state elasticities", i.e. wage or income elasticities of labor market
participation or worked hours stemming from a static framework. These estimates are useful
in many contexts, for instance to calibrate an optimal tax model, and in principle, they
allow comparing labor supply responses across countries. However, many factors may affect
the differences in the size of elasticities across studies. The variation in magnitude of labor
supply elasticities found in the literature is huge (see Evers et al., 2008), and there is little
agreement among economists on the elasticity size that should be used in economic policy
analyses (Fuchs et al., 1998).

Several excellent surveys report evidence on elasticities for different countries and different
periods. Those written in the 1980s mainly focus on estimations using the continuous labor
supply model of Hausman (1981) and provide evidence essentially for individuals in couples
(Hausman, 1985b, Pencavel, 1986, for married men, Killingsworth and Heckman, 1986, for
married women). More recent surveys incorporate some evidence from recent methods (see
Blundell and MaCurdy, 1999; Meghir and Phillips, 2008) or focus on life-cycle models (Keane,
2011; Keane and Rogerson, 2012; McClelland and Mok, 2012). Most of these surveys mainly
summarize the available evidence for the US and the UK. Evers et al. (2008) suggest a
meta-analysis based on estimates for different Western countries, focusing essentially on
those obtained with the traditional Hausman approach.

This note attempts to compare (more) broadly the international evidence on steady-state
labor supply elasticities. We collect old and recent estimates for Europe and the US, cov-
ering the studies based on the Hausman method, more recent ones based on discrete-choice
structural models and, when available, estimates drawn from natural experiments.! We ac-
knowledge that differences across studies can be driven by differences in work preferences
across countries and by methodological differences (data selection and period of investigation,

'We focus on labor supply decisions (hours and participation). Hence, we ignore the other margins that
are captured in the literature on the elasticity of taxable income (see Meghir and Phillips, 2008, and Saez
et al., 2012, for surveys). Arguably, these other margins partly relate to responses not directly pertaining
to productive behavior, like tax evasion and tax optimization. In this regard, hours of work still constitute
an interesting benchmark. Another margin is work effort that may affect wage rates. In the short run,
however, hours and participation are the only variables of adjustment for a large majority of workers. We
also leave aside the macroeconomic literature, in which elasticities are often obtained by calibration of
general equilibrium models. These elasticities are much larger than in microeconomic studies (e.g., Prescott,
2004). Several reasons have been suggested for this: the use of representative agents and difficulties around
aggregation theory when heterogeneity matters (see Blanchard, 2006), the existence of a social multiplier
whereby the utility from not working is increasing in the number of people who do not work (see Alesina
et al., 2005), and factors related to the timing and the nature of labor supply adjustments (Chetty et al.,
2011).



estimation method and model estimation and specification, etc.). Measuring international
differences in consumption-leisure requires using a uniform approach for many countries.
This exercise, undertaken by Bargain et al. (2013) for the EU and the US, shows that
cross-country variation exists but is relatively small — at least smaller than what is expected
from comparing estimates in the literature. In the present companion paper, we therefore
focus on the other sources of difference across studies, namely modeling choices. To do so,
we compare 214 elasticity estimates resulting from 110 estimations, i.e. 86 estimations in 57

studies on married men and women and 24 studies on single individuals (with or without

children).

Our survey substantially completes previous reviews on static labor supply models, which,
as stated above, concentrate mainly on evidence from the Hausman model, for the 1980s and
1990s and for Anglo-Saxon countries. Our results go as follows. First, we broadly confirm the
modest consensus reached in the literature, establishing that own-wage elasticities are largest
for married women, smaller for men. Recent studies confirm these findings but not negative
elasticities for men as sometimes found in older studies. Estimates for men are generally
positive and small, with some exceptions (for instance Ireland and some German studies).
Some of the studies for the US and the UK, but not all, point to substantial elasticities
for single parents while estimates for childless singles are usually missing. Second, for each
demographic group, we observe a very large variance in estimates across all available studies.
This is partly due to the use of the Hausman approach, which seem to overstate elasticities
compared to what is found with more recent approaches and notably the use of discrete choice
models. The other main methodological factor behind different estimates is the time period.
For the US, we corroborate the findings of Heim (2007) and Blau and Kahn (2007), who
show, using a uniform approach for different periods, that married women’s wage-elasticities
decline over time. Given that the use of the Hausman method coincides with older studies,
it is nonetheless difficult to disentangle the two factors. Restricting our meta-analysis to
years of common support, we find evidence in favor of both explanations for Europe. This
means that the results of Heim and Blau and Kahn might be generalized to EU countries.
For the US, there is no clear evidence that estimation methods matter — in fact, estimates
from discrete choice modeling are missing for the long period and should be the subject of
future research.

The paper is organized as follows. In Section 2, we describe the various empirical approaches.
Section 3 reports the survey results. Section 4 concludes.

2 Methods: A Critical Review

The principal object of examination in this study is the size of wage and income elasticities
stemming from static labor supply models. Responsiveness to financial incentives in these
models has been identified in various ways. There is no generally agreed-upon standard



estimation approach and we provide here a brief critical review. A more technical and
comprehensive presentation of these methods and their identification strategies are provided
in Blundell and MaCurdy (1999) and Blundell et al. (2007).

Traditional estimation techniques rely on some functional specification of a labor supply func-
tion and the underlying consumption-leisure preferences. Estimation is then made through
local linearization of the budget constraint, accounting for the fact that after-tax wages
depend on the labor supply choice (Hall, 1973) or using more comprehensive techniques
(Hausman, 1981,1985a, 1985b). The approach relies on cross-section variation in working
hours and in the two main covariates, i.e. the after-tax wage and the virtual income (i.e.
the intercept of the linearized budget constraint). As a result, the main identification issue
is the endogeneity of wages and unearned income, which can be seen as an omitted variable
problem. Indeed, wages may be endogenous because unobservables affecting preferences for
work, e.g., being a hard-working person, may well be correlated with unobservables affecting
productivity and hence wages. Unearned income may be endogenous for similar reasons, i.e.
individuals who work harder because of unobserved preferences for work are also likely to
have accumulated more assets; if unearned income also represents income from the spouse,
positive assortative mating could imply that hard working individuals will tend to marry
similar persons, another reason for the endogeneity issue. Hence, estimates obtained from
cross-sectional variation in wages and nonlabor income across individuals are potentially bi-
ased. Instrumental variables methods have been suggested and the validity of the Hausman
approach hinges on whether the exclusion assumptions of the economic model hold. Also,
estimates are potentially contaminated by measurement errors from the division bias (cf.
Ziliak and Kniesner, 1999). In addition, a series of practical difficulties limit the applica-
tion of the method. First, relying on tangency conditions, the Hausman model is mainly
restricted to the case of piecewise linear and convex budget sets, i.e., a partial representation
of the effect of tax-benefit policies on household budget constraints. This limitation applies
equally to generalizations of the technique to non-parametric estimations (Blomquist and
Newey, 2002). To account for nonconvexities, as in Hausman (1985b) and Hausman and
Ruud (1984), labor supply must be specified parametrically together with the correspond-
ing direct utility function, which implies rather restrictive forms for preferences (see the
discussion in Van Soest and Das, 2001).2 Second, quasi-concavity of the utility function is
implicitly imposed a priori. As discussed by MaCurdy et al. (1990) and MaCurdy (1992),
the Hausman method thus requires global satisfaction of the Slutsky condition by the labor
supply function for internal consistency of the model, an unnecessary behavioral restriction

2 Another approach is the reconvexification of the budget set. For instance, to estimate the labor supply
of married women on 1985 French data, Bourguignon and Magnac (1990) use the Hausman technique and
eliminate minor nonconvexities by replacing the budget set by its convex envelope. This approach is not
possible for later years as the implementation of a minimum income scheme in 1988 has introduced high
nonconvexity in the budget constraint. Similar nonconvexities arise in all countries with substantial means-
tested transfers.



that may bias estimates (see a modern statement in Heim and Meyer, 2003, and Meghir and
Phillips, 2008). Third, the model makes it difficult to handle joint labor supply decisions
within a couple or participation decisions. Instead of non-participation following simply from
the corner solution of the model, fixed costs of work can be introduced, yet this additional
source of nonconvexity has to be dealt with and results seem to be very sensitive to the
model specification (see the discussion in Bourguignon and Magnac, 1990).

Instead of estimating a labor supply function, the discrete choice approach is based on
the concept of random utility maximization (see van Soest, 1995, or Hoynes, 1996, among
others). Thus, it requires the explicit parameterization of consumption-leisure preferences,
for utility to be evaluated at each discrete alternative. Tangency conditions need not be
imposed and the model is in principle very general. Labor supply decisions are reduced
to choosing among a discrete set of possibilities, e.g., inactivity, part-time and full-time.
This solves several problems encountered with the Hausman method. In particular, discrete
choice modeling includes non-participation as one of the options so that both extensive and
intensive margins are directly estimated. The complete effect of the tax-benefit system is
easily accounted for, even in the presence of nonconvexities in budget sets. Work costs, which
also create nonconvexities, are dealt with relatively easily. Estimated as model parameters
as in Callan et al. (2009) or Blundell et al. (2000), they usually improve the fit of these
models as they account for the fact that very few observations exist with a small positive
number of worked hours. Very few restrictions on preferences need to be imposed in discrete
choice models, notably because fixed costs of work cannot be disentangled from preference
parameters, so that it makes no sense to impose the convexity of preferences (see van Soest
et al., 2002, Heim and Meyer, 2003, Bargain, 2009). The only restriction to the model is the
imposition of increasing monotonicity in consumption, which seems a minimum requirement
for meaningful interpretation and policy analysis. Joint labor supply decision for couples
is a straightforward extension of the basic model in the discrete choice setting. Yet, many
applications still treat husbands’ working hours fixed at observed levels and focus on the
labor supply of women, i.e. a male chauvinist model (e.g., Bargain, 2009; such treatment
is typical in Hausman models, e.g. Killingsworth and Heckman, 1986). The implication of
such separable treatment of spouses’ labor supply choices is relatively unknown.

In the discrete choice approach, identification is mainly provided by nonlinearities, non-
convexities and discontinuities in the budget constraint due to tax-benefit rules (see the
discussion in Blundell et al., 2007, and Bargain et al., 2013). Precisely, individuals with the
same gross wage usually receive different net wages. Indeed, as they are characterized by
different circumstances (different marital status, age, family compositions, home-ownership
status, disability status) or levels of nonlabor income, their effective tax schedules are dif-
ferent, i.e., different actual marginal tax rates or benefit withdrawal rates. Arguably, some
of the conditioning characteristics (age, children) are also included as preference variables

in the model so that identification is essentially parametric. In practice, some exclusion



restrictions come naturally. Indeed, tax-benefit rules depend on characteristics which are
much more detailed than usual taste-shifters (e.g. benefit rules depending on detailed geo-
graphical information while preferences are assumed to depend only on urban versus rural
areas or on whether the household lives in the capital city). Additional, more convincing
sources of exogenous variation are also used in some studies. Closer to the natural experi-
ment method, these consist in time or regional variation in tax-benefit rules. For instance, in
the US, variation in income tax rules or in the parameters of the Earned Income Tax Credit
(EITC) across states is used in Eissa and Hoynes (2004) or Hoynes (1996). Time variation
in tax-benefit rules also provide a better identification when policy reforms occur over the

period under consideration, as discussed, e.g., in Bargain et al. (2013)

A third approach consists in using policy reforms explicitly in order to identify labor sup-
ply responses, without attempting to estimate a structural model (e.g., Eissa and Liebman,
1996). Natural experiments based on important tax-benefit reforms in the US and the UK
have been extensively used to identify behavioral parameters (see the survey of Hotz and
Scholz, 2003, for the US). For example, Eissa and Liebman (1996) use a difference-and-
difference approach to identify the impact of the EITC reforms on the labor supply of single
mothers. They find compelling evidence that single mothers joined the labor market in re-
sponse to increased financial incentives to work. There is less evidence for other countries
and notably for continental Europe so that structural models are still much in use.®> The
timing of response to such policy reforms or policy discontinuity is unclear. Nonetheless,
the implicit model that analysts have in mind when discussing the "next-morning" effect
of the policy impact is often a static one (cf. Lemieux and Milligan, 2008, or Bargain and
Doorley, 2011). This reduced-form approach is increasingly used because natural experi-
ments probably offer one of the most credible sources of identification. These studies do not
systematically report wage elasticities, however. They rather report labor supply elasticities
to benefit or tax rate changes. Thus, for comparability purposes, we could include only
a few of them in the present survey. Also, the fact that actual reforms — notably welfare
reforms in the US and the UK — typically affect couples or single women with children makes
that very little evidence is available for other demographic groups, in particular for child-
less single individuals. Regarding identification, the definition of control groups might be
an issue in difference-in-difference approaches. For instance, responses to EITC expansions
affecting single mothers were evaluated using childless women as control group, which may
not be ideal given different long-term trends in labor supply in the two groups (see Hotz and

3Things are changing in the recent period. For France, for instance, some studies have recently used tax-
benefit changes to evaluate the responsiveness of the labor force, including the introduction of a small tax
credit (Stancanelli, 2008), time change in income tax schedule (Carbonnier, 2008), changes in the possibility
to cumulate welfare payment for lone mothers and earnings (Gonzélez, 2008), and age condition on children
for a replacement income targeted at low-income mothers who opt for full-time childcare (Piketty, 1998).
RD estimations using age conditions on the level of social assistance program are also used in Bargain and
Doorley (2011), in a similar way as Lemieux and Milligan (2008) for Canada.



Scholz, 2003).* RD experiments are deemed better in this respect since the nature of indi-
viduals on both sides of the discontinuity is "as good as random" (cf. Lemieux and Milligan,
2008). Finally, a few studies rely on long-term changes in wages as well as on observation
grouping in order to address endogeneity and the problem of measurement error in hourly
wages discussed above (Devereux, 2003, 2004). Blundell et al. (1998) also use tax-benefit
policy variation over the long period to identify labor supply responses in the UK. Long-term
variation may pose the problem of assuming that preferences remain stable in the long run,

an issue which is rarely discussed.

3 Static Labor Supply Elasticities: A Survey

We present here existing evidence on labor supply elasticities for European couples (Tables 1
and 2), European single individuals (Table 3) and all demographic groups in the US (Table
4). The reason for this classification is that US studies are more numerous (and hence de-
serve a particular focus) and sometimes consider several demographic groups simultaneously
(e.g. Pencavel, 2002, Devereux, 2003). We distinguish wage-elasticities (total hour and par-
ticipation responses) and income-elasticities. The survey essentially distinguishes between
estimates based on models with a continuous labor supply function (using the Hausman
approach), discrete choice models and grouped estimations / natural experiments. We put
a certain emphasis on the studies based on discrete choice models with taxation, as this
method is increasingly used around the world to analyze the effect of fiscal and social policy
reforms. Yet we do not pretend to be exhaustive, simply to give a sense of the range of
elasticities obtained in the literature for Europe and the US. Some studies do not report
elasticities and unfortunately could not be included in our tables. This is the case with some
studies using labor supply models (e.g., Hoynes, 1996, does not report wage-elasticities) and
more generally the case with studies using policy reforms as natural experiments, as indi-
cated above (for instance Bingley and Walker, 1997, for the UK, or Eissa and Liebman, 1996,
for the US).

4This issue is shared with the literature on the elasticity of taxable income, whereby results are sensitive
to the type of reforms exploited for identification (Saez et al., 2012). Indeed, control groups definition follows
from their income level, so that specific preferences are identified and results cannot be extrapolated. For
instance, changes in tax rates (tax credits) identify the preferences of high (low) income groups, and may
not be generalized to the whole population.



3.1 Overview

Figure 1 plots the distribution of wage-elasticity estimates by demographic group.” The
vertical axis reports the frequency (number of estimates). The first observation is that
married women is the group with the largest number of available estimates. The second
lesson from these graphs is that in line with conventional wisdom, elasticities are largest
among married women and single mothers, with mean values of .48 and .53 respectively.
These groups also show much dispersion across available studies. Married and single men
(mean value: .11) and childless single women (mean value: .15) show much less variation,
with most estimates between 0 and .30. These conclusions do not change radically if we
look separately at total hour or participation elasticities (detailed results available from the

authors). We now discuss each group specifically.

Married Women. Considering Tables 1, 2 and 4, we observe much dispersion in estimates.
This is confirmed in Figure 2 where we plot, for each demographic group, the distribution
of wage-elasticity estimates for each country. The grey triangular indicates the mean value
over all available estimates. Mean elasticities for the UK and the US hide a very broad
dispersion across studies. Large elasticities for France may be driven by methodological
reasons as discussed below. As far as genuine international differences are concerned, we
suggest that larger wage-elasticities prevail in countries where women’s participation is low:
This seems to be the case in our survey estimates for Ireland and Italy, which is confirmed
in the discussions in Callan et al. (2009) and Aaberge et al. (2002) for these two countries
respectively. In contrast, women’s participation is high in Nordic countries and elasticities
tend to be fairly small there, notably in Finland and Sweden. An exception is Blomquist
and Hansson-Brusewitz (1990) for Sweden, but the authors examine data from the 1980s,
while more recent evidence by Flood et al. (2004) confirm small hour elasticities for this
country. Comparing Italy and Norway/Sweden, Aaberge et al. (1999) show that lower
participation rates among married women in Italy leads to a larger potential for reforms that
increase financial incentives to work. Larger elasticities coincides with more intermittent
labor force participation patterns in Southern countries and Ireland as opposed to more
consistent participation and more constant hours in Scandinavian countries. Apart from
these extreme cases, differences across EU countries, and notably countries of Continental
Europe, may not be very large, as suggested by Evers et al. (2008). This is confirmed by
Bargain et al. (2013): Using an harmonized framework for 17 EU countries and the US, they
find estimates for married women ranging in a narrow interval .2 — .6. This is indeed where
mean values lie in Figure 2 (top left quadrant), with few exceptions. As argued above, direct
comparisons across studies are muddled by methodological differences (notably the period

% All figures reported in this study are based on the estimates of wage elasticities from Tables 1-4. For
comparability purpose, we exclude estimates based on model without taxation, based on long term wage
variation or with too specific selection (e.g. estimates on couples with children only, as in Choné et al.,
2003). We lose 15 estimates, i.e. around 10% of our sample.
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of investigation and the estimation approach). We investigate this point in more detail in
the next sub-section.

Single Mothers. Most studies on single mothers are available for the UK (see Tables 3)
and, to a lesser extent, for the US and Sweden. This demographic group has received much
attention in the literature because of its importance for welfare analysis, given its higher risk
of poverty, and because single parent families were primarily concerned by reforms like tax
credit extensions in the US (cf. Hotz and Scholz, 2003) or the UK (Blundell et al., 2000).
This group is found to be more responsive to financial incentives than the average, at least
in the UK, the US and Sweden. This is confirmed in Tables 3 and 4, where relatively large
elasticities are shown in several studies — but not all. Similar to the result for married women,
much variance is found across studies, as illustrated in Figure 2 (bottom right quadrant).
Moderate estimates are found in some studies for the UK (Blundell et al., 1992) and the
US (Dickert et al., 1995) while other studies point to much larger elasticities (e.g., Keane
and Moffitt, 1998, for the US or many of the British studies). Importantly, the size of
this group has become much larger in the recent period in Anglo-Saxon countries, which
implies possible changes in the selection effects. That is, this group may be less negatively
selected in terms of labor market participation in the recent period. For the US, Bishop et
al. (2009) study all single women over a long period (1979-2003), using a simple estimation
of hours and participation on repeated cross-sections. They report a significant decline in
hour wage-elasticities over the period and relatively small elasticities in the recent years (at

least compared to typical estimates for married women).

Married Men and Childless Singles Individuals. There is a long history of estimating
male labor supply (see surveys of Hausman, 1985b, and Pencavel, 1986, for married men).
Estimates of wage-elasticities for this group are usually very small, often not significant and
sometimes negative. There are few exceptions, with larger elasticities in Ireland and in some
of the German studies, as seen in Tables 1 and 2 for married men. Evidence for childless
single men and women, gathered in Table 3, is very limited, despite the growing proportion
of this demographic group in the population. Limited evidence is essentially explained by
methodological reasons. First, estimates are usually more precise for couples or single moth-
ers than for childless single individuals. This can be due to the fact that there is less variation
in labor market behavior among childless singles or that non-participation corresponds more
often to demand-side constraints (rather than to voluntary choice) in their case. This argu-
ment equally applies to single men — yet the fit of labor supply model for married men should
be overall better when male and female decisions are jointly estimated. Second, estimates
stemming from natural experiments are also limited for this group, given the fact that most
welfare reforms in Anglo-Saxon countries concerned individuals or households with children

(see the discussion in Bargain and Doorley, 2011). The few available estimates point to very



small elasticities.® For both men (married or single) and childless single women, estimates
are not only small but very concentrated across studies with countries. This small variance
is illustrated in Figure 2 (top right quadrant for men and bottom left quadrant for childless
single women). Nonetheless, these mean values may hide much variaton in participation
responses across different wage or income levels, with important implications for welfare
analysis as suggested by see Eissa and Liebman (1996) and confirmed for single individuals
in Bargain et al. (2013).

Income Elasticities. Most studies show negative income elasticities, i.e. positive income
elasticities of non-market time. Yet, despite being at odds with theory, positive income
elasticities are encountered in some studies, which include Kuismanen (1997) for Finland,
Flood and MaCurdy (1992) for Sweden, van Soest (1995) for the Netherlands and Blau and
Kahn (2007) and Cogan (1981) for the US. Also, despite being generally small, income elas-
ticities vary across countries. Blundell and MaCurdy (1999) report that variation between
studies regarding income elasticity appears to be greater than the corresponding variation
with respect to wage elasticities. This is not confirmed in the extensive study by Bargain et
al. (2013).

3.2 Year of Observation and Estimation Methods

In Tables 1-4 and Figures 1-2, we have observed lots of variation across studies in the size
of wage-elasticities for married women and single mothers. This may correspond to genuine
international differences in preferences. Using a uniform approach, Bargain et al. (2013)
show that cross-country variation is small, however. Therefore, most of the heterogeneity
across studies must be driven by various methodological choices and in particular the period
of observation and the estimation method. We focus on these aspects hereafter, looking at
the two groups showing most variation across studies, namely married women and single

mothers.

Time Trend. In Figure 3, we plot estimates by data year. A very clear declining trend
emerges, showing in particular a concentration of low elasticities in the recent periods (year
2000s). The left quadrant shows for all countries that this pattern is especially driven by
married women, while the trend is not so strong among single mothers. Therefore, in the right
quadrant, we focus on married women and now distinguish between EU and US estimates.
The trend is similar in both regions, with a strong negative correlation between the period
of observation and the elasticity level. These findings tend to corroborate the result of Heim
(2007) and Blau and Kahn (2007), who show that the labor supply elasticity of married

SFor instance, Euwals and Van Soest (1999) report wage elasticities for childless single individuals in the
Netherlands of around .10 — .11. For Germany, a series of studies report estimates between .10 and .36 for
childless single men and women.



has strongly declined over time in the US, and extend it to EU countries. We also find
similar results when looking separately at hour wage-elasticities (correlation of —.63) and
participation wage-elasticities (correlation of —.54). Yet, results in Heim (2007) and Blau
and Kahn (2007) rely on a uniform approach for the different periods while our meta-analysis
possibly mixes time effects (including selection effects) and changes in estimation methods

over time.

Estimation Methods. To investigate this point further, let us get back to survey tables 1-
4. A first observation is that early evidence using the Hausman technique points to relatively
large own-wage elasticities for married women, sometimes close to 1, or even larger, for
instance in early studies for France, Germany, Italy or the UK. In contrast, recent evidence
based on discrete-choice models shows more modest elasticities for this demographic group,
in a range between .1 and .5, with some exceptions. In Table 4, we observe a similar
pattern for the US, with very large estimates in early studies, including Hausman (1981),
and more modest and comparable elasticities in the recent studies (hour elasticities ranging
between .2 and .4). Hence, we can conjecture that the estimation method explains time
differences. With the Hausman approach, the combination of restrictive functional forms
(linear labor supply) and estimation methods that impose theoretical consistency of the
labor supply model everywhere in the sample (global satisfaction of Slutsky conditions)
can lead to biased estimates and possibly an overstatement of work incentives, as discussed
above. Mroz (1987) also shows how the wage effects of married women’s labor supply varies
dramatically depending on whether and how one controls for nonrandom selection into work
as well as to alternative exclusion restrictions in the instrument set for wages. Bourguignon
and Magnac (1990) discuss the sensitivity of their results to the model specification and
show that the Hausman approach can lead to implausibly high elasticity values, as they find
in some of their specifications. Drawn from our Table, we can see for instance that married
women’s wage elasticity obtained with the Hausman approach vary from .28 (Triest, 1990)
to .97 (Hausman, 1981) in the US, even when similar periods are considered (1983 and
1975 in these two studies respectively). For France, estimates for married women are also
very high with the basic Hausman model, but almost zero when introducing fixed costs
(cf. Bourguignon and Magnac, 1990). Estimates obtained with discrete choice models are
somewhat more comparable from one study to the next. Yet there are still differences, which
are more likely driven by selection criteria (for France, high elasticities are found for families
with children in Choné et al., 2003).

Meta-Analysis. To clarify whether the conjecture is true, we plot time trends according
to two broad modeling choice in Figure 3 (upper panels), namely estimates obtained with
continuous models (which rely mainly on the Hausman approach for identification) and those
from discrete-choice models (as recently used in many policy papers). We first consider

trends obtained with the continuous model. For our group of interest, and whether single
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mothers are included or not, the time shrinking elasticity hypothesis is verified over all
estimates relying on the Hausman approach. When differentiating between regions (Figure
3, lower panels), the meta-analysis corroborates the find in Heim (2007) and Blau and Kahn
(2007) for the US (both studies relying on a Hausman-type approach). A similar pattern is
found for EU estimates but it is noticeable that there are very few estimates based on the
Hausman model for the period after 1990, so the result is more fragile than for the US.”
Then, we consider estimates from discrete choice model estimations. We first observe the
lack of clear pattern in this case. There is nonetheless a negative linear correlation (—.36
for married women) between years and estimates due to the high density of low estimates
after the end of the 1990s. The correlation becomes positive if we focus on the years before
1998 (+.31). This does not mean that the two main modeling strategies have opposite
conclusions. In fact, there is a clear lack of common support (years) between the two,
essentially due to the fact that very few estimates based on discrete models are available
for the early period. If the shrinking elasticity trend is driven by a change in preferences
(and correlated with an increase female labor market participation) precisely between the
1970s/1980s and the 1990s/2000s, then it cannot be captured by the available estimates
based discrete choice modeling.® Finally, we restrict our sample to years equal or above the
data year corresponding to the first estimate obtained with a discrete model (estimates on
CPS 1985 in Eissa and Hoynes, 2004, and on the Dutch Labor Mobility Survey in van Soest
et al., 1990). Thus we can conduct a meta regression over the years for which estimates with
both discrete and continuous models are available. We regress estimates for married women
on a set of model characteristics. Results are reported in Table 5. The main conclusion is that
both years and modeling choice matter. An additional year decreases female elasticities by
around .02 while using the discrete approach reduces female elasticities by around .27. The
overestimation due to the Hausman model is particularly strong for participation elasticities
and for EU estimates.” We do not report a similar estimation for the US only, given the
small number of observations in this case. Yet it transpires from such regression and the
graphs discussed above that only the time effect matter in the US.!? Notice that using desired
rather than observed hours inflate hour elasticites, which may reflect constraints on working

time. So does modeling joint decision in couples rather than estimating married women’s

"Figure 3 (bottom left quadrant) is actually obtained when taking out the outlier estimate of participation
elasticities by Garcfa and Sudrez (2003) for Spain. When including it, the pattern is U-shaped rather than

monotonically decreasing (using quadratic trend curves instead of standard trend lines).
8This calls for further research comparing methods over the long run, i.e. a replication of Heim (2007)

and Blau and Kahn (2007) using the discrete model.
9This is illustrated by example of France given above. Note that we have checked that results are not

driven by particular outliers like the implausibly high values for some studies, as mentionned above.
0Note that recent period estimates are very similar whether they stem from grouped estimations (Dev-

ereux, 2004), natural experiments (Eissa and Hoynes, 2004) or structural models (Heim, 2009). As already
discussed in footnote 8, additional estimates using discrete choice models, and for many years including the
older period, should be produced.
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labor supply separately (a male chauvinistic model). None of these two effects is statistically

significant, however.

4 Conclusion

In this paper, we provide an extensive survey of studies estimating labor supply elasticities
for Western Europe and the US. Beyond confirming conventional wisdom, we derive original
results concerning the variation in labor supply estimates across studies. While Bargain et
al. (2013) show that international heterogeneity in work preference matters but is small,
we investigate here the role of two major methodological differences across studies, i.e time
period and estimation methods, that explain differences. Large elasticities are mainly driven
by studies estimated in the 1980s and relying on the Hausman approach. More recent esti-
mates based on structural discrete-choice models with tax-benefit simulations show smaller
estimates and relatively more similarity across studies. More points of observations are how-
ever needed to disentangle the two factors, i.e. possibly larger elasticities in the 1970s/1980s
related to lower female participation on the one hand and overestimations due to the Haus-
man model on the other. Our meta-analysis nonetheless allows us to conclude the following:
While we confirm that elasticities decline over time in the US, there is some evidence that
both time effects and modeling choices affect estimates in Europe. Time effects, and notably
declining elasticities over time in the US, are to some extent consistent with cross-country
comparisons, i.e. the fact that countries with more firmly established female participation,
elasticities are smaller (Bargain et al., 2013).
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Figure 4: Time Trend in Wage-Elasticities: by Broad Estimation Methods

23



Table 1: Labor Supply Elasticities in Europe: Couples
Femalel wage! ¢last. Malelwage! ¢last. Incom
Country Authors Datalselection Model Specification Tax/benefit
hours particip. hours particip. female
Auwustria Dearingl et al.[(2007) SILC{2004) 4t Teast 1 ¢hild aged <10 D QUM ITABENA [.0719]@
Belginm  Orsini (2007/2012) Panel Survey of Belgian Houscholds D  QUandGUPTD{] MODETE [16B1]  [10/7119]  [10S18]  [087115]
(2001),Tworking age
Finland ~ Kuismainenl (1997) LES (1989), survey & tax| register; 25 60 C SL/R PL [0,.06] [[11,027]
Bargain & Orsini (2006) DS (1998),wworking/age menlall D QUHFCIM EUROMOD | [10/18]  [10/717]*
employed
France Bourguignon/ & Magnacl(1990) LFS[(1985), couplesaged 1860 C/T LL#+Rj/Mor] PL/D 10(.05with .10 0302
FC) with FC)
Laroquel & Salaniel (2002) matched LES Tax( returns (1999), D joindparticip[8fivage; ownl ¢alc. (:96) /11
women aged 2549 unempl. & min. wage
Choné/T.e¢Blanc & Robert ] matched LFS Tax teturns(1997), D  QUjjointwage & CC;  ownléalc. 1.05 [-8/9][@ 0190/m18*
Bobée (2003) workingfage, ¢hildren aged <6 min.wage
Bargain & Orsini (2006) HBS{1994/5) [vorking dgeivomen, D QUHFCGM EUROMOD | [52[165]  [46/58]*
menlall'employed
Donnil& Moreau (2007) HBS[(2001),/aged 20-60/all ¢mployed, C  QL;s¢tonditional noltaxation [-24,59] [£135,T06]
nol¢hildrenlaged<3 collective LS
Germany  Kaiser et al[(1992) SOEP(1983),working age c IL C/NC/D 1.04 04 8
Bonin/Kempe & Schneider SOEP[(2000)/working age/ W & E D TL+PTD;J 1ZAmod 27 20 21 .19 150/009
(2002)
Steiner & Wrohlich (2004)  SOEP{(2002)[svorking age, W &E. D TUPID;J STSM [6/55[@ [07/21]@ [LBS[@ [07/23]@
Haan & Steiner (2004) SOEP(2002),working dge/ W& Ejond” D TUHPTD;] STSM [08/56]  [04/20] = [08/46]  [07,26]
off twol éarnetl couples
Bargain/ & Orsini (2006) SOEPL(1998) [working age, menlall D QUHFCIM EUROMOD [.31[.45] [.27,B8]*
employed, W& E
Clauss'& Schnabel (2006) SOEP(2004/5)/ ¢ouples aged 20765 D TUf STSM 37 14 24 16
Wrohlich (2006) SOEP[(2002) working age W&/ F D TUJiCC STSM 4/ B3@ [.06,16]@
Dearingétal {2007) SOEP(2004)/atleast 1ichildaged 10, D QUM STSM [13[24]@
W
Bargain efal. (2000) SOEP[(2003),vorking age [potentialond. D/H  QUHPTD/R{J STSM [19/B4]  [08/20] = [05/08]  [04/13]
ort twol éarner
Fuest et al.[(2008) SOEP[(2004) [working age/ W & E, D  TU+PTD;) FiFoSiM 0.38 0.15 0.20 0.14

potential onellor two earner

Data:Income Distribution Survey (IDS), Household Budget Survey (HBS), Socio Economic Panel (SOEP), Family ExpenditureSurvey (FES), Labor Force Survey (LFS) EU Statistics.on Income and Livi
Conditions! (SILC). Forl Germany! West (W), Fast (E).
Model: C =[¢ontinuous labot supply (Hausman 1981 type); TI = tobit model; D = discretel choice model (van Soest 1995 type); A+l éstimation of joint distributions 6f wage and hours! (sets of hour wage o
varytacross individuals); TH =[double/ hurdle/model (labor supply and tisk 6f inemployment).
Specification: for Hausman/ model/labor supply'isl ¢ithert linear (I.L), quadratic (QL) ot semi log (SL);/inl discrete! choice models, tility isl ¢itherl quadratic (QU), translog  (TU) ot generalized $tonel Gearyl (C
preferences arel sometimes accounted forf (R) as/well additional flexibility, ¢ither through! fixed costs (FC) ot part time dummies (PTD). Models arelmale ¢hauvinistic (M) o1 account for joint decision in cou
Welfare programme! participation (W) Childcare costs (CC).
Tax benefit Hausmanmodel often accounts for piecewise linear budget set (PL) or more generally_ convexiset (C); nonconvexities are sometimes accounted for (NC); differentiability. of the budget functic
used (D); with discretel choicel models, complete tax benefit systems arel simulated and we indicate thel hamel of thel microsimulation/ model whenlit is' known.

Elasticities: brackets indicate the tange of values for all $pecifications (or thel ¢onfidencel interval whenl vailable) ['(@ indicates| that the rangel also includes values for different age dnd frumber of ¢hildren.F
participationl ¢lasticities, ¢orresponding tol thelincrease in éemployment tatelinl %4 points éxcept when indicated by ¥ (inl that ¢ase/ % increase in émployment tate).
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Table 2: Labor Supply Elasticities in Europe: Couples (cont.)

Female wage élast. Malelwvagelélast. Income ¢last.
Country Author Dataselection Model Specification Tax'benefit
hours particip. hours particip. female male
Treland Callan/ & van/Soest (1996)  IDS (1987), desired hours D/H TUHFC/R{] SWITCH .310/.20%
Callan[van/Soest & Walsh  Living in/Treland Survey (1995), desired D TUHFC/R{] SWITCH .49 2007 .21*
(2009) hours
Iraly Colombino & Del Boca Turin Surveylof Couples (1979), working C LL PL .64
(1990) age
Aabergelet'al[(1999) Surveylof Incomeland Wealth'(1987)aged A nonllinearhours]éxog. ownlcalc. .65 .046 /003
20070 wagelandunearnedinc.
Aabergel et all (2002]04) Survey of Income and Wealth (1993) A GUjJ ownl calc. .51 .02
Netherlands ~ vanSoest étal [ (1990) Labor mobility $urvey (1985) [workingdge ~ C/D  LL/Ridiscretelwage hours PL o2 o1
combinations
van Soest (1995) SOEP(1987) D  TUHPTD/R;] ownl ¢alc. O 0 o3
vanlSoest & Das'(2001) SOEP(1995)/aged 1664, desired hours D TUHFC/R]] ownlcalc. O O
van Soest et al. (2002) Dutch SOEP(1995), aged 16.64, desired D QUi(+[more flexible)#+  ownlcalc. [.35/.58]*
hours FC Ry simult.<vage
estimation, J
Spain Garcia and Suirez[(2003)  ECHP(1994.95)aged 16.65, obs. and C LL taxes
desired hours
Fernandez Val (2003) ECHPL(1994199), aged<65Land/in work C  unitary/collectivelmodel  noltaxation
Crespol (2006) ECHP((1994099), aged <65 and inlwork C  QL/unitary/collective nol taxation
Labeaga, Oliver & Spadaro  ECHPL(1995),Wvorking age QUIHTFC] GLADL 1
(2008) D HISPANIA
Sweden Blomquist (1983) Level of Living Survey (1974),[all C LL/R PL 03
employed,aged 2555
Flood & MaCurdy (1992)  Houschold Market Nonmarket Survey C  LLandSL/R PL/D [101,.04]
(1983)/alllemployed,25(65
Blomquist & Hansson | Level of Living Survey (1981),all C  LIandQL/R PL/Cand NC
BrusewitZ (1990) employed,aged 2555
Blomquist & Newey (2002) Level of Living Survey (1973,80,90), all C  non parametriclabor PL [io2
employed,aged 1860 supply
Flood/Hansen & Wahlberg Houschold Income Survey (1993), aged 18 TU/R;stigmal of W ownl calc. [0.003
(2004) 64
Brink'etal [ (2007) Longitudinal Individual Data/Income D TU/R FASIT 0
Distribution Survey, 1999
UK Arellano & Meghir (1992)  British FESland LFS (1983), dged 20059, C  SIL#FC,searchl costs, PL
with prelschool ¢hildren (upper bound for endogenous wageland
all ¢hildren) unearned income (IV)
Arrufat & Zabalza (1986)  Britishl General Household Survey! (1974), C  CEStility based labor PL
aged <60 supply/R
Blundell & Walker! (1986)  FES/(1980), all ¢émployed,/aged 18 59 C  Gormanl polat form'and ~ PL [1287
translog hours, R
Blundell; Ham/ &[Meghir ~ FES[(1981)aged 1660 T/H  nonllinear labor supply,  ownlcalc. [.04,.08]
(1987) unemployment tisk
Blundell; Duncan/& Meghir FES[(19781992), 20050, young/ ¢hildren C  generalized LES/R PL
(1998) (lower boundiff nol ¢hild)
Blundell et al/ (2000) Family(Resources Survey (1994.96) D QUHFC/R/W TAXBEN

Note: seelprevious table[For Spain/several additional teferences arel ¢cited in Garcial and Sudrez (2003) whichl point to similari ¢lasticities as inl thel basid model inl this study.
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Table 3: Labor Supply Elasticities in Europe: Single Individuals

wagel ¢lasticites

Country Author Data selection Model Specification Tax! benefit m‘come
hours particip. elast.
Finland Bargain/ & Orsini (2006) IDS[(1998),SW [ SP D QU&FC EUROMOD [18[34]  [18LB3]
France Bargain & Orsini (2006) HBS(1994/5),4ged 2549 SW/SP D  QUHEFC EUROMOD [08,114]  [.04L07]
Laroquel & Salaniel (2002) LES[ Tax teturn  matched dataset (1999), D participation’ (and full/part time) model, ownl ¢alc. {.36}
womenaged 2549 hio ¢ivil servants simultancous/ wage and labor supply éstimation,
W gedes 7 probability of inemployment,iin. wage
Germany Bargain' & Orsini (2006) SOEP(1998)/SWSP D QUHFC EUROMOD [09,18]  [.081115]
Steiner! & Wrohlich' (2004) SOEP.(2003),$W D  TU+PID STSM [20,36]  [.05,.09]
Haan & Steiner (2004) SOEP(2002),/$W D  TU+PID STSM [02/24]  [.0110]
SM [08/31]  [.04).28]
Clauss' & Schnabel (2006) SOEPL(2004/5)4ged 20065, $W D TU+PID STSM .38 A8
SM .23 17
Bargain ¢t 4l (2009) SOEP(2003),/Tvorking age [SW D/H QU PTD;involuntary inemployment STSM [06,016]  [.04[110]
SM [10,20] | [.05[]12]
Fuestl ¢t 4l (2008) SOEP.(2004)/ working age, SW D  TU#PID FiFoSiM 0.28 0.13
SM 0.28 0.17
Italy Aabergel et al/ (2002) Survey onHouschold Incomeland A GU ownl calc. .10 .06
Wealth (1993)/SW
SM A1 .08
Netherlands Euwals/& Van[Soest (1999) Dutch SOEP(1988), actual and desired D TUHFC/R ownl¢alc. [.03,.45]
hours,SW
SM [.03,.18]
Sweden Andren(2003) HINK(1997.98),SP D  QUEFC{simulat with Wland CC ownl calc. [L55,.87] .50 .1
Brinkl et al. (2007) Longitudinal Individual Data/1IDS[1999, D  TU/R FASIT .51 .35
Sp
UK Walkert (1990) FES (1979.84),SP D participation model benefits only .70
Ermisch & Wright (1991) General household survey (1973(82),SP D participation model, demand’side simplified system 1.7
controls
Jenkins/ (1992) Loné parents/survey (1989),SP D+H  twolpositivelhour ¢hoices, benefits only 1.8
unemployment tisk/ FC
Blundell/ Duncan & Meghir FES(19811986),/SP C marginal fate of substitution function,  taxationlonly 34
(1992) endogenous/wagel and income
Brewerl ¢t 41.(2006) FES/(1995[2002), aged ¥60, SP D  QU#FC/joint with Wiand CC/R TAXBEN 1.02

Data & Selection: Income Distribution Surveyl (IDS), Household Budget Survey (HBS), Sociol Economic Panel (SOEP), Familyt Expenditurel Survey (FES), Labor Force Survey! (LFS); Selection: single
women (SW)/singlelmen (SM) [singlel parents/mothers (SP)

Model: Cl=[continuous LS (Hausman/ 1981/ type); Tl =l tobit model; D'+ discrete. model (van Soest, 1995 type); Al =l ¢stimationl of joint distributions of wageland hours| (sets of hout wage opportunities
varylacross individuals); H = doublehurdle model (labot supplyland tisk o f unemployment).

Specification: forf Hausman'model,labor supply is_¢ither linear (L) quadratic (QL) o1 semil log (SL){ in discretel choice models/ utility is ¢ither quadratic (QU) [translog (T'U)Lor generalized Stone Geary
(GU); tandoml preferences (R); fixed costs'(FC); welfare participation (W); ¢hildcare ¢osts (CC)

Tax benefit: Hausman model often accounts for piecewise linear budget set (PL) orf more generally ¢convex! et (C); nonconvexities arel sometimesaccounted for (NC); differentiability of the budget
functionl can'belused (D); with[discretel ¢hoice models, ¢complete tax benefit systems are simulated and welindicate the hamel of thel microsimulation model when(it is known.

Elasticities: brackets indicate! the tange obtained inl function of thel specification at ise, o1 thel confidencelinterval whenl available. Particip. = participation! ¢lasticities| ¢correspondingf tol the increasel in
employment ratelin percentagel points.
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Table 4: Labor Supply Elasticities for the US

Female wage ¢last. Malelwage élast. Incomel ¢last.
Authors Dataselection Model Specification
hours particip. hours particip. female male
'USNational Longitudinal Studylof i . !
Cogan/(1981) Matured Women 1967, fnarried C tsa];ﬂﬂfse’;:“‘”ﬂ‘"”‘ﬂ‘ﬂ“‘m“ﬂ"ﬁcﬂm
‘womenlaged 30035 ene
Hausman[(1981) PSID1975 married women C LL[PL(Cland NC:{FC)
Triest (1990) gssgmsammned@mmengged C  LL{CandPL;faxesand benefits
MaCurdy, Green & PSID 1975 married men, aged 25[1 c LL;PLLand D (reconvexified) budget set;
Paarsch((1990) 55 taxes
DickertHouser and . L L
Scholz (1995) SIPPL1990, singlel inothers, holassets D joint programl and labor force participation
Pencavel (1998) CPS1975.94,{vomenaged 25 60 C  LogLino tax'benefit [.77,.1.80]
SIPP panel[1984,married men'and Stonel Geary; stigma from AFDC; tax|
Hoynes({1996) womenlwithl ¢hildren D benefit system; FC T2
Keane and Moffitt . joint labor supply dnd welfarel program
(1998) 1994SIPP/single mothers, nolassets D participationfbencfitsbutfiolax
Pencavel (2002) CPS1999, married and singlel men C LLjnoltax' benefit
Devereux(2003) Census and PSID/ 4ll men C Log L/ noltax benefit [-061,.001]
PUMS1980,1990, married ¢ouples
Devereux(2004) (participating'inen) C Log/1.[nol tax/ benefit
. CPS1985t0[1997 Tess éducated L I L
Eissal & Hoynes (2004) married ¢ouples withi¢hildren D Participation[Probit/joint ¢stimation 007
CPS1980, married men'dand women
Blaul & Kahn[(2007) age25754 C Log L. .001
CPS1990 C Log L. .002
CPS 2000 C Log 1. .002
. quadratic tility with continuousJabor [10007,1
Heim((2009) PSID 2001 Gouples avpoly JIFCIR [.07,18] .00,,003] o0k
Bishopleét al. (2009) CPS/ 19792003, sing.[women SL participationsome account forl tax zggézzz?;o
Heim/(2007) CPSJ197912003, married women SL/participation, some account! for tax LTS

03(2003)

Data Current Population Survey (CPS), Panel Study on'Income Dynamics/ (PSID), Public Usel Microdata Samplel (PUMS) [Survey! of Income' and Program/ Participation (SIPP)

Model:! C=[¢ontinuous labor supply (Hausman[1981[type); D=discretel choicelmodel (often alsimple participation probit)

Specification: Hausman labor supply is ¢itherlinear (LL), log linear (Log 1) or semi log (SL); tandom preferencesl are sometimes accounted for (R) as/well as' fixed ¢osts (FC). Models sometimes account for
piecewisel linear budget set (PL) or morel generallyl convexi set (C)lor nonconvexities' (NC), andl differentiable budget constraint (D).

Elasticities: brackets indicatel tanges. of values over different specifications or teported confidence intervals. Participationl ¢lasticities (" particip"): increaselinl émploy [ fatelin % points.
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Table 5: Meta Regression of Married Women’s Wage-Elasticities

Model Alll¢lasticities Partlc{p.a Flon Houft elasticities  Without the[US
elasticities

year [0.016 ** [0.021 ** [0.023 ek [0.013
(.:007) (.010) (.008) (.008)

discretelodel [0.274 ** [0.675 *** [0.096 [0.347 **
(129) (:234) (.138) (.158)

desired hours 0.151 [0.014 0.178 0.183
(116) (.180) (.129) (127)

joint decision 0.022 [0.006 0.139 [0.009
(.092) (133) (111) (102

fixed ¢ost # 0.032 [0.058 0.107 0.042
(.082) (.120) (.094) (.086)

(0N} [0.202 * [0.454 ** 0.056
(.120) (.194) (.147)

constant 0.771 *** 1.289 bk 0.601 *** 0.809 **x
(.128) (:265) (121) (.145)

Nblof obsetvations 56 26 30 49

R2 0.20 0.31 0.33 0.19

#forl discrete models
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